
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 140, Number 11, November 2012, Pages 3843–3852
S 0002-9939(2012)11208-0
Article electronically published on March 2, 2012

COPIES OF c0(Γ) IN C(K,X) SPACES

ELÓI MEDINA GALEGO AND JAMES N. HAGLER

(Communicated by Thomas Schlumprecht)

Abstract. We extend some results of Rosenthal, Cembranos, Freniche,
E. Saab-P. Saab and Ryan to study the geometry of copies and complemented
copies of c0(Γ) in the classical Banach spaces C(K,X) in terms of the cardi-
nality of the set Γ, of the density and caliber of K and of the geometry of X
and its dual space X∗. Here are two sample consequences of our results:
(1) If C([0, 1],X) contains a copy of c0(ℵ1), then X contains a copy of c0(ℵ1).
(2) C(βN,X) contains a complemented copy of c0(ℵ1) if and only if X con-

tains a copy of c0(ℵ1).
Some of our results depend on set-theoretic assumptions. For example, we
prove that it is relatively consistent with ZFC that if C(K) contains a copy of
c0(ℵ1) and X has dimension ℵ1, then C(K,X) contains a complemented copy
of c0(ℵ1).

1. Introduction

Let K be a compact Hausdorff space and X a Banach space. By C(K,X) we
denote the Banach space of all continuous X-valued functions defined on K and
equipped with the supremum norm. This space will be denoted by C(K) in the
case X = R. For a set Γ, c0(Γ) is the Banach space of all scalar-valued maps f on
Γ with the property that for every ε > 0, the set {γ ∈ Γ : |f(γ)| ≥ ε} is finite and
equipped with the supremum norm. We will often refer to c0(Γ) as c0(τ ) when the
cardinality of Γ (denoted by |Γ|) is equal to τ . As usual, this space will be denoted
by c0 when τ = ℵ0.

Since C(K,X) contains complemented copies of both C(K) and X, it is clear
that if X or C(K) contains a copy of c0(τ ), then so does C(K,X). Of course, the
same can be said about complemented copies of c0(τ ). The goal of this paper is
to study whether or not the converse is true. To be specific, we consider first the
following.

Problem 1.1. Suppose that C(K,X) contains a copy of c0(τ ). Must at least one
of C(K) or X contain a copy of c0(τ )?

When τ = ℵ0, the answer is well known and easily seen to be affirmative. For
τ ≥ ℵ1, Theorem 3.1 provides a partial affirmative answer to this question. But
it turns out that, even for τ = ℵ1, set-theoretic axioms are needed to determine
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the answer. It is negative in the presence of the Continuum Hypothesis (CH) (see
Proposition 3.2) and affirmative when Martin’s Axiom (MA) and the negation of
CH are assumed (see Corollary 3.4).

A more satisfying answer to Problem 1.1 can be given if we know more about the
compact space K. In Theorem 3.3, which is the first main result of this paper, we
prove that if τ ≥ ℵ0 is a caliber of K and C(K,X) contains a copy of c0(τ ), then
X contains a copy of c0(τ ). For example, either this result or Theorem 3.6, the
second of our main results, yields that if K is a compact metric space and C(K,X)
contains a copy of c0(ℵ1), then X must contain a copy of c0(ℵ1). In Section 3, we
give precise statements and proofs of these results, their consequences and relevant
definitons. The key combinatorial tools that we use are some results of Haskell
Rosenthal. Since these results are so fundamental to our work, we state them in a
very brief Section 2.

Section 4 is motivated by the following problem.

Problem 1.2. What assumptions on K and X yield a complemented copy of c0(τ )
in C(K,X)?

A central concept used here is the Josefson-Nissenzweig-α property (in brief,
the JNα property), which is a natural extension of the result of the Josefson-
Nissenzweig theorem to a nonseparable setting (see Definition 4.3). The main
result of Section 4, Theorem 4.5, is the third of the main results of this paper. It
yields a complemented copy of c0(ℵα) in the injective tensor product of two Banach
spaces X and Y if X has the JNα property and Y contains a copy of c0(ℵα). As
an application, we prove in Corollary 4.7 that it is relatively consistent with ZFC
that for all compact K and Banach spaces X with dimension ℵ1, if C(K) contains
a copy of c0(ℵ1), then C(K,X) contains a complemented copy of c0(ℵ1).

In Section 5, we use the results of Sections 3 and 4 to solve Problem 1.2 com-
pletely ifK is the Cantor cube 2m = {0, 1}m wherem ≥ ℵ0, or ifK is the Stone-Čech
compactification βI of a discrete set I with |I| = 2m. More precisely, under these
conditions, Corollary 5.4 states that a Banach space X contains a copy of c0(2

m)
if and only if C(K,X) contains a complemented copy of c0(2

m).
For the most part, our notation and terminology are standard and introduced as

needed. (Undefined terms may be found in [10] and [12].) Some that have already
been used in this introduction or are needed shortly are given now. We writeX ∼ Y
when the Banach spaces X and Y are isomorphic, Y ↪→ X when X contains a copy

of Y , that is, contains a subspace isomorphic to Y , Y
c
↪→ X when X contains a

complemented copy of X, and X→→Y when Y is isomorphic to a quotient of X.
The density character of a topological space S (denoted by dens(S)) is the smallest
cardinality of a dense subset of S. Following standard practice, we refer to the
density character of a Banach space X as its dimension and denote it by dim(X).

2. Some results of Haskell Rosenthal

Before turning to the study of copies of c0(τ ) in C(K,X) spaces we state some
important results of H. Rosenthal on c0(τ ) spaces, as they play a central role in the
sequel.

Let τ > ℵ0. We recall that a compact Hausdorff space K satisfies the τ -chain
condition if every disjoint family of open subsets of K has cardinality less than τ .
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As is customary, we refer to the ℵ1-chain condition as the countable chain condition
or just the ccc [15, p. 226].

Theorem 2.1 ([15, p. 230]). Let K be a compact Hausdorff space and τ > ℵ0.
Then C(K) contains no copy of c0(τ ) if and only if K satisfies the τ -chain condi-
tion.

Theorem 2.2 ([15, p. 227]). Let S be a topological space satisfying the τ -chain
condition with τ > ℵ0 and suppose that F is a family of open subsets of S with
|F| = τ . Then there exists an infinite sequence F1, F2, · · · of distinct members of
F with

⋂∞
i=1 Fi

�= φ.

Let τ ≥ ℵ0. Let (ei)i∈τ be the usual unit-vector basis of c0(τ ). That is, if i, j ∈ τ ,
then ei(j) = 1 if i = j and ei(j) = 0 if i �= j. Given a subset Γ of τ , we identify
c0(Γ) with the subspace of c0(τ ) consisting of those elements g such that g(γ) = 0
for every γ �∈ Γ.

Theorem 2.3 ([14, Remark following Theorem 3.4]). Let X be a Banach space
and τ ≥ ℵ0. Suppose that there exists an operator T : c0(τ ) → X such that
inf{‖T (ei)‖ : i ∈ τ} > 0. Then there exists a subset Γ of τ with |Γ| = τ such that
T|c0(Γ) is an isomorphism onto its image.

3. On copies of c0(τ ) in C(K,X) spaces

The results in this section follow from the following simple idea. Suppose that
(fi)i∈τ ⊆ C(K,X) is equivalent to the usual unit vector basis of c0(τ ). That is,
there are constants δ > 0 and M < ∞ such that, for all finite subsets F of τ and
for all scalars (ti)i∈F ,

δmax
i∈F

|ti| ≤ ‖
∑

i∈F

tifi‖ ≤ M max
i∈F

|ti|.

We seek a point k0 ∈ K with the property that, for a “large” subset σ of τ , the set
(fi(k0))i∈σ is equivalent to the usual unit vector basis of c0(σ) in X. The results of
Rosenthal quoted in Section 2 provide the combinatorial mechanisms for achieving
this.

Our first result is a vector-valued extension of Theorem 2.1.

Theorem 3.1. Let K be a compact Hausdorff space, X a Banach space and τ > ℵ0.
Then

c0(τ ) ↪→ C(K,X) =⇒ c0(τ ) ↪→ C(K) or c0 ↪→ X.

Proof. Suppose that C(K,X) contains a copy of c0(τ ). Then there exists an iso-
morphism T from c0(τ ) onto a subspace of C(K,X). Let δ > 0 be such that
‖T (x)‖ ≥ δ for all x ∈ c0(τ ) with ‖x‖ = 1.

For each i ∈ τ , let

Ui = {k ∈ K : ‖T (fi)(k)‖ > δ/2}.
Now assume that C(K) contains no copy of c0(τ ). According to Theorem 2.1,

K satisfies the τ -chain condition. Since (Uγ)γ∈τ is a τ -family of open sets of K,
there exists by Theorem 2.2 an infinite sequence γ1, γ2, ... of distinct elements of τ
with

⋂∞
i=1 Uγi

�= φ.
Pick k0 ∈

⋂∞
i=1 Uγi

. Then, for all i ∈ N,

‖T (fγi
)(k0)‖ > δ/2.
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Let Pk0
be the operator from C(K,X) to X defined by Pk0

(g) = g(k0) for
g ∈ C(K,X). Put I = {γi : i ∈ N}. Let us consider the operator L = Pk0

T|c0(I) :
c0(I) → X. Consequently

inf {‖L(fγi
)‖ : i ∈ N} > δ/2.

So, according to Theorem 2.3, there exists an infinite subset J of I such that L|c0(J)
is an isomorphism onto its image. This completes the proof of the theorem. �

Theorem 3.1 is optimal. That is, even in the case τ = ℵ1, we cannot replace c0 by
c0(ℵ1). Indeed, assuming CH, Laver and Galvin (see [7]) independently constructed
a compact Hausdorff space K1 satisfying the ccc such that the topological product
K1 ×K1 does not satisfy the ccc. Translating this result into the present context
by using Theorem 2.1, we conclude the following.

Proposition 3.2. Assume CH. Then there is a compact Hausdorff space K1 such
that

c0(ℵ1) ↪→ C(K1 ×K1) ∼ C(K1, C(K1)) but c0(ℵ1) �↪→ C(K1).

Proposition 3.2 suggests that stronger positive results require either more as-
sumptions on K or the Banach space X (in Proposition 3.2, X = C(K1)) or other
models of set theory. Theorem 3.3, the first of the main results of this paper, is
exactly of this sort.

Recall that a cardinal τ > ℵ0 is said to be a caliber [3] of the topological space
S if for any family {Ui : i ∈ τ} of nonempty open sets in S, there exists a subset Γ
of τ such that |Γ| = τ and

⋂
i∈Γ Ui �= φ.

Theorem 3.3. Let K be a compact Hausdorff space, X a Banach space and τ > ℵ0.
If τ is a caliber of K, then

c0(τ ) ↪→ C(K,X) =⇒ c0(τ ) ↪→ X.

Proof. Assume that C(K,X) contains a copy of c0(τ ) and τ is a caliber of K. Let
T and (Ui)i∈τ be as in the proof of Theorem 3.1. Since (Ui)i∈τ is a family of open
sets of K, there exists a subset Γ of τ with |Γ| = τ such that

⋂
γ∈Γ Uγ �= φ. Fix k1

in
⋂

γ∈Γ Uγ . Then for all γ ∈ Γ,

‖T (fγ)(k1)‖ > M/2.

Let Qk1
be the operator from C(K,X) to X defined by Qk1

(g) = g(k1) for g ∈
C(K,X). Finally, consider the operator R = Qk1

T|c0(Γ) : c0(Γ) → X. Hence we
have

inf {‖R(fγ)‖ : γ ∈ Γ} > M/2.

Therefore by Theorem 2.3 there exists a subset Γ1 of Γ with |Γ1| = |Γ| such that
R|c0(Γ1) is an isomorphism onto its image. �

As mentioned above, the set-theoretic assumptions of Proposition 3.2 raise the
question whether there are other models of set theory for which its conclusions can
be improved by replacing c0 by c0(ℵ1). Of course, in such a model, the topological
product of two compact Hausdorff spaces satisfying ccc must also satisfy ccc. To
this end, we note (see [7, p. 34]) that Kunen, Rowbottom and Solovay proved
independently that ZFC has this property when MA and the negation of CH are
assumed. With this assumption and Theorem 3.3 in hand, we have the following.
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Corollary 3.4. Assume MA + ¬ CH. Let K be a compact Hausdorff space and X
a Banach space. Then

c0(ℵ1) ↪→ C(K,X) =⇒ c0(ℵ1) ↪→ C(K) or c0(ℵ1) ↪→ X.

Proof. If K does not satisfiy the ccc, then by Theorem 2.1, C(K) contains a copy
of c0(ℵ1). Otherwise, K satisfies the ccc and by [17, p. 16], ℵ1 is a caliber of K.
According to Theorem 3.3, X contains a copy of c0(ℵ1). �

Theorem 3.3 suggests the following more general problem.

Problem 3.5. Let K be a compact Hausdorff space. Characterize the cardinals τ
such that for every Banach space X we have

c0(τ ) ↪→ C(K,X) =⇒ c0(τ ) ↪→ X.

Theorem 3.6, the second of our main results, begins to address this problem.
We recall that the cofinality cf(τ ) of τ is the smallest cardinal μ such that there
exists a family of ordinals {αi : i < μ} with sup{αi : i < μ} = τ . We also note
that this theorem applies to every compact metric space K, since such a K has
dens(K) ≤ ℵ0.

Theorem 3.6. Let K be a compact Hausdorff space, X a Banach space and τ > ℵ0.
If cf(τ ) > dens(K), then

c0(τ ) ↪→ C(K,X) =⇒ c0(τ ) ↪→ X.

Proof. Suppose that C(K,X) contains a copy of c0(τ ) and cf(τ ) > dens(K). Let
T and δ be as in the proof of Theorem 3.1. Let D be a dense set in K with
|D| = dens(K). For each d ∈ D, let

Id = {γ ∈ τ : ‖T (fγ)(d)‖ > δ/2}.
Therefore, τ =

⋃
d∈D Id. Consequently there is a d1 ∈ D such that |Id1

| = τ .
Let Pd1

: C(K,X) → X be the natural projection; that is, Pd1
(g) = g(d1) for

g ∈ C(K,X). Next, consider the operator S = Pd1
T|c0(Id1 ) : c0(Id1

) → X. Then

inf {‖S(fi)‖ : i ∈ Id1
} > 0. By Theorem 2.3 there exists J ⊂ Id1

with |J | = τ such
that S|c0(J) is an isomorphism onto its image, and the theorem is proved. �

4. On complemented copies of c0(τ ) in C(K,X) spaces

We now turn our attention to complemented copies of c0(τ ) in C(K,X) spaces.
We begin by recalling the following result, which was obtained independently by
Cembranos [2, Main Theorem] and Freniche [6, Corollary 2.5].

Theorem 4.1. Let K be a compact Hausdorff space and let X be an infinite di-
mensional Banach space. Then

c0 ↪→ C(K) =⇒ c0
c
↪→ C(K,X).

The next result shows that Theorem 4.1 does not extend in a natural way to
nonseparable c0(τ ) spaces.

Proposition 4.2. There exists a compact Hausdorff space K such that

c0(ℵ1) ↪→ C(K) but c0(ℵ1) �
c
↪→ C(K,X),

for every separable Banach space X.
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Proof. Let K2 be the compact Hausdorff spaces constructed recently by Dow, Jun-
nila and Pelant [5, Example 2.16]. Since the set of isolated points of K2 is uncount-
able, it follows that K2 does not satisfy the ℵ1-chain condition. Hence Theorem 2.1
implies that C(K2) contains a copy of c0(ℵ1). Now let X be a separable Banach
space and (xn)n∈N a dense sequence in X. We know that C(K2, X) is the closed lin-
ear span of the family of functions of the form

∑n
i=1 f(.)xi, where f1, ..., fn ∈ C(K2)

[4, p. 225]. Furthermore, it is easy to see that for each x ∈ X, x �= 0, the subspace of
C(K2, X) given by Ex = {f(.)x : f ∈ C(K2)} is isomorphic to C(K2). Therefore,
since every operator T : C(K2) → c0(ℵ1) has separable range [5, Theorem 1.6], it
follows that every operator T : C(K2, X) → c0(ℵ1) also has separable range. In
particular, C(K2, X) has no complemented copy of c0(ℵ1). �

Before stating and proving Theorem 4.5, we introduce the following concept,
which is central to our results in this section.

Definition 4.3. Let α be an ordinal number. A Banach space X has the Josefson-
Nissenzweig-α property (in short, X has the JNα property or just X has JNα)
if there exists a family of elements (x∗

γ)γ∈ℵα
in the unit sphere of X∗ such that

(x∗
γ(x))γ∈ℵα

belongs to c0(ℵα) for every x ∈ X.

Remark 4.4. The classical Josefson-Nissenzweig theorem states that every infinite
dimensional Banach space has JN0 [11], [13]. (See also [8] for another proof of this
result.) Of course, the classical lp(ℵα) spaces, with 1 ≤ p < ∞, have JNα. Indeed,
it is enough to consider (eγ)γ∈ℵα

, the usual unit-vector basis of the dual of lp(ℵα).
It is also easy to check that if X has JNα and X is a quotient space of Y , then Y
also has JNα.

Our immediate goal is to prove Theorem 4.5, the third of the main results of this
paper. This is a nonseparable version of a theorem of Ryan [18] which generalizes
the main result of E. Saab and P. Saab in [20], which in turn is a generalization of
Theorem 4.1. Using the definition of the JNα property, our proof may be viewed
as a slight modification of Ryan’s proof.

Given Banach spaces X and Y , K(X,Y ) is the Banach space of compact op-

erators from X to Y and X ˆ̂⊗Y is the injective tensor product of X and Y [19,
p. 355].

Theorem 4.5. Let Y be a Banach space containing a copy of c0(ℵα) and let X be

a Banach space having the JNα property. Then Y ˆ̂⊗X contains a copy of c0(ℵα)
which is complemented in K(Y ∗, X).

Proof. There exists a family (yi)i∈ℵα
in Y and a constant M > 0 such that

maxi∈F |ai| ≤ ‖
∑

i∈F

aiyi‖ ≤ M maxi∈F |ai|

for every family (ai)i∈ℵα
of scalars and for every finite subset F of ℵα.

Let (y∗i )i∈ℵα
be a family of Hahn-Banach extensions of the coordinate functionals

associated with the family (yi)i∈ℵα
. That is, ‖y∗i ‖ ≤ 1, y∗i (yi) = 1 and y∗i (yj) = 0

if i �= j.
By hypothesis there exists a family (x∗

i )i∈ℵα
in the unit sphere of X∗ such that

(x∗
i (x))i∈ℵα

belongs to c0(ℵα) for every x ∈ X. For each i ∈ ℵα, choose xi in X
such that ‖xi‖ ≤ 2 and x∗

i (xi) = 1.
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We claim that the family (yi ⊗ xi)i∈ℵα
in Y ˆ̂⊗X is equivalent to the unit vector

basis of c0(ℵα). To establish this, first observe that since ‖y∗i ⊗ x∗
i ‖ = 1, we have

for every finite subset F of ℵα with i ∈ F that

‖
∑

j∈F

aj yj ⊗ xj‖ ≥ ‖(y∗i ⊗ x∗
i )(

∑

j∈F

aj yj ⊗ xj)‖ = |ai|.

Also we have for every finite subset F of ℵα that

‖
∑

j∈F

aj yj ⊗ xj‖ = supx∗∈BX∗ ‖
∑

j∈F

ajx
∗(xj)yj‖

≤ M supx∗∈BX∗maxj∈F |aj | |x∗(xj)|
≤ 2 M maxj∈F |aj |.

Therefore
maxj∈F |aj | ≤ ‖

∑

j∈F

aj yi ⊗ xi‖ ≤ 2 M maxj∈F |aj |,

which establishes our claim.
Let W denote the closed linear span of the set {yi ⊗ xi : i ∈ ℵα}. We finish the

argument by constructing a projection from K(Y ∗, X) onto W . If u ∈ K(Y ∗, X),
then the closure of (u(y∗i ))i∈ℵα

is a compact subset C of X. Since (x∗
i (x))i∈ℵα

belongs to c0(ℵα) for every x ∈ X, it follows that for every ε > 0, there exists a
finite subset Fε of ℵα such that |x∗

i (c)| ≤ ε for every c ∈ C and for every i �∈ Fε. In
particular, x∗

i (u(y
∗
i )) ∈ c0(ℵα). Hence the series

∑

i∈ℵα

x∗
i u(y

∗
i )yi ⊗ xi

converges to an element of W. We define

P (u) =
∑

i∈ℵα

x∗
i u(y

∗
i )yi ⊗ xi.

It is easy to see that P is a bounded projection of K(Y ∗, X) onto W. �
As an immediate consequence of Theorem 4.5, we obtain the following, which is

a generalization of Cembranos-Freniche’s result (the case α = 0 and Y = C(K)).

Corollary 4.6. Let K be a compact Hausdorff space, X a Banach space and α an
ordinal. Then

c0(ℵα) ↪→ C(K) and X has JNα =⇒ c0(ℵα)
c
↪→ C(K,X).

Thus in contrast with Proposition 4.2 we have the following.

Corollary 4.7. Let K be a compact Hausdorff space. Then it is relatively consistent
with ZFC that for all Banach spaces X with dim(X) = ℵ1,

c0(ℵ1) ↪→ C(K) =⇒ c0(ℵ1)
c
↪→ C(K,X).

Proof. Recall that a bounded fundamental biorthogonal system for a Banach space
X is a family (xi, x

∗
i ) of pairs from X×X∗ such that x∗

i (xj) = δij and the closed lin-
ear subspace of X generated to (xi) is X. By a result of Todorčević [21, Corollary 6]
it is relatively consistent with ZFC that every Banach space X with dim(X) = ℵ1

admits a bounded fundamental biorthogonal system. Therefore X has JN1. Oth-
erwise, according to [21, Lemma 1] every bounded linear operator T : X → c0(ℵ1)
has separable range. Thus a theorem of Holický, Smı́dek and Zaj́ıček [9] (see also
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[5, Corollary 1.15]) would imply that dim(X) = ℵ0, a contradiction. Since X has
JN1, we may apply Corollary 4.6 to finish the proof. �

As an immediate consequence of Theorem 3.1 and Corollary 4.6 we also obtain
the following result.

Corollary 4.8. Let K be a compact Hausdorff space and X a Banach space having
JNα and containing no copy of c0. Then

c0(ℵα) ↪→ C(K) ⇐⇒ c0(ℵα)
c
↪→ C(K,X).

5. On complemented copies of c0(τ )
in C(2m, X) and C(βI,X) spaces

In this section we provide further consequences of Theorems 3.1, 3.3, 3.6 and
Corollary 4.6. We recall that a cardinal τ is said to be regular if cf(τ ) = τ and
singular if cf(τ ) < τ .

Theorem 5.1. Let m be a cardinal satisfying ℵ0 < cf(ℵα) ≤ ℵα ≤ 2m, for some
ordinal α. If X is a Banach space, then

c0(ℵα) ↪→ X ⇐⇒ c0(ℵα)
c
↪→ C(2m, X).

Proof. Assume that X contains a copy of c0(ℵα). Let γ be an ordinal such that
2m = ℵγ . By [14, Proposition 5.2], C(2m)∗ contains a copy of L1([0, 1]

m). Since
L1([0, 1]

m) contains a copy of l2(2
m), it follows from [15, Remark 2, p. 181] that

C(2m)→→l2(ℵγ).

Hence by Remark 4.4, C(2m) has JNγ . Since α ≤ γ, it follows that C(2m) also has
JNα. Then by Corollary 4.6 we conclude that

c0(ℵα)
c
↪→ C(2m, X).

Suppose now that C(2m, X) contains a complemented copy of c0(ℵα). By our
hypothesis, ℵα is a regular ordinal or a singular ordinal with ℵ0 < cf(ℵα). Hence
by [3, Corollary 3.7.a and Theorem 3.18.a], ℵα is a caliber of 2m. So Theorem 3.3
implies that X contains a copy of c0(ℵα). �

It is well known that 2m with m infinite does not have caliber τ whenever τ is
singular with cf(τ ) = ℵ0 [3, Theorem 2.3.a and Corollary 2.12]. However, we also
obtain the following.

Theorem 5.2. Let m be a cardinal satisfying ℵω ≤ 2m. If X is a Banach space
isomorphic to a complemented subspace of some C(K) space, then

c0(ℵω) ↪→ X ⇐⇒ c0(ℵω)
c
↪→ C(2m, X).

Proof. For the sufficiency of the statement of Theorem 5.2 it is enough to proceed
as in the proof of Theorem 5.1. Next we will prove the necessity of this statement.
By hypothesis, for every n < ω, we have

c0(ℵn) ↪→ C(2m, X).

Since ℵn is a caliber of 2m [3, Theorem 3.18.a], it follows by Theorem 3.3 that X
contains a copy of c0(ℵn). Moreover, according to [1, Proposition 4.2] there exists
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a totally disconnected compact Hausdorff space G such that C(G) contains X as a
complemented subspace. Consequently

c0(ℵn) ↪→ C(G), ∀n < ω.

Hence by [1, Theorem 4.3], we conclude that X contains a copy of c0(ℵω). �

Theorem 5.3. Let I be a set satisfying ℵ0 ≤ |I| < cf(ℵα) ≤ ℵα ≤ 2|I|, for some
ordinal α. If X is a Banach space, then

c0(ℵα) ↪→ X ⇐⇒ c0(ℵα)
c
↪→ C(βI,X).

Proof. First suppose that X contains a copy of c0(ℵα). Let γ be an ordinal such
that 2|I| = ℵγ . By [15, Remark 2, p. 203] we know that

C(βI)→→l2(ℵγ).

Therefore according to Remark 4.4 C(βI) has JNγ . Since α ≤ γ, it follows that
C(βI) also has JNα. So by Corollary 4.6,

c0(ℵα)
c
↪→ C(βI,X).

Conversely, assume that C(βI,X) contains a complemented copy of c0(ℵα).
Since dens(βI) = |I| and by hypothesis |I| < cf(ℵα), it follows from Theorem 3.6
that X contains a copy of c0(ℵα). �
Corollary 5.4. Let I be a set of cardinality m ≥ ℵ0 and X a Banach space. Then
the following statements are equivalent:

(a) C(2m, X) contains a complemented copy of c0(2
m).

(b) C(βI,X) contains a complemented copy of c0(2
m).

(c) X contains a copy of c0(2
m).

Proof. Since m ≥ ℵ0, by a well-known theorem of König [10, p. 158] we conclude
that m < cf(2m). So by Theorems 5.1 and 5.3 with ℵα = 2m we are done. �
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21. S. Todorčević, Biorthogonal systems and quotient spaces via Baire category methods, Math.

Ann. 335 (2006), no. 3, 687-715. MR2221128 (2007d:46016)

Department of Mathematics, University of São Paulo, São Paulo, Brazil 05508-090

E-mail address: eloi@ime.usp.br

Department of Mathematics, University of Denver, Denver, Colorado 80208

E-mail address: jhagler@math.du.edu

http://www.ams.org/mathscinet-getitem?mr=0374871
http://www.ams.org/mathscinet-getitem?mr=0374871
http://www.ams.org/mathscinet-getitem?mr=1863689
http://www.ams.org/mathscinet-getitem?mr=1863689
http://www.ams.org/mathscinet-getitem?mr=0394134
http://www.ams.org/mathscinet-getitem?mr=0394134
http://www.ams.org/mathscinet-getitem?mr=0270122
http://www.ams.org/mathscinet-getitem?mr=0270122
http://www.ams.org/mathscinet-getitem?mr=0257721
http://www.ams.org/mathscinet-getitem?mr=0257721
http://www.ams.org/mathscinet-getitem?mr=1999603
http://www.ams.org/mathscinet-getitem?mr=1999603
http://www.ams.org/mathscinet-getitem?mr=0367886
http://www.ams.org/mathscinet-getitem?mr=0367886
http://www.ams.org/mathscinet-getitem?mr=1173375
http://www.ams.org/mathscinet-getitem?mr=1173375
http://www.ams.org/mathscinet-getitem?mr=0296671
http://www.ams.org/mathscinet-getitem?mr=0296671
http://www.ams.org/mathscinet-getitem?mr=0840704
http://www.ams.org/mathscinet-getitem?mr=0840704
http://www.ams.org/mathscinet-getitem?mr=2221128
http://www.ams.org/mathscinet-getitem?mr=2221128

	1. Introduction
	2. Some results of Haskell Rosenthal
	3. On copies of c0() in C(K, X) spaces
	4. On complemented copies of c0() in C(K, X) spaces
	5. On complemented copies of c0() in C(2m , X) and C(I, X) spaces
	References

