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ON PARALLELIZABILITY AND SPAN

OF THE DOLD MANIFOLDS

JÚLIUS KORBAŠ

(Communicated by Daniel Ruberman)

Abstract. The Dold manifold P (m,n) is obtained from the product Sm ×
CPn of the m-dimensional sphere and n-dimensional complex projective space
by identifying (x, [z1, . . . , zn+1]) with (−x, [z̄1, . . . , z̄n+1]), where z̄ denotes the
complex conjugate of z. We answer the parallelizability question for the Dold
manifolds P (m,n) and, by completing an earlier (2008) result due to Peter
Novotný, we solve the vector field problem for the manifolds P (m, 1).

1. Introduction and preliminaries

Given a finite-dimensional real vector bundle α over a CW-complex, its span,
denoted span(α), is defined to be the maximum number of its everywhere linearly
independent cross-sections. To fix some further notation, kα will always denote the
k-fold Whitney sum α⊕ · · · ⊕ α, and the letter ε will be reserved for denoting the
trivial line bundle. Note that span(α) ≥ k if and only if α ≈ σ⊕kε for some vector
bundle σ.

For a q-dimensional smooth connected manifoldMq one defines its span, denoted
span(M), to be span(TM), where TM is the tangent bundle of M . The manifold
Mq is parallelizable if span(M) = q. The problem of determining span(M) is known
as the vector field problem on M . By the Hopf theorem on vector fields, a smooth
closed connected manifold has span at least one if and only if its Euler-Poincaré
characteristic vanishes. For further information, we refer to [7], [8], [9], [17].

In addition to the span of a manifold M , one defines its stable span ([7], [8],
[9]), denoted stable span(M), to be the integer span(TM ⊕ ε) − 1. Note that the
geometric dimension of a real vector bundle α is defined to be the smallest g such
that there exists a g-dimensional real vector bundle which is stably isomorphic to
α (recall that two vector bundles are stably isomorphic if their sums with suitable
trivial bundles are isomorphic). In this terminology, stable span(Mq) = k means
that the geometric dimension of the (tangent bundle of the) manifold Mq is q − k.
For the question of how stable span and span are related, as well as for several
topics where the knowledge of these invariants can be useful, see, for instance, [7].
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Stably parallelizable manifolds (also called π-manifolds by some authors) are
those for which the stable span and dimension coincide. For instance, each n-
sphere Sn (n ≥ 1) is stably parallelizable. But ([2]) among them only S1, S3, and
S7 are parallelizable.

The central objects of this paper, the Dold manifolds, were introduced by
Albrecht Dold in [4] in order to concretize odd-dimensional generators for the un-
oriented cobordism ring. The Dold manifold P (m,n) (m ≥ 0, n ≥ 0,m+ n > 0) is
a smooth closed connected manifold of dimension m+2n, obtained from the prod-
uct Sm ×CPn of the m-dimensional sphere and n-dimensional complex projective
space by identifying (x, [z1, . . . , zn+1]) with (−x, [z̄1, . . . , z̄n+1]), where z̄ denotes
the complex conjugate of z. In particular, P (m, 0) is the m-dimensional real pro-
jective space RPm and P (0, n) is CPn. For further information and details about
this family of manifolds, in addition to [4], we recommend [14], [15], [16], [18].

Over P (m,n), there exists a real line bundle ξ (for P (m, 0), this is the Hopf line
bundle ξm over RPm), and we also have a 2-dimensional real vector bundle η over
P (m,n) (for P (0, n), this is the realification of the canonical complex line bundle
over CPn); we refer to [18] for the basic properties of ξ and η. The Z2-cohomology
ring of P (m,n) is isomorphic to a quotient ring,

(1) H∗(P (m,n);Z2) ∼= Z2[u, v]/(u
m+1 = 0, vn+1 = 0),

where u ∈ H1(P (m,n);Z2) ∼= Z2, v ∈ H2(P (m,n);Z2), and for the Stiefel-Whitney
classes of ξ and η we have w1(ξ) = u, w1(η) = u and w2(η) = v.

Standard properties of vector bundles ([6]) enable one to cancel one copy of ξ in
Ucci’s description ([18, Theorem 1.5]) of TP (m,n). So one obtains the following
formula for the stable tangent bundle of P (m,n):

(2) TP (m,n)⊕ 2ε ≈ mξ ⊕ (n+ 1)η.

From this, for the total Stiefel-Whitney class one has

(3) w(P (m,n)) = (1 + u)m(1 + u+ v)n+1.

We have the following aims in this paper. In Section 2, we derive an upper bound
((8) below) for the stable span of the Dold manifolds P (m,n). In Section 3, we use
(8) for answering the parallelizability question for all P (m,n). Finally, in Section 4,
we apply (8) to determine the span of the manifolds P (m, 1), including those having
m ≡ 15 (mod 16). The latter manifolds were not covered by Novotný’s results in
[15, Section 4].

2. An upper bound for stable span(P (m,n))

The following stability lemma is known. Therefore we omit its proof and will
also use other standard facts about stability of vector bundles that can be found
for instance in [6].

Lemma 2.1. Let α be a real k-dimensional vector bundle over a CW -complex of
dimension d, and let k > d. Then span(α) ≥ k − d, and for all q ≥ 0 one has that

span(α⊕ qε) = q + span(α).

Now let i : RPm → P (m,n) be the obvious inclusion, so that for the pullback
we have i∗(ξ) ≈ ξm. In addition ([18, Proposition 1.4]), i∗(η) ≈ ε⊕ ξm. From (2),
it follows that

(4) i∗(TP (m,n))⊕ 2ε ≈ (m+ n+ 1)ξm ⊕ (n+ 1)ε,
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and by cancelling (for stability reasons) one copy of ε, we arrive at

(5) i∗(TP (m,n)⊕ ε) ≈ (m+ n+ 1)ξm ⊕ nε.

The isomorphism (5) readily implies that

(6) span((m+ n+ 1)ξm ⊕ nε) ≥ span(TP (m,n)⊕ ε).

Since span(TP (m,n)⊕ ε) = 1 + stable span(P (m,n)), we obtain that

(7) stable span(P (m,n)) ≤ span((m+ n+ 1)ξm ⊕ nε)− 1.

This and Lemma 2.1 immediately imply the following:

(8) stable span(P (m,n)) ≤ n− 1 + span((m+ n+ 1)ξm).

This relates the (stable) span problem for the Dold manifolds P (m,n) to the
generalized vector field problem, the latter being the question of determining the
span of any multiple of ξm over RPm, for any m. Its solution is not yet completely
known, but one knows it in many cases; see, for example, [3], [10], [11]. The
inequality (8) will serve as a basis for solving the parallelizability question for the
Dold manifolds P (m,n) in Section 3, as well as for completing the determination
of the span for the Dold manifolds P (m, 1) in Section 4.

Remark 2.1. For n = 0, formula (5) is nothing but the well-known description ([13,
Theorem 4.5]) of the stable tangent bundle of RPm, and in this case (8) turns
into equality. In Section 4, we shall prove that (8) also turns into equality for the
manifolds P (m, 1) if m is odd.

3. The parallelizability problem for P (m,n)

The parallelizability and stable parallelizability questions for the Dold manifolds
seem to be open up to now. We answer them in the following theorem.

Theorem 3.1. The Dold manifold P (m,n) (for m ≥ 0, n ≥ 0, m+n > 0) is stably
parallelizable if and only if

(m,n) ∈ {(1, 0), (3, 0), (7, 0), (0, 1), (2, 1), (6, 1)}.
The manifolds P (1, 0) ∼= RP 1, P (3, 0) ∼= RP 3, and P (7, 0) ∼= RP 7 are the par-
allelizable real projective spaces. None of the remaining stably parallelizable Dold
manifolds, P (0, 1) ∼= S2, P (2, 1), and P (6, 1), are parallelizable.

Proof. In inequality (8), notice that n−1+span((m+n+1)ξm) ≤ n−1+span((m+
n+1)ε) = n− 1+m+n+1 = m+2n = dim(P (m,n)). This means that whenever
we know that the vector bundle (m+ n+1)ξm is not trivial, we immediately know
that the manifold P (m,n) is not stably parallelizable. We use this idea in our
proof, but it turns out that it suffices to apply it to the Dold manifolds P (m, 0)
and P (m, 1). Indeed, if the manifold P (m,n) is stably parallelizable, then its
double cover Sm × CPn is stably parallelizable as well. But the latter is stably
parallelizable precisely when n ∈ {0, 1}, as we now show. Of course, the manifolds
Sm × CP 0 ∼= Sm and Sm × CP 1 ∼= Sm × S2 are stably parallelizable. For the
remaining cases, we have the map j : CPn → Sm × CPn, j(x) = (x0, x) (where
x0 = (1, 0, . . . , 0) ∈ Sm), such that j∗(T (Sm × CPn)) ≈ mε ⊕ TCPn. Thus, if
the product Sm × CPn is stably parallelizable, then CPn has the same property.
But it is classical that the complex projective space CPn is stably parallelizable
only for n ∈ {0, 1}. Indeed, the tangent bundle TCPn can be identified with the
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realification τCPn
R
of the complex tangent bundle τCPn, and (for example) by [13,

15.6], the first Pontrjagin class p1(τCP
n
R
) = (n + 1)a2 ∈ H4(CPn;Z) does not

vanish, for n > 1, because H∗(CPn;Z) ∼= Z[a]/(an+1), where −a ∈ H2(CPn;Z) is
the first Chern class of the canonical complex line bundle over CPn.

So we are left with just P (m, 0) and P (m, 1). Of course, P (m, 0) ∼= RPm, and
so, as is well known (see [8] for more details), the only stably parallelizable (and
the only parallelizable) manifolds P (m, 0) (m > 0) are P (1, 0), P (3, 0), and P (7, 0).

It remains to consider the manifolds P (m, 1). The inequality (8) now reads

(9) stable span(P (m, 1)) ≤ span((m+ 2)ξm).

The theorem will therefore be proved if we verify that

span((m+ 2)ξm) < m+ 2

for all m /∈ {0, 2, 6} and also show that P (2, 1) and P (6, 1) are stably paralleliz-
able but not parallelizable (of course, P (0, 1) ∼= S2 is stably parallelizable but not
parallelizable).

If m is odd, then (m+2)ξm is nonorientable or, equivalently, w1((m+2)ξm) 
= 0,
and therefore span((m+2)ξm) < m+2. If m ≥ 2 is even, then 2k−1 ≤ m < 2k for a
unique k, k ≥ 2. For m 
= 2k−2 we have 2k−1+2 ≤ m+2 ≤ 2k−2. Then the dyadic

expansion of m + 2 must contain 2k−1; thus

(
m+ 2

2k−1

)
is odd by Lucas’s theorem.

Therefore the Stiefel-Whitney class w2k−1((m+ 2)ξm) does not vanish, and we have
span((m+2)ξm) < m+2. Now it remains to consider m = 2k −2 for k ≥ 2. Let us
define ϕ(t) to be the number of integers s such that 0 < s ≤ t and s ≡ 0, 1, 2 or 4
(mod 8). Then by Adams’s theorem ([1, Theorem 7.4]), the reduced real K-group

K̃R(RP
t) is cyclic of order 2ϕ(t) with generator ξt − 1. According to this theorem,

if span(2kξ2k−2) = 2k, that is, if 2kξ2k−2 is (stably) trivial, then 2ϕ(2
k−2) = 22

k−1−1

divides 2k, and therefore 2k−1 − 1 ≤ k. But the latter is easily seen to be true for
k ≥ 2 only if k ∈ {2, 3}, hence only for m ∈ {2, 6}. To complete the proof, we
observe that, by Ucci’s theorem ([18, Theorem 3.8]), the 4-dimensional orientable
manifold P (2, 1) immerses in R

5 and the 8-dimensional orientable manifold P (6, 1)
immerses in R9; by Hirsch-Smale theory ([5]), this is equivalent to their stable
parallelizability. But none of P (2, 1) and P (6, 1) are parallelizable; for a reason, see
the beginning of the proof of Theorem 4.1. The proof of Theorem 3.1 is finished. �
Remark 3.1. The author’s first proof of Theorem 3.1 was based on the Stiefel-
Whitney classes and Davis’s theorem ([3, Theorem 1.1.(i)]). In fact Adams’s theo-
rem could also cover those cases in the proof of Theorem 3.1, for which we employed
the Stiefel-Whitney classes (of course, they are historically prior toK-theory). More
precisely, according to Adams’s theorem, (m + 2)ξm is (stably) trivial if and only
if 2ϕ(m) divides m+ 2. For m ≤ 8 one easily checks that this happens for precisely
m = 2, 6, and it never happens for m > 8 since in this range it is easy to see that
m+ 2 < 2ϕ(m).

Remark 3.2. One has (cf. Remark 2.1) TRPm⊕ε ≈ (m+1)ξm. This fact, stability
properties of vector bundles, and Hirsch-Smale immersion theory ([5]) imply that,
for even m, the vector bundle (m+2)ξm is trivial if and only if RPm immerses (with
ξm as a normal bundle) in Rm+1. Since RP 2 immerses in R3 and RP 6 immerses
in R7, our proof of Theorem 3.1 also shows that the only positive even numbers m
such that RPm immerses in R

m+1 are m = 2, 6 (cf. [12, p. 284]).
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4. The span of the Dold manifolds P (m, 1)

In his Ph.D. thesis (partially published in [15]), Novotný determined the number
span(P (m, 1)) for all m 
≡ 15 (mod 16). We complete his results by proving the
following.

Theorem 4.1. The Dold manifold P (m, 1) has its span zero for all even m. For
every odd m, we write m+ 1 = (odd number) · 2c+4d, where c and d are such that
0 ≤ c ≤ 3 and d ≥ 0. Then we have

span(P (m, 1)) = 1 + span(Sm) = 2c + 8d.

Proof. If m is even, then the Euler-Poincaré characteristic χ(P (m, 1)) = 2 
= 0
(since the double cover Sm × CP 1 has the Euler-Poincaré characteristic equal to
4), and therefore span(P (m, 1)) = 0.

Now let us suppose that m is odd. Then Novotný ([15, Corollary 4.3]) says that
span(P (m, 1)) ≥ 1 + span(Sm); this conjoined with (8) gives that

(10) span((m+ 2)ξm) ≥ span(P (m, 1)) ≥ 2c + 8d.

Thus, for proving Theorem 4.1, it suffices to verify that we have

(11) span((m+ 2)ξm) ≤ 2c + 8d

for all odd m.

Cases m = 16t + i, i = 1, 3, 5, 7, 9, 11, 13. In all these cases (which were already
covered, in a different way, in [15]) we have d = 0. Clearly, if i = 1, 5, 9, 13, then
c = 1; if i = 3, 11, then c = 2; and if i = 7, then c = 3. To verify (11) is thus
equivalent to showing that

(12) span((m+ 2)ξm) ≤ 2c.

We see that if c = 1, then

wm(((m+ 2)ξm)) =

(
m+ 2

m

)
w1(ξ)

m 
= 0;

if c = 2, then

wm−2(((m+ 2)ξm)) =

(
m+ 2

m− 2

)
w1(ξ)

m−2 
= 0;

and, finally, if c = 3, then

wm−6(((m+ 2)ξm)) =

(
m+ 2

m− 6

)
w1(ξ)

m−6 
= 0.

Thus (12) (and (11)) is verified for all m 
≡ 15 (mod 16).

Now we pass to the cases which were left open in [15].

Cases m = 16t+15. For these values ofm, Stiefel-Whitney classes are insufficient to
establish the results (see also Remark 4.1). Instead, we shall use [3, Theorem 1.1(ii)]
for verifying the inequality (11).

Since

(
16t+ 18

16t+ 16

)
is odd, by [3, Theorem 1.1(ii)] we have that over RP 16t+15,

span((16t+17)ξ16t+15) ≤ 2+2(c+4d)+ ε2(c+4d, 16t+17) = 2+2c+8d+ ε2(c, 1),

where ε2(0, 1) = −1, ε2(1, 1) = −2, ε2(2, 1) = −2, and ε2(3, 1) = 0.
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Hence if c = 0, we have

span((16t+ 17)ξ16t+15) ≤ 2 + 8d+ ε2(0, 1) = 8d+ 1 = 2c + 8d;

if c = 1, then

span((16t+ 17)ξ16t+15) ≤ 4 + 8d+ ε2(1, 1) = 4 + 8d− 2 = 8d+ 2 = 2c + 8d;

if c = 2, then

span((16t+ 17)ξ16t+15) ≤ 6 + 8d+ ε2(2, 1) = 6 + 8d− 2 = 8d+ 4 = 2c + 8d;

and if c = 3, then

span((16t+ 17)ξ16t+15) ≤ 8 + 8d+ ε2(3, 1) = 8 + 8d = 2c + 8d.

So we have verified (11) for all values of c, completing the proof of Theorem 4.1. �
Remark 4.1. For m ≡ 15 (mod 16), the Stiefel-Whitney classes of P (m, 1) are
not “sufficiently strong” for deriving our solution of the vector field problem for
P (m, 1), presented in Theorem 4.1. Indeed, in the dyadic expansion, we now have
m+ 2 = 1 + 2r +

∑s
j=r+1 μj2

j , where 2r (r ≥ 4) is the biggest power of 2 dividing

m + 1. Using (3), one can calculate that the best upper estimate implied by the
Stiefel-Whitney classes of P (m, 1) is span(P (m, 1)) ≤ 2r. Writing r = c+4d, where
0 ≤ c ≤ 3 and d ≥ 1, one knows that 1 + span(Sm) = 2c + 8d, and it is readily
seen that 2c + 8d < 2c+4d = 2r for all d ≥ 1. In other words, the lower bound
2c + 8d for span(P (m, 1)) given in [15] is, for m ≡ 15 (mod 16), always smaller
than the smallest upper bound 2r implied by the highest non-vanishing Stiefel-
Whitney class of P (m, 1). For instance, if m = 2k+4 + 15 for some k ≥ 1, then
r = 4, c = 0, d = 1; and by Theorem 4.1 we know that span(P (m, 1)) = 9, while
the best “Stiefel-Whitney” upper estimate is span(P (m, 1)) ≤ 16.
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