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A NOTE ON THE UNIQUENESS OF SOLUTIONS

FOR THE YAMABE PROBLEM

L. L. DE LIMA, P. PICCIONE, AND M. ZEDDA

(Communicated by Jianguo Cao)

Abstract. Using recent results on the compactness of the space of solutions
of the Yamabe problem, we show that in conformal classes of metrics near the
class of a nondegenerate solution which is unique (up to scaling) the Yamabe
problem has a unique solution as well. This provides examples of a local ex-
tension, in the space of conformal classes, of a well-known uniqueness criterion
due to Obata.

1. Introduction

A celebrated result obtained by a combined effort of Yamabe [19], Trudinger
[18], Aubin [1] and Schoen [16] gives the existence of a constant scalar curvature
metric in every conformal class of Riemannian metrics on a compact manifold M .
Multiplicity results for solutions of the Yamabe problem have been proved in a
variety of cases; see for instance [7, 15].

Recently, remarkable results on the noncompactness of the space of solutions
for the Yamabe problem have been obtained, first by Brendle (see [4]), and subse-
quently by Brendle and Marques (see [5]). A compactness theorem for n ≤ 24 was
proved in [8] by Khuri, Marques and Schoen. Manuscript [6] is an interesting survey
on the compactness and the noncompactness issues for the Yamabe problem.

In the present paper we address the question of uniqueness of solutions of the
Yamabe problem in conformal classes. A well-known result by Obata [14] says that
an Einstein metric, which happens to be a critical point of the Hilbert–Einstein
functional in the manifold of all Riemannian metrics with total volume 1, is the
unique constant scalar curvature metric in its conformal class up to scaling, provided
it is not conformal to a round metric on the sphere. Such metrics are nondegenerate
global minima of the Hilbert–Einstein functional. The structure of the set of con-
stant scalar curvature metrics in conformal classes near a nondegenerate constant
scalar curvature metric has been studied in the smooth case by Koiso [10] (see also
[2, Ch. 4]), using the language of ILH (inverse limit Hilbert) manifolds. In this pa-
per we will establish that, near a nondegenerate solution of the Yamabe problem,
the set of unit volume and constant scalar curvature metrics of class Ck,α, k ≥ 2,
on a given compact manifold M , with m = dim(M) ≥ 3, is a smooth embedded
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submanifold of the set of metrics, which is (strongly) transversal to the conformal
classes (Proposition 3). This transversality property immediately yields a local
uniqueness result for the Yamabe problem in conformal classes near to that of a
nondegenerate solution (Corollary 4). The proof is based on an abstract formula-
tion of the inverse mapping theorem in vector bundles, discussed in Section 2, whose
proof only involves standard infinite dimensional differential geometry techniques,
thus completely avoiding the ILH formalism. Moreover, the local uniqueness re-
sult, combined with the compactness results of [8], [11], [12] and [13], gives a global
uniqueness result for solutions of the Yamabe problem in conformal classes near
that of a nondegenerate constant scalar curvature metric which is the unique unit
volume solution in its conformal class (Theorem 5). This applies in particular to
certain families of Einstein metrics appearing in Obata’s uniqueness result men-
tioned above. Examples include any space form M (other than the round sphere)
satisfying either m ≤ 7 or m ≤ 24 and M is spin or any homogeneous Einstein
manifold which is not locally conformally flat. Thus our result provides examples
of a local extension, in the space of conformal classes, of Obata’s uniqueness crite-
rion. Observe also that our global uniqueness result generalizes a well-known result
by Böhm, Wang and Ziller that near a unit volume Einstein metric which is not
conformally equivalent to the round sphere all unit volume scalar curvature metrics
must be Yamabe metrics, i.e., global minima of the Hilbert–Einstein functionals;
see [3, Theorem 5.1].

2. A fiberwise inverse function theorem

Let us first state an abstract formulation of an inverse mapping theorem which
is suited to our purposes. Let us introduce the following notation, terminology and
conventions. Given a Banach manifold M, by a smooth Banach vector bundle E on
M with typical fiber E0 we always mean a vector bundle whose transition maps are
smooth as maps from open subsets U ⊂ M to GL(E0). The zero section of a vector
bundle will be denoted by 0; given x0 ∈ M, the zero of the fiber Ex0

is denoted by
0x0

. If s : M → E is a smooth section of the vector bundle E and s(x0) = 0x0
, then

the vertical derivative dvers(x0) : Tx0
M → Ex0

is the linear map defined as the
composition Pver ◦ds(x0), where Pver : T0x0

E → Ex0
is the projection relative to the

decomposition T0x0
E ∼= T0x0

0⊕ T0x0
Ex0

∼= T0x0
0⊕ Ex0

. By a smooth distribution
on M we mean a smooth vector subbundle of TM; a submanifold L ⊂ M is said
to be strongly transversal to a distribution D ⊂ TM if at every point x ∈ L, TxL
is a closed complement of Dx, i.e., if TxL ∩ Dx = {0} and TxL+Dx = TxM.

1. Proposition. Let M be a Banach manifold, D ⊂ TM be a smooth distribution
on M, E → M a smooth vector bundle and i : E → D∗ an injective smooth vector
bundle morphism. Assume that F : M → R is a smooth function and that s is a
smooth section of E satisfying

(1) i
(
s(x)

)
= dF (x)

∣∣
Dx

, ∀x ∈ M.

Assume that dF (x0)
∣∣
Dx0

= 0 (or, equivalently, that s(x0) = 0) at some x0 ∈ M,

and that

dvers(x0)
∣∣
Dx0

: Dx0
−→ Ex0

is an isomorphism of Banach spaces.
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Then, there exists an open subset U ⊂ M containing x0 such that the set

L =
{
x ∈ U : dF (x)

∣∣
Dx

= 0
}

is a smooth embedded submanifold of M which is strongly transversal to D.

Proof. The assumption that dvers(x0) is an isomorphism from Dx0
to Ex0

implies
that s is transversal to the zero section of E at x0. Observe that the composition of
ds(x0) : Tx0

M → T0x0
E with the projection T0x0

E → T0x0
E/Tx0

0 ∼= Ex0
is identi-

fied with the vertical derivative dvers(x0), which is therefore surjective. Moreover,
the space Dx0

is a closed complement of Ker
(
ds(x0)

)
; i.e., s is strongly transversal

to 0 at x0. Since i is injective, from (1) it follows easily that the set L can also be
described as

L = U ∩ s−1(0);

it follows that for U sufficiently small, L is a smooth embedded submanifold of M
and that for x ∈ L, TxL = Ker

(
ds(x)

)
. Note that for x ∈ L near x0, Dx is a closed

complement of Ker
(
ds(x)

)
; i.e., L is strongly transversal to D. �

3. The manifold of unit volume metrics and conformal classes

We will now discuss an application of Proposition 1 in the context of constant
scalar curvature metrics. Let M be a compact manifold, m = dim(M) ≥ 3, and

given k ≥ 2, α ∈ ]0, 1], denote by Metk,α(M) the set of Riemannian metrics of class
Ck,α on M , i.e., the open subset of the Banach space Γk,α(∨2TM∗) consisting of all
Ck,α-sections of the vector bundle of ∨2(TM∗) consisting of symmetric (0,2)-tensors

on M that are pointwise positive definite. For g ∈ Metk,α(M), we will denote by
νg the volume form (or density, if M is not orientable) of g, by Ricg the Ricci
curvature of g, and by κg its scalar curvature function, which is a function of class

Ck−2,α on M . The volume function V on Metk,α(M) is defined by

V(g) =
∫
M

νg.

Observe that V is smooth, and its differential is given by

(2) dV(g)h = 1
2

∫
M

trg(h) νg,

for all h ∈ Γk,α(∨2TM∗). Set

(3) M =
{
g ∈ Metk,α(M) : V(g) = 1

}
;

this is a smooth embedded submanifold of Metk,α(M). For g ∈ M, the tangent
space TgM is given by

TgM =
{
h ∈ Γk,α

(
∨2 (TM∗)

)
: ∫
M

trg(h) νg = 0
}
.

Consider the Hilbert–Einstein functional F : M −→ R, defined by

(4) F (g) =

∫
M

κg νg;

this is a smooth function on M, whose critical points are the Einstein metrics of
volume 1 on M . Finally, for g ∈ M, let Dg be the closed subspace of TgM given
by

Dg =
{
ϕ · g : ϕ ∈ Ck,α(M,R) : ∫

M
ϕνg = 0

}
.
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2. Lemma. As to the above setting, the following hold:

(a) D =
⋃

g∈M Dg is a smooth integrable distribution on M;

(b) for g ∈ M, the maximal connected integral submanifold of D through g is
the subset Dg ⊂ M given by

Dg =
{
φ · g : φ ∈ Ck,α(M,R) : φ > 0,

∫
M

φ
m
2 νg = 1

}
.

Proof. Statement (a) is proven by showing that D is the image of a smooth vector
bundle morphism with constant rank.1 Consider the trivial vector bundles (over
M) E1 = M×Ck,α(M,R), E2 = M×R, and the smooth vector bundle morphism
f1 : E1 → E2 defined by

f1(g, ϕ) =
(
g, ∫

M
ϕνg

)
.

Clearly, f1 is surjective, and its kernel

E3 =
⋃

g∈M
{g} ×

{
ϕ ∈ Ck,α(M,R) : ∫

M
ϕνg = 0

}
,

which is closed and complemented, is a smooth vector subbundle of E1. Now, the
smooth bundle morphism f2 : E3 → TM defined by (g, ϕ) �→ (g, ϕ · g) has image
D, and it has constant rank. Namely, the fiber bundle morphism TM � (g, g) �→(
g, 1

m trg(g)
)
∈ E3 is a left inverse of f2. This proves (a). For (b), observe that

φ
m
2 νg is the volume form of the metric φ · g. For g ∈ M, consider the smooth map

Vg : Ck,α(M,R) � φ �→
∫
M

φ
m
2 νg ∈ R, whose derivative is

(5) dVg(φ)ϕ =
m

2

∫
M

φ
m
2 −1ϕνg.

It is easily checked that Vg has no critical values, so that the set V−1
g (1) is a smooth

embedded submanifold of Ck,α(M,R). Now, for g ∈ M, the map I : V−1
g (1) � φ �→

φ · g ∈ M is smooth, and a smooth left inverse is given by the map g �→ 1
m trg(g).

It follows that I is an embedding, and its image is Dg, which is therefore a smooth
embedded submanifold of M. Using (5) at φ = 1, one proves easily TgDg = Dg;
i.e., Dg is an integral submanifold of D. It is easy to see that Dg is connected (it
is homeomorphic to the set of positive functions φ ∈ Ck,α satisfying

∫
M

φ
m
2 νg = 1)

1Given vector bundles E and F over a manifold M , with typical fibers E0 and F0 respectively, a
vector bundle morphism φ : E → F is said to have constant rank if, identifying the fiber Ex ∼= E0,
Fx

∼= F0, x ∈ U ⊂ M , via local trivializations of E and F , there exists a closed subspace G ⊂ F0

such that φx(E0) ⊕ G = F0 for all x ∈ U . Such a condition does not depend on the choice of
trivializations. If φ has constant rank, then φ(E) is a subbundle of F .

Lemma. If φ : E → F has a left inverse, then it has a fiberwise closed image and constant rank.

Proof. A bounded linear operator T : E0 → F0 between Banach spaces that admits a left inverse
S : F0 → E0 has a closed image, and Ker(S) is a closed complement for Im(T ) (trivial). Given
trivializations of E and F over an open subset U ⊂ M , write φ and its left inverse ψ as maps
U � x �→ φx ∈ Lin(E0, F0) and U � x �→ ψx ∈ Lin(F0, E0). Now, given x0 ∈ U , for all x ∈ U the
map (ψx0 ◦ φx)−1 ◦ ψx0 is a left inverse of φx. It follows that

Ker
(
(ψx0 ◦ φx)

−1 ◦ ψx0

)
= Ker(ψx0 )

is a fixed closed complement of Im(φx) for all x ∈ U ; i.e., φ has constant rank. �
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and that M is the disjoint union of all Dg’s. It follows
2 that every Dg is a maximal

connected integral submanifold of D. �

The Ck,α-conformal class of g is the submanifold of Metk,α(M),[
g
]
k,α

=
{
φ · g : φ ∈ Ck,α(M,R) : φ > 0

}
;

clearly, Dg = M∩
[
g
]
k,α

. From the proof of Lemma 2, part (b), one deduces easily

that M and
[
g
]
k,α

are transversal.

Let us recall the first and the second variational formula for the function F
restricted to a conformal class Dg; see [9, 17] for details. We identify the tangent
space TgDg with the space of functions f ∈ Ck,α(M,R) with

∫
M

f νg = 0. Given

one such f , the first derivative of F
∣∣
Dg

in the direction f is

(6) dF (g)(f) =
m− 2

2

∫
M

fκg νg;

if g has constant scalar curvature, then

(7) d2F (g)
(
f, f

)
=

m− 2

2

∫
M

(
(m− 1)Δgf − κgf

)
f νg,

where Δg is the Laplace–Beltrami operator of the metric g.

4. The manifold of unit volume

constant scalar curvature metrics

Given g ∈ M with constant scalar curvature κg in M , we say that g is nonde-
generate if either κg = 0 or if

κg

m−1 is not an eigenvalue of the Laplace–Beltrami
operator Δg of g.

3. Proposition. Let g∗ ∈ M be a nondegenerate constant scalar curvature metric.
Then, there exists an open neighborhood U of g∗ in M such that the set

(8)
{
g ∈ U : κg is constant

}
is a smooth embedded submanifold of M which is strongly transversal to the con-
formal classes.

Proof. This is a direct application of Proposition 1 to the following setup. The
manifold M is defined in (3) and the distribution D in Lemma 2. The vector
bundle E has fibers:

Eg =
{
f ∈ Ck−2,α(M,R) : ∫

M
f νg = 0

}
, g ∈ M,

and the vector bundle morphism i : E → D∗ is induced by the L2-pairing, i.e.,

ig(f1)f2 =

∫
M

f1f2 νg, g ∈ M, f1 ∈ Eg, f2 ∈ Dg.

2We are using the following elementary result:

Lemma. Let M be a manifold and D ⊂ TM an integrable distribution. Assume that M is the
disjoint union

⋃
i∈I Si of connected integral submanifolds of D. Then, every Si is a maximal

connected integral submanifold of D.
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The function F : M → R is the Hilbert–Einstein functional (4), and the section
s : M → E is given by

s(g) = −trg
(
Ricg − 1

2g κg

)
+

∫
M

(
Ricg − 1

2g κg

)
νg

=
(
m
2 − 1

)
κg −

(
m
2 − 1

) ∫
M

κg νg.

Note that s(g) = 0 if and only if κg is constant. Given one such g, the composition
ig ◦ dvers(g)

∣∣
Dg

: Dg → D∗
g is identified with the second variation d2(F |Dg

)(g) of

the restriction of F to the integral submanifold Dg. Using (6) one checks easily
that equality (1) in Proposition 1 holds. Moreover, using formula (7), the map
dvers(g∗)

∣∣
Dg∗

: Dg∗ → Eg∗ is identified with the linear operator

f �−→ m− 2

2

(
(m− 1)Δg∗f − κg∗f

)
,

defined on the space of functions f ∈ Ck,α(M,R) with
∫
M

f νg∗ = 0 and taking

values in the space of functions f ∈ Ck−2,α(M,R) with
∫
M

f νg∗ = 0. Observe
that such an operator preserves the space of functions with zero integral. The
assumption of nondegeneracy for g∗ is equivalent to the fact that such an operator
is an isomorphism, and Proposition 1 can be applied to obtain the conclusion. �
4. Corollary. Let g∗ ∈ M be a nondegenerate constant scalar curvature metric.
Then, there exists an open neighborhood U of g∗ in M such that every conformal
class of metrics in M contains at most one unit volume constant curvature metric
in U .

Proof. Strong transversality of the manifold (8) with the conformal classes implies
local uniqueness of intersections. �

We are ready for our main result, which gives a global uniqueness result for the
Yamabe problem.

5. Theorem. Assume that g∗ ∈ M is a nondegenerate constant scalar curvature
metric on M , which is the unique unit volume constant scalar curvature metric in
its conformal class. Assume in addition that either one of the following conditions
is satisfied:

(a) dim(M) ≤ 7;
(b) the Weyl tensor Wg∗ of g∗ satisfies

(9)
∣∣Wg∗(p)

∣∣+ ∣∣∇Wg∗(p)
∣∣ > 0, ∀ p ∈ M ;

(c) dim(M) ≤ 24 and M is spin.

Then, for g sufficiently C2,α-close to g∗, there is a unique unit volume constant
scalar curvature metric in the conformal class of g.

Proof. Either one of conditions (a), (b) or (c) guarantees that, given a sequence gn of
Riemannian metrics on M with lim

n→∞
gn = g∗, the set of unit volume constant scalar

curvature metrics that are conformal to some gn is compact. This follows from the
arguments in [8, 11, 13]; see in particular [8, Lemma 10.1]. Note that condition (9)
is open (in the C1-topology); hence it holds for every gn with n sufficiently large
if it holds for g∗. By contradiction, assume the existence of a sequence gn of unit
volume constant scalar curvature metrics on M , with lim

n→∞
gn = g∗, and such that
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the conformal class of gn contains a distinct unit volume constant scalar curvature
metric hn �= gn for all n. By compactness, up to subsequences there exists the limit
lim
n→∞

hn = h∗; by continuity, h∗ is a unit volume constant scalar curvature metric

in the conformal class of g∗. By uniqueness in the conformal class of g∗, it must
be h∗ = g∗, but this contradicts the local uniqueness result of Corollary 4, which
concludes the proof. �
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