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SEMI-UNIFORM SUB-ADDITIVE ERGODIC THEOREMS FOR

DISCONTINUOUS SKEW-PRODUCT TRANSFORMATIONS

MEIRONG ZHANG, ZUOHUAN ZHENG, AND ZHE ZHOU

(Communicated by Yingfei Yi)

Abstract. In this paper we will establish some semi-uniform ergodic theorems
for skew-product transformations with discontinuity from the point of view of
topology. The main assumptions are that the discontinuity sets of transfor-
mations are neglected in some measure-theoretical sense. The theorems have
extended the classical results which have been established for continuous dy-
namical systems.

1. Introduction

Generally speaking, models from classical mechanics will lead to topological or
differentiable dynamical systems. One of the typical features is that these sys-
tems are continuous in temporal and spatial variables. When the phase space of a
dynamical system is compact, the celebrated Bogoliubov-Krylov theorem (see, for
example, [8]) asserts that such a system always admits some invariant Borel prob-
ability measures and, consequently, can be studied using various ergodic theorems.

The strongest ergodic theorem is the celebrated Oxtoby ergodic theorem [11],
which is also called the unique ergodic theorem [8, 14]. For discrete topological
dynamical systems, this reads as follows. Suppose that Φ : X → X is a continuous
mapping on a compact metric space X so that Φ admits the unique invariant Borel
probability measure μ. Then, for any f ∈ C(X) = C(X,R),

(1.1) lim
n→+∞

1

n

n−1∑
i=0

f(Φi(x)) =

∫
X

f dμ

uniformly in x ∈ X.
However, a general dynamical system Φ : X → X will admit many invariant

Borel probability measures, and result (1.1) fails in general. A generalization of
(1.1) is given by Johnson and Moser [7]. In the discrete-time case, the result reads
as follows. Suppose that Φ : X → X is a continuous mapping on a compact metric
space X. Moreover, h : X → R is a continuous function such that∫

X

h dμ = a
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for all invariant Borel probability measures μ of Φ, where a ∈ R is a constant
independent of μ. Then

lim
n→+∞

1

n

n−1∑
i=0

h(Φi(x)) = a

uniformly in x ∈ X. This is usually called the uniform ergodic theorem. A nice
application is illustrated by the definition of the rotation number of the linear
Schrödinger equation with an almost periodic potential [7].

In the study of strange compact invariant sets of quasi-periodically forced sys-
tems, some semi-uniform ergodic theorems have been established for topological
dynamical systems. See [12, 13, 18]. In order to study rotation numbers of a
forced orientation-preserving measurable transformation of circle, a uniform almost-
additive ergodic theorem has been given in [4].

Recently, the dynamics of linear Schrödinger equations with almost periodic
potentials and with phase transitions over periodic or almost periodic lattices have
been studied in [10, 16, 17]. It is found that these will lead to ‘dynamical systems’
which admit both temporal and spatial discontinuity [17]. Note that general systems
with (spatial) discontinuity may not admit any invariant Borel probability measure,
and, consequently, any ergodic theorem [6, 14] is not applicable. However, based on
the skew-product structure of the induced systems of the above problems, Zhang
and Zhou have given in [17] the complete extensions of the Bogoliubov-Krylov
theorem and the Johnson-Moser uniform ergodic theorem to the so-called skew-
product quasi-flows which admit both temporal and spatial discontinuity, under
some measure-theoretical and topological assumptions on the (spatial) discontinuity
sets of these systems.

Suggested by those results in [17], the aim of this paper is to give some complete
extensions of the semi-uniform ergodic theorems to skew-product transformations
(SPT), defined as follows.

Definition 1.1. Suppose that Ω andX are compact metric spaces, while φ : Ω → Ω
is a continuous transformation. We say that Φ : Ω×X → Ω×X is a skew-product
transformation with the base φ, abbr. as SPT, if

• there holds π ◦ Φ = φ ◦ π where π : Ω×X → Ω is the projection and
• Φ : Ω×X → Ω×X is Borel measurable.

Such a definition is motivated by the problems in [17]. One of the important
features is that it allows the discontinuity of Φ(ω, x) in the phase space Ω×X.

Our semi-uniform ergodic theorems for SPT will be proved in two cases: addi-
tivity and sub-additivity. Of course, some restrictions on the discontinuity of SPT
Φ is necessary in these theorems. To describe these, denote

DΦ := {(ω, x) ∈ Ω×X : Φ is discontinuous at (ω, x)} .
Since φ : Ω → Ω is continuous, the set M(Ω, φ) of φ-invariant Borel probability
measures on Ω is non-empty. The restriction on discontinuity of Φ is as follows:

(H1) ν(π(DΦ)) = 0 ∀ ν ∈ M(Ω, φ).

Note that ν(π(DΦ)) does make sense; the reason is stated after Theorem 2.3 in Sec-
tion 2. Such a hypothesis has been used in [17] to obtain the extended Bogoliubov-
Krylov theorem for skew-product quasi-flows. In fact, if an SPT Φ satisfies (H1),
then Φ admits some invariant Borel probability measures: M(Ω×X,Φ) �= ∅. Note
that (H1) is some measure-theoretical assumption on discontinuity of Φ.
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The semi-uniform ergodic theorem for the additive case that we will obtain is as
follows.

Theorem 1.2. Let Φ be an SPT on Ω ×X with the base φ on Ω fulfilling (H1).
Suppose that a ∈ R and h ∈ C(Ω×X) satisfying

(1.2)

∫
Ω×X

h dμ ≤ a ∀ μ ∈ M(Ω×X,Φ).

Then, for any given ε > 0, there exists some Nε ∈ N such that for all n ≥ Nε,
there holds

(1.3)
1

n

n−1∑
i=0

h(Φi(ω, x)) ≤ a+ ε ∀ (ω, x) ∈ Ω×X.

The proof of Theorem 1.2 will be given in Section 3. An example of SPTs
fulfilling (H1) can be given by the following linear Schrödinger equations with fixed
phase transitions:

(1.4)

{
y′′ +Q(t)y = 0 for t ∈ R \ Γ,(

y(ti+)
y′(ti+)

)
= Rα

(
y(ti−)
y′(ti−)

)
at ti ∈ Γ,

where Q : R → R is an almost periodic potential, Q ∈ Cap, Γ = {ti}i∈Z ⊂ R is an
almost periodic lattice, Γ ∈ Lap, and Rα is a rigid rotation with argument α. In
the polar coordinates y = r sin θ, y′ = r cos θ, arguments θ(t) of (1.4) satisfy{

θ′ = cos2 θ +Q(t) sin2 θ for t ∈ R \ Γ,
θ(ti) = θ(ti−) + α at ti ∈ Γ.

(1.5)

Here the argument is understood to be right-continuous in time t ∈ R, i.e., θ(t) =
θ(t+). Denote the translation by

φ(Q,Γ) := (Q(·+ 1), {ti − 1}i∈Z), (Q,Γ) ∈ Cap × Lap.

As in [7, 16], we embed (1.5) into a family of equations{
θ′ = cos2 θ + q(t) sin2 θ for t ∈ R \ γ,
θ(ti) = θ(ti−) + α at ti ∈ γ,

(1.6)

where (q, γ) runs over the discrete hull E1(Q,Γ) defined by

E1(Q,Γ) := closure(Cap×Lap,d){φk(Q,Γ) : k ∈ Z}.
We can check that E1(Q,Γ) is a compact Abelian group and the translation φ has a
unique invariant Borel probability measure being the Haar measure ν0 of E1(Q,Γ):
M(E1(Q,Γ), φ) = ν0. Let us denote the solution of (1.6) with the initial value
θα(0; q, γ, ϑ) = ϑ ∈ R by θα(t; q, γ, ϑ) ∈ R. Since the vector field of (1.6) is 2π-
periodic in θ, (1.6) can be considered on the circle S2π := R/2πZ. Now we can
construct a skew-product transformation by

Φ(q, γ, ϑ) := (φ(q, γ), θα(1; q, γ, ϑ)), (q, γ, ϑ) ∈ E1(Q,Γ)× S2π.

It can be verified that Φ is an SPT fulfilling (H1). For the detailed argument, see
[17].

To define the Lyapunov exponents, the celebrated Kingman sub-additive ergodic
theorem [2, 9] is important. In this paper, we will establish some semi-uniform sub-
additive ergodic theorems for SPTs from the point of view of topology.
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Definition 1.3. Suppose that T : Y → Y is a measurable mapping. A sequence
{ϕn}n∈N of continuous functions ϕn : Y → R is sub-additive with respect to T if

ϕm+n(y) ≤ ϕm(Tn(y)) + ϕn(y) ∀ y ∈ Y, ∀ m, n ∈ N.

{ϕn}n∈N is super-additive if {−ϕn}n∈N is sub-additive.

Theorem 1.4. Let Φ be an SPT on Ω ×X with the base φ on Ω fulfilling (H1).
Suppose that a ∈ R and {ϕn}n∈N ⊂ C(Ω × X) is a sub-additive sequence with
respect to Φ such that for every ergodic measure λ ∈ M(Ω × X,Φ), there exists
some m ∈ N such that

(1.7)
1

m

∫
Ω×X

ϕm dλ ≤ a.

Then, for any given ε > 0, there exists some Nε ∈ N such that for all n ≥ Nε,
there holds

(1.8)
1

n
ϕn(ω, x) ≤ a+ ε ∀ (ω, x) ∈ Ω×X.

Note that the statement is reasonable, because for an SPT Φ satisfying hypoth-
esis (H1), Φ must have some ergodic Borel probability measure. See Theorem 2.5.
The proof of Theorem 1.4 will be given in Section 4. Although condition (1.7) is
mathematical to some extent, it can be used to deduce the uniformly expanding
property of a C1 local diffeomorphism [1, 3] and to study the strange non-chaotic
attractor [13].

2. Some properties about invariant measures of SPTs

Let us first recall from [14, 15] some basic facts in measure theory. Suppose that
Y is a compact metric space. The Borel σ-algebra of Y is denoted by B(Y ). The
set of all probability measures defined on the measurable space (Y,B(Y )) is denoted
by M(Y ). The space of all real-valued continuous functions on Y is denoted by
C(Y ). Endowed with the supremum norm ‖ · ‖∞, (C(Y ), ‖ · ‖∞) is a Banach space.
By the Riesz representation theorem [14, Theorem 6.3], we know that there exists
a bijection between M(Y ) and the set of all normalised positive linear functionals
on C(Y ). Therefore, M(Y ) is identified with a convex subset of the unit ball in
C(Y )∗, the dual space of C(Y ). Endowed with the weak∗ topology on C(Y )∗, we
know that (M(Y ), w∗) is convex and sequentially compact [14, Theorem 6.5].

A measurable mapping T : (Y,B(Y )) → (Y,B(Y )) can yield a push T∗ : M(Y ) →
M(Y ) by

T∗μ(B) := μ(T−1(B)) ∀ B ∈ B(Y ), μ ∈ M(Y ).

A point y ∈ Y can determine a measure defined by

(2.1) δy(B) :=

{
1 if y ∈ B
0 if y /∈ B

∀ B ∈ B(Y ).

Denote the discontinuity set by

DT := {y ∈ Y : T is discontinuous at y}.
Lemma 2.1 ([17]). For any mapping T : Y → Y , DT is an Fσ-set.

It is well-known that if T is continuous, i.e., DT = ∅, then so is the push T∗.
When T is only measurable, T∗ is in general not continuous in weak∗ topology at
all measures. However, with some restriction on measures, we have the following
continuity result for T∗.
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Lemma 2.2 ([15, p. 171]). Suppose that T : (Y,B(Y )) → (Y,B(Y )) is measurable.
For any sequence μn → μ0 in (M(Y ), w∗) satisfying μ0(DT ) = 0, one has T∗μn →
T∗μ0 in (M(Y ), w∗).

With this result at hand, by applying the Schauder-Tychonoff fixed point theo-
rem [5, p. 456], we can obtain the existence of invariant Borel probability measures
for SPTs. For more details of the proof, see [17].

Theorem 2.3. Let Φ be an SPT on Ω×X with the base φ on Ω. Suppose that

(H0) ν(π(DΦ)) = 0 for some ν ∈ M(Ω, φ).

Then Φ admits at least one invariant Borel probability measure, i.e., M(Ω×X,Φ) �=
∅.

Since π : Ω×X → Ω is a closed mapping, we have from Lemma 2.1 that π(DΦ)
is an Fσ-set as well. Thus it implies that π(DΦ) ∈ B(Ω). Note that (H0) is weaker
than (H1).

Some further properties about M(Ω×X,Φ) are listed as follows.

Lemma 2.4. Let Φ be an SPT on Ω × X with the base φ on Ω fulfilling (H1).
Then

(i) M(Ω×X,Φ) is a compact convex subset of M(Ω×X).
(ii) μ is an extreme point of M(Ω×X,Φ) if and only if μ is ergodic under Φ.

Proof. (i) The convexity of M(Ω×X,Φ) is clear from the linearity of push T∗. Let
μ0 ∈ M(Ω×X) and {μn}n∈N ⊂ M(Ω×X,Φ) be such that

(2.2) μn → μ0 in (M(Ω×X), w∗).

It suffices to show Φ∗μ0 = μ0, because M(Ω×X) is compact.
At first, we claim that

(2.3) π∗μ0 ∈ M(Ω, φ).

To this end, we have, for n ∈ N,

φ∗(π∗μn) = (φ ◦ π)∗μn

= (π ◦ Φ)∗μn (by definition of SPT)

= π∗(Φ∗μn)

= π∗μn (because μn ∈ M(Ω×X,Φ)).

This implies that π∗μn ∈ M(Ω, φ). Note that π : Ω×X → Ω is continuous. Then
by (2.2) one has

π∗μn → π∗μ0 in (M(Ω), w∗).

Since M(Ω, φ) ⊂ M(Ω) is compact, we have the desired result (2.3).
Next, it follows from hypothesis (H1) that

μ0(DΦ) ≤ μ0(π
−1(π(DΦ))) = π∗μ0(π(DΦ)) = 0.

Combining with Lemma 2.2, we have

(2.4) Φ∗μn → Φ∗μ0.

Note that Φ∗μn = μn. Then (2.2) and (2.4) lead to Φ∗μ0 = μ0, finishing this part
of the proof.

(ii) We can use the similar argument in [14, Theorem 6.10] to get the desired
result. �
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Theorem 2.5. Let Φ be an SPT on Ω ×X with the base φ on Ω fulfilling (H1).
Then there exists at least one ergodic Borel probability measure under Φ.

Proof. Since any non-empty compact convex set in a Banach space has extreme
points [5, p. 439], the theorem is clear from Lemma 2.4. �

3. Additive case

Proof of Theorem 1.2. Assume that (1.3) is false. Then there exist ε0 > 0, nk ↑ ∞,
and (ωk, xk) ∈ Ω×X such that

(3.1)
1

nk

nk−1∑
i=0

h(Φi(ωk, xk)) > a+ ε0 ∀ k ∈ N.

For any k ∈ N, by the Riesz representation theorem [14, Theorem 6.3], we know
that three exists a measure μk ∈ M(Ω×X) such that

(3.2)
1

nk

nk−1∑
i=0

f(Φi(ωk, xk)) =

∫
Ω×X

f dμk ∀ f ∈ C(Ω×X).

In fact, μk can be represented as

(3.3) μk =
1

nk

nk−1∑
i=0

δΦi(ωk,xk).

Since M(Ω × X) is compact, we assume that there exists μ0 ∈ M(Ω × X) such
that

(3.4) μk → μ0 in (M(Ω×X), w∗).

It means that, as k → ∞,

(3.5)
1

nk

nk−1∑
i=0

f(Φi(ωk, xk)) =

∫
Ω×X

f dμk →
∫
Ω×X

f dμ0 ∀ f ∈ C(Ω×X).

Now we prove the following three assertions.
Assertion I. One has

(3.6) π∗μ0 ∈ M(Ω, φ).

In fact, given any f̃ ∈ C(Ω), let us consider f = f̃ ◦ π ∈ C(Ω×X). Then

1

nk

nk−1∑
i=0

f̃(φi(ωk)) =
1

nk

nk−1∑
i=0

f(Φi(ωk, xk))

→
∫
Y

f dμ0 (by (3.5))

=

∫
Ω

f̃ d(π∗μ0).

Since f̃ ∈ C(Ω) is arbitrary, the Bogoliubov-Krylov process for the construction of
invariant measures yields the desired result (3.6).

Assertion II. One has

(3.7) Φ∗μk → Φ∗μ0 in (M(Ω×X), w∗).
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Note that

0 ≤ μ0(DΦ) ≤ (π∗μ0)(π(DΦ)) = 0,

where (3.6) and (H1) are used. Then assertion (3.7) can be easily deduced by (3.4)
and Lemma 2.2.

Assertion III. One has

(3.8) Φ∗μk → μ0 in (M(Ω×X), w∗).

In fact, for any f ∈ C(Ω×X), we have∫
Ω×X

f d(Φ∗μk) =

∫
Ω×X

f ◦ Φdμk

=
1

nk

nk−1∑
i=0

f ◦ Φ(Φi(ωk, xk)) (by (2.1) and (3.3))

=

∫
Ω×X

f dμk +
1

nk
(f ◦ Φnk(ωk, xk)− f(ωk, xk)) (by (3.2)).

Combining with (3.4), we conclude that

lim
k→∞

∫
Ω×X

f dΦ∗μk =

∫
Ω×X

f dμ0.

Since f ∈ C(Ω×X) is arbitrary, assertion (3.8) is completed.
By (3.7) and (3.8), we have μ0 ∈ M(Ω × X,Φ). Finally, it follows from (3.1),

(3.2) and (3.4) that

∫
Ω×X

h dμ0 = lim
k→∞

1

nk

nk−1∑
i=0

h(Φi(ωk, xk)) ≥ a+ ε0,

a contradiction to condition (1.2) of Theorem 1.2. �

Let us point out that the sufficient condition (1.2) to guarantee the semi-uniform
result (1.3) is also necessary. In fact, given any μ ∈ M(Ω ×X,Φ), it follows from
the Birkhoff ergodic theorem [14] that

(3.9) lim
n→∞

1

n

n−1∑
i=0

h(Φi(ω, x)) = h∗(ω, x)

exists for μ-a.e. (ω, x) ∈ Ω×X and

(3.10)

∫
Ω×X

h∗ dμ =

∫
Ω×X

h dμ.

It follows from (1.3) and (3.9) that h∗(ω, x) ≤ a+ε for μ-a.e. (ω, x) ∈ Ω×X. Then∫
Ω×X

h∗ dμ ≤ a+ ε. Combining with (3.10), we have∫
Ω×X

h dμ ≤ a+ ε.

Since ε is arbitrary, (1.2) is necessarily satisfied.
Similarly, we have the following result.



3202 MEIRONG ZHANG, ZUOHUAN ZHENG, AND ZHE ZHOU

Theorem 3.1. Let Φ be an SPT on Ω ×X with the base φ on Ω fulfilling (H1).
Suppose that a ∈ R and h ∈ C(Ω×X). Then∫

Ω×X

h dμ ≥ a ∀ μ ∈ M(Ω×X,Φ)

if and only if for any given ε > 0, there exists some Nε ∈ N such that for all
n ≥ Nε we have

1

n

n−1∑
i=0

h(Φi(ω, x)) ≥ a− ε ∀ (ω, x) ∈ Ω×X.

4. Sub-additive case

In this section, Φ is always assumed to be an SPT on Ω×X fulfilling (H1).
Note that in condition (1.7) of Theorem 1.4 the integer m depends on the ergodic

measure λ ∈ M(Ω×X,Φ). However, this can be improved significantly.

Lemma 4.1. For a ∈ R and a sub-additive sequence {ϕn}n∈N ⊂ C(Ω × X) with
respect to Φ, condition (1.7) implies that for any ε > 0, there exists m ∈ N such
that

1

m

∫
Ω×X

ϕm dμ ≤ a+ ε ∀ μ ∈ M(Ω×X,Φ).

Proof. The proof is along the lines of Theorem 1.8 in [13]. By sub-additivity we
have ∣∣∣∣ 1nϕn(ω, x)

∣∣∣∣ ≤ ‖ϕ1‖∞ ∀ n ∈ N, (ω, x) ∈ Ω×X.

By the Kingman sub-additive ergodic theorem [2, 9], for any μ ∈ M(Ω×X,Φ) we
have

lim
n→∞

1

n
ϕn(ω, x) = ϕ̄(ω, x) for μ-a.e. (ω, x) ∈ Ω×X.

Hence the Lebesgue Dominated Convergence Theorem shows that

(4.1) lim
n→∞

1

n

∫
Ω×X

ϕn dμ =

∫
Ω×X

ϕ̄dμ.

Denote the set of all ergodic Borel probability measures under Φ by E(Ω ×X,Φ).
Assume that λ ∈ E(Ω ×X,Φ). Then ϕ̄(ω, x) is λ-a.e. constant, again denoted by
ϕ̄. Since {∫

Ω×X

ϕn dλ

}
n∈N

is a sub-additive real sequence, we know that

(4.2) ϕ̄ =

∫
Ω×X

ϕ̄ dλ ≤ 1

n

∫
Ω×X

ϕn dλ ∀ n ∈ N.

Define the essential supremum ϕμ of ϕ̄ with respect to μ by

(4.3) ϕμ := inf{M ∈ R | ϕ̄(ω, x) ≤ M for μ-a.e. (ω, x)}.
Then combining (1.7), (4.2) and (4.3), we conclude that

(4.4) ϕλ ≤ a ∀ λ ∈ E(Ω×X,Φ).

Now we claim that

(4.5) ϕμ ≤ a ∀ μ ∈ M(Ω×X,Φ).
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In fact, it suffices to show that

(4.6) μ[ϕ̄(ω, x) > a] = 0 ∀ μ ∈ M(Ω×X,Φ).

By the ergodic decomposition theorem [14, p. 153], for any μ ∈ M(Ω×X,Φ) there
exists a probability measure τ on E(Ω×X,Φ) such that

μ[ϕ̄(ω, x) > a] =

∫
E(Ω×X,Φ)

λ[ϕ̄(ω, x) > a] dτ (λ) = 0,

where (4.4) is used. Thus the desired result (4.6) is proved.

By (4.1), (4.3) and (4.5), we know that for any ε > 0, there exists N(μ, ε) ∈ N

such that

(4.7)
1

n

∫
Ω×X

ϕn dμ ≤ a+ ε ∀ n ≥ N(μ, ε).

Note that for any f ∈ C(Ω×X), the functional

Jf (μ) :=

∫
Ω×X

f dμ

is continuous in μ ∈ (M(Ω × X,Φ), w∗). Hence for any μ ∈ M(Ω × X,Φ), there
exists an open neighborhood O(μ, ε) of μ such that

(4.8)
1

N(μ, ε)

∫
Ω×X

ϕN(μ,ε) dμ
′ ≤ a+ 2ε ∀ μ′ ∈ O(μ, ε),

where (4.7) is used. The collection of all such O(μ, ε) is an open cover of M(Ω ×
X,Φ). Since M(Ω × X,Φ) is compact, we can find a finite subcover denoted by
O(μ1, ε), · · · ,O(μ�, ε). Thus for any μ ∈ M(Ω × X,Φ), we have μ ∈ O(μj , ε) for
some 1 ≤ j ≤ �. Furthermore, by (4.8) we obtain

(4.9)
1

Nj

∫
Ω×X

ϕNj
dμ ≤ a+ 2ε,

where Nj = N(μj , ε). Let k, n ∈ N. By sub-additivity again, we have

ϕkn(ω, x) ≤
k−1∑
i=0

ϕn(Φ
in(ω, x)) ∀ (ω, x) ∈ Ω×X.

Then setting n = Nj , we obtain∫
Ω×X

ϕkNj
dμ ≤

k−1∑
i=0

∫
Ω×X

ϕNj
◦ ΦiNj dμ

=
k−1∑
i=0

∫
Ω×X

ϕNj
dμ = k

∫
Ω×X

ϕNj
dμ.

It implies that

(4.10)
1

kNj

∫
Ω×X

ϕkNj
dμ ≤ 1

Nj

∫
Ω×X

ϕNj
dμ.

Denote N := N1 × · · · ×N�. By (4.9) and (4.10) we obtain

1

N

∫
Ω×X

ϕN dμ ≤ a+ 2ε ∀ μ ∈ M(Ω×X,Φ),

finishing the proof. �
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Lemma 4.2. Suppose that a ∈ R and {ϕn}n∈N is a sub-additive sequence with
respect to Φ. If there exists some m ∈ N such that

(4.11)
1

m

∫
Ω×X

ϕm dμ ≤ a ∀ μ ∈ M(Ω×X,Φ),

then one has the semi-uniform result (1.8).

Proof. Denote
M = max

0≤i≤m
max

(ω,x)∈Ω×X
ϕi(ω, x),

where m is as in (4.11) and ϕ0(ω, x) := 0. Then for any k ∈ N and 0 ≤ j ≤ m− 1,
by the sub-additivity we obtain

ϕkm(ω, x) ≤ ϕj(ω, x) +
k−2∑
i=0

ϕm(Φim+j(ω, x)) + ϕm−j(Φ
(k−1)m+j(ω, x)).

Summing over j = 0, 1, · · · ,m− 1, we have

mϕkm(ω, x) ≤
m−1∑
j=0

(ϕj(ω, x) + ϕm−j(Φ
(k−1)m+j(ω, x))) +

m−1∑
j=0

k−2∑
i=0

ϕm(Φim+j(ω, x))

=

m−1∑
j=0

(ϕj(ω, x) + ϕm−j(Φ
(k−1)m+j(ω, x))) +

(k−1)m−1∑
j=0

ϕm(Φj(ω, x))

≤ 2mM +

(k−1)m−1∑
j=0

ϕm(Φj(ω, x)).

It implies that

(4.12) ϕkm(ω, x) ≤ 2M +

(k−1)m−1∑
j=0

1

m
ϕm(Φj(ω, x)).

By Theorem 1.2, we have that for any given ε > 0, there exists L ∈ N such that for
all � ≥ L we have

(4.13)
1

�

�−1∑
j=0

1

m
ϕm(Φj(ω, x)) ≤ a+ ε.

It follows from (4.12) and (4.13) that for all k ∈ N such that (k − 1)m − 1 ≥ L,
there holds

ϕkm(ω, x) ≤ 2M + (k − 1)m(a+ ε)

≤ 2M + (k − 1)ma+ (k − 1)mε.(4.14)

Now for any n ≥ L+ 2m, denote n = km+ j, 0 ≤ j ≤ m− 1. Then

(4.15) (k − 1)m− 1 = n− j −m− 1 ≥ L+ 2m− j −m− 1 ≥ L.

By sub-additivity again, for any n ≥ L+ 2m, we obtain

ϕn(ω, x) ≤ ϕkm(ω, x) + ϕj(Φ
km(ω, x))

≤ ϕkm(ω, x) +M.(4.16)

Combining (4.14), (4.15) and (4.16), we have

ϕn(ω, x) ≤ (k − 1)ma+ (k − 1)mε+ 3M when n ≥ L+ 2m.
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Dividing by n, we obtain

1

n
ϕn(ω, x) ≤

(k − 1)ma

n
+

(k − 1)mε

n
+

3M

n
.

Note that (k − 1)m ≤ n. Then

1

n
ϕn(ω, x) ≤ a+ ε+

3M

n
.

Therefore, for any n ≥ max{L+ 2m, 3M/ε}, we have

1

n
ϕn(ω, x) ≤ a+ 2ε,

completing the proof. �

Proof of Theorem 1.4. It is an immediate result of Lemma 4.1 and Lemma 4.2. �

Note that the sufficient condition (1.7) to guarantee the semi-uniform result
(1.8) is also necessary. Indeed, let λ be any ergodic measure. By the Kingman
sub-additive ergodic theorem [2, 9], we have

lim
n→∞

1

n
ϕn(ω, x) = ϕ̄ for λ-a.e. (ω, x) ∈ Ω×X,

where ϕ̄ is constant. By (1.7), we have ϕ̄ ≤ a + ε. Since ε is arbitrary, we get
ϕ̄ ≤ a. Now it follows from sub-additivity of {ϕn} and the Lebesgue Dominated
Convergence Theorem that

inf
n∈N

{
1

n

∫
Ω×X

ϕn dλ

}
= lim

n→∞

1

n

∫
Ω×X

ϕn dλ = ϕ̄ ≤ a.

Therefore we get the desired result (1.7).
We end the paper with some remarks.
At first, compared with Theorem 1.19 and Theorem 1.20 in [13] where the semi-

uniform result is obtained only for x ∈ X when ω is fixed, our semi-uniform results
for all (ω, x) ∈ Ω×X are much stronger. Moreover, the discontinuity of Φ is allowed
in our results.

Second, taking this opportunity, we would like to make a modification in Theo-
rem 2.6 in [18]. That is, the sequence of continuous functions ϕn : X → R should
be super-additive.

It is reasonably expected that, based on the results of this paper, some conse-
quences in [13, 18] can be improved significantly. In fact, the forced systems even
with phase transitions can be studied using the present results.
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