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THE HOMOLOGY OF SURFACE DIFFEOMORPHISM GROUPS

AND A QUESTION OF MORITA

JONATHAN BOWDEN

(Communicated by Daniel Ruberman)

Abstract. We answer a question posed by Morita concerning the non-trivial-
ity of certain secondary characteristic classes for surface bundles. In doing so
we are naturally led to show that a form of Harer stability holds for surface
diffeomorphism groups in homology of small degree.

1. Introduction

In this article we are concerned with the problem of computing the homology
of surface diffeomorphism groups considered as discrete groups. The starting point
for our discussion of the homology of surface diffeomorphism groups is the following
problem posed by Morita:

Question 1 ([Mor], Problem 12.1). Is the map

H3(Diffδ
+(Σg)) → R2

induced by u1c2 and u1c
2
1 a surjection for every g?

An affirmative answer to this question yields a natural generalisation of a result
of Rasmussen, who showed that the above map is surjective for S2 (see [Ras]). We
will in fact show that the general case is a consequence of Rasmussen’s result as
an application of the following theorem. For this we let Diffc(D

2) be the group
of compactly supported diffeomorphisms whose support lies in the interior of the
closed disc D2.

Theorem 2. Let D2 ⊂ S2 be an inclusion of any closed disc. Then the induced
map

Hk(Diffδ
c (D

2),Q) → Hk(Diffδ
+(S

2),Q)

is an isomorphism for 0 ≤ k ≤ 2 and a surjection for k = 3.

Then the map
H3(Diffδ

c (D
2)) → R2

induced by the classes u1c2 and u1c
2
1 is surjective and factors throughH3(Diffδ

+(Σg))
for any g, which immediately yields a positive answer to Morita’s question.

The proof of Theorem 2 is based on certain calculations used to prove the per-
fectness of the identity component of the group of compactly supported diffeomor-
phisms. These techniques have become a sort of folklore, and as such we must fall
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back upon the PhD thesis of Stefan Haller ([Hal]) for several technical facts that
form the basis of our arguments (see also [Math], [Tsu]).

Morita has also posed the problem of whether Harer stability holds for surface
diffeomorphism groups ([Mor], Problem 12.2). As a further application of the meth-
ods we discuss, we will show that a version of Harer stability does in fact hold in
low degrees. In order to state this we let Σ1

g denote a compact genus g surface

with one boundary component and Γ1
g the mapping class group of diffeomorphisms

with support in the interior of Σ1
g modulo isotopy. We further consider the natural

inclusion

Σ1
g ↪→ Σ1

g+1.

Harer stability then says that the inclusion above induces an isomorphism

Hk(Γ
1
g,Q) → Hk(Γ

1
g+1,Q), if g ≥ 3k

2
+ 2.

We will show that a similar property holds for the groups Diffc(Σ
1
g) of diffeo-

morphisms with support in the interior of Σ1
g up to homology of degree 3 (cf.

Theorem 8). We further prove that the image of H4(Diffδ
c (Σ

1
g),Q) in H4(Γ

1
g,Q) is

independent of the genus if g ≥ 8. This result then has implications for the problem
of determining the non-triviality of the image of the second Mumford-Miller-Morita
(MMM) class e2 in H4(Diffδ

c (Σ
1
g),Q), which was posed in [KM]. In particular, it

implies that the non-vanishing of the image of e2 in H4(Diffδ
c (Σ

1
g),Q) is indepen-

dent of g as soon as g is at least 8.

2. Results on BG

In this section we shall recall some general results concerning the homology of
the space BG. For a general topological group G we let Gδ be the same group
considered with discrete topology. The homotopy fibre of the map

Gδ → G

is also a topological group in a natural way and is denoted G. By considering
classifying spaces we obtain in this way a fibration

BG → BGδ → BG.

For our purposes G = Diffc,0(M) will always be the identity component of the
compactly supported diffeomorphism group of a smooth manifold M considered as
a topological group with the C∞-topology.

The homology of BG is computed as the homology of the complex generated by
smooth singular simplices σ : Δn → G that send a base vertex e0 to the identity
([Hal], Lemma 1.4.3). Recall that a simplex is smooth if the map

(p, x) �→ σ(p)(x)

defines a smooth map Δn × M → M . The associated complex will be simply
denoted by C∗(BG). If U = {Ui} is an open covering of M , we let HU

∗ (BG) be
the homology of the subcomplex CU

∗ (BG) consisting of simplices each of whose
supports lie in some Ui. If the covering consists of a single set U , we will write
H∗(BGU ) following [Hal]. This notation reflects the fact that HU

∗ (BG) is just the
homology of BGU , where GU = Diffc,0(U). The most important result we shall
need is the so-called fragmentation lemma.
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Lemma 3 ([Hal], Th. 2.2.10). Let U be any covering of a manifold M and let U (m)

denote the cover consisting of all m-fold unions of sets in U . Then the natural map

HU(m)

k (BG) → Hk(BG)

is an isomorphism for all 0 ≤ k ≤ m.

Furthermore, there is a spectral sequence for computing HU
∗ (BG) involving cer-

tain Čech homology groups. For this we choose an ordering on the index set of the
covering U = {Ui} and we let

Ui1,...,ik = Ui1 ∩ ... ∩ Uik .

Lemma 4 ([Hal], Cor. 2.3.2). There is a spectral sequence converging to HU
∗ (BG)

whose E1-page has terms

E1
p,q =

⊕

i1<..<ip

Hq(BGUi1,...,ip
)

and the differential is given by the Čech boundary map.

The second page of this spectral sequence can be computed in the range of
0 ≤ q ≤ 2k− 1, where k is the least value for which Hk(BDiffc(Rn)) is non-trivial
and n is the dimension of M . This fact is based on the following lemma, which is a
slight extension of [Hal], Lemma 1.4.9, and follows immediately from the Künneth
formula.

Lemma 5. Let M = M1 � M2 be a disjoint union of n-manifolds and set Gi =
Diffc,0(Mi). Assume that Hn(BGi) is trivial for all n < k. Then H0(BG) = Z,
and for all 1 ≤ n ≤ 2k − 1

Hn(BG) ∼= Hn(BG1)⊕Hn(BG2).

As a consequence of Lemma 5 we obtain a description of the E2-terms of the
spectral sequence in Lemma 4 that is associated to an admissible covering. A
covering is admissible if the finite intersection of any of its members is diffeomorphic
to a disjoint union of balls. For any U that is diffeomorphic to a ball, we let

An
q = Hq(BGU ) = Hq(BDiffc(Rn)).

With this notation we have the following stronger version of Lemma 4, which is a
mild strengthening of Theorem 2.3.4 in [Hal] and whose proof is identical.

Lemma 6. Let U be an admissible covering of M and let U (m) denote the cover
consisting of all m-fold unions of sets in U . Then there is a spectral sequence

converging to HU(m)

∗ (BG) whose E2-page has terms

E2
p,q = Hp(M,An

q )

for 1 ≤ q ≤ 2k − 1 ≤ m with k as in Lemma 5. Moreover, E2
0,0 = Z and E2

p,0 = 0
for p > 0.

The entire diffeomorphism group Diffc(M) acts on its identity component via
conjugation, and this action induces a module structure onH∗(BG). Since the iden-
tity component of Diffc(M) acts trivially, this then descends to a module structure
for the mapping class group ΓM of M . This module structure is then compatible
with the spectral sequence given in Lemma 6, since any φ ∈ Diffc(M) induces
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a natural map between the spectral sequences associated to U (m) and φ(U (m)) re-
spectively. In particular, since ΓM acts trivially on An

q , the action on terms of the
form Hp(M,An

q ) is given via the ordinary action of the mapping class group on
Hp(M).

3. Proofs of main results

We now come to the proof of Theorem 2.

Proof of Theorem 2. By the classical result of Thurston (see [Th])

An
1 = H1(BDiffc,0(M)) = H1(BDiffc(Rn)) = 0.

Specializing to the case of M = S2 and considering the spectral sequence of
Lemma 6, we see that the E2-page in degree 3 homology is

E2
0,3 ⊕ E2

1,2 = H0(S
2, A2

3)⊕H1(S
2, A2

2) = A2
3.

Thus the E∞-term in degree 3 is a quotient of this group. If we consider the
inclusion of any disc U = D2 into S2, then a comparison of the associated spectral
sequences shows that the map

Hk(BDiffc(D2)) → Hk(BDiff+(S2))

is an isomorphism for 0 ≤ k ≤ 2 and a surjection for k = 3. Finally, the topological
group G = Diff+(S

2) is homotopy equivalent to SO(3) by Smale’s Theorem (cf.
[Iva]). Thus the inclusion of the fibre in the fibration

BG → BGδ → BG � BSO(3)

induces an isomorphism in rational homology for k ≤ 3, since Hk(BSO(3),Q) is
trivial for k ≤ 3, and this concludes the proof. �

We then obtain an answer to Question 1 as a corollary.

Corollary 7. For all g ≥ 0 the classes u1c2 and u1c
2
1 induce a surjective map

H3(Diffδ
+(Σg)) → R2.

Proof. We consider the following commutative diagram, where the maps to R2 are
those induced by the classes u1c2 and u1c

2
1:

H3(Diffδ
+(S

2)) �� R2

H3(Diffδ
c (D

2))

�� �������������

Since the map on the left is surjective modulo torsion by Theorem 2 and the topmost
map is surjective by [Ras], we conclude that the map on H3(Diffδ

c (D
2)) is also

surjective. Then by considering the analogous diagram for Diffδ
+(Σg), the result

follows. �

We next turn to the proof of low-dimensional Harer stability for the groups
Diffc(Σ

1
g).
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Theorem 8. The natural map Σ1
g ↪→ Σ1

g+1 induces an isomorphism

Hk(Diffδ
c (Σ

1
g),Q) → Hk(Diffδ

c (Σ
1
g+1),Q)

for k ≤ 3 and g ≥ 8. Furthermore, the rank of the image of H4(Diffδ
+(Σ

1
g),Q) in

H4(Γ
1
g,Q) is independent of g for 8 ≤ g.

Proof. We first note that by [ES] the topological group Diffc,0(Σ
1
g) is contractible

for any g. Thus

BDiffc,0(Σ1
g) � BDiffδ

c,0(Σ
1
g),

which in turn yields a natural isomorphism

H∗(BDiffc,0(Σ1
g))

∼= H∗(Diffδ
c,0(Σ

1
g)).

We consider the Hochschild-Serre spectral sequence associated to the group exten-
sion

1 → Diffc,0(Σ
1
g) → Diffc(Σ

1
g) → Γ1

g → 1,

whose E2-page is

E2
p,q = Hp(Γ

1
g, Hq(Diffδ

c,0(Σ
1
g),Q)).

When referring explicitly to the k-th page of the spectral sequence associated to
the extension Diffc(Σ

1
g), we shall write Ek

p,q(Σ
1
g).

Since H∗(BDiffc,0(Σ1
g))

∼= H∗(Diffδ
c,0(Σ

1
g)), Theorem 2 and the naturality of

the Hochschild-Serre spectral sequence imply that the following is an isomorphism
for q ≤ 2:

E2
0,q(Σ

1
g) → E2

0,q(Σ
1
g+1).

Moreover, Harer stability for Γ1
g yields isomorphisms on E2

p,0-terms for any p ≤ 4

and the groups E2
p,1 are all trivial, since Diffc,0(Σ

1
g) is perfect. We conclude that

the maps

E2
p,q(Σ

1
g) → E2

p,q(Σ
1
g+1)

are isomorphisms for all bi-degrees (p, q) such that p+q ≤ 2 or such that p ≤ 4 and
q = 0. Similarly we have isomorphisms on E2

2,2-terms for g ≥ 5. Lemma 6 implies

E2
2,2(Σ

1
g)

∼= H2(Γ
1
g, A

2
2)

∼= E2
2,2(Σ

1
g+1),

where the second isomorphism follows from Harer stability since A2
2 is a trivial

Γ1
g-module. We finally claim that

E2
0,3(Σ

1
g) → E2

0,3(Σ
1
g+1)

is also an isomorphism, and this implies the result in degree 3 homology. To this
end, we first note that by Lemma 6

H3(Diffδ
c,0(Σ

1
g),Q) ∼= H3(BDiffc,0(Σ1

g),Q)

∼= (H0(Σ
1
g)⊗A2

3 ⊗Q)⊕ (H1(Σ
1
g)⊗A2

2 ⊗Q),

whence we conclude that

H0(Γ
1
g, H3(Diffδ

c,0(Σ
1
g),Q)) = H3(Diffδ

c,0(Σ
1
g),Q)Γ1

g

∼= A2
3 ⊗Q.
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Moreover, since Γ1
g is perfect for g ≥ 2,

H1(Γ
1
g, H2(Diffδ

c,0(Σ
1
g),Q)) = H1(Γ

1
g, A

2
2 ⊗Q) = 0,

proving the claim and with it the first part of the theorem.
In fact, since H3(Γ

1
g,Q) is trivial for g ≥ 6 (see [Iva]), we deduce that the only

non-trivial E2-term in degree 3 is E2
0,3. The isomorphism on E2

2,2 then yields an

isomorphism on E3
0,3, and then the fact that E2

3,1 = E3
3,1 = 0 implies the same for

E4
0,3. We then consider the following commutative diagram:

E4
0,3(Σ

1
g)

∼= �� E4
0,3(Σ

1
g+1)

H4(Γ
1
g) = E4

4,0(Σ
1
g)

∂4
4,0

��

�� H4(Γ
1
g+1) = E4

4,0(Σ
1
g+1),

∂4
4,0

��

where the bottom arrow is an isomorphism for g ≥ 8 by Harer Stability and ∂4
4,0 de-

notes the bi-graded differential on the E4-page of the spectral sequence. The image
of H4(Diffδ

+(Σ
1
g),Q) in H4(Γ

1
g,Q) is Ker(∂4

4,0), whose rank is then independent of
g ≥ 8. �

This result has implications for a problem posed by Kotschick and Morita. In
particular, they asked whether the image of the second MMM-class in H∗(Γ1

g) is
non-trivial ([KM], Problem 4). Theorem 8 says that the answer to this question
is independent of g. In fact a closer examination of the proof of Theorem 8 shows
that the same conclusion holds for closed surfaces and for surfaces with arbitrarily
many boundary components.
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