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ASYMPTOTIC STABILITY OF THE WAVE EQUATION ON

COMPACT MANIFOLDS AND LOCALLY DISTRIBUTED

VISCOELASTIC DISSIPATION

MARCELO M. CAVALCANTI, VALÉRIA N. DOMINGOS CAVALCANTI,

AND FLÁVIO A. F. NASCIMENTO

(Communicated by James E. Colliander)

Abstract. We discuss the asymptotic stability of the wave equation on a
compact Riemannian manifold (M,g) subject to locally distributed viscoelastic
effects on a subset ω ⊂ M . Assuming that the well-known geometric control
condition (ω, T0) holds and supposing that the relaxation function is bounded
by a function that decays exponentially to zero, we show that the solutions
of the corresponding partial viscoelastic model decay exponentially to zero.
We give a new geometric proof extending the prior results in the literature

from the Euclidean setting to compact Riemannian manifolds (with or without
boundary).

1. Introduction

1.1. Results and methodology. Let (M,g) be an n-dimensional compact Rie-
mannian manifold with boundary where g denotes a Riemannian metric of class
C∞. We denote by ∇ the Levi-Civita connection on M and by Δ the Laplace-
Beltrami operator on M .

In this paper, we investigate the stability properties of function u(x, t) which
solve the following partially viscoelastic problem:

(1.1)

⎧⎨
⎩

utt − κ0Δu+
∫ t

0
g(t− s)div[a(x)∇u(s)] ds = 0 on M × ]0,∞[ ,

u = 0 on ∂M × ]0,∞[ ,
u(0) = u0, ut(0) = u1, x ∈ M,

where κ0 > 0, g is the relaxation function and a(x) ≥ a0 > 0 in a subset ω ⊂ M .
Assuming that the well-known geometric control condition (ω, T0) holds and sup-
posing that the kernel of the memory term g is dominated by a function which
decays exponentially to zero, we show that the solutions to the corresponding par-
tial viscoelastic model decay exponentially to zero no matter how small the vis-
coelastic portion of the material. We give a new geometric proof of a result due to
Muñoz Rivera and Salvatierra [RI-SA] using microlocal analysis, which allows us
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not only to improve the assumptions imposed on the relaxation function but also
to extend the result from the Euclidean setting to a compact Riemannian manifold
(with or without boundary). Regarding asymptotic stability, the majority of works
in the previous literature in connection with viscoelastic problems make use of the
multiplier method combined with a Liapunov functional suitably chosen. In the
present paper we base the proof of exponential stability to problem (1.1) on argu-
ments of contradiction as considered, for instance, in [DEH-LE-ZUA]. In addition,
to obtain the so-called contradiction, it is essential to use a unique continuation
property. Although in the Euclidean setting Holmgren’s uniqueness theorem is
enough, on Riemannian compact manifolds we need to employ the inverse observ-
ability property introduced in [BAR-LE-RAU]. Indeed, we are assuming that the
geometric control condition holds, namely, that the geodesics of M have no contact
of infinite order with ∂M and that there exists T0 > 0 such that every geodesic
travelling at speed 1 and issued at t = 0 meets ω in a time t < T0. Then, we
guarantee the existence of a constant C = C(T0, ω) > 0 verifying

(1.2) Eu(0) ≤ C

∫ T0

0

∫
ω

|ut(x, t)|2 dMdt

for every solution u of ⎧⎪⎨
⎪⎩

utt −Δu = 0 in M × (0,∞),

u = 0 in ∂M × (0,∞),

(u(0), ut(0)) = (u0, u1),

with initial data (u0, u1)∈H1
0 (M)×L2(M) and Eu(t)=

1
2

∫
M

[
|u(x, t)2|+|∇u|2

]
dM .

The unique continuation property given in (1.2) and new tools closely related to
problem (1.1) are the main ingredients to establish the desired exponential stability.

1.2. Literature overview. In what concerns the Euclidean setting, the linear or
semilinear wave equation subject to locally distributed frictional damping, we can
mention the classical works [DEH-LE-ZUA], [MAR], [NA], [NA1], [TOUN], [ZUA].
Regarding the propagation of the wave equation on compact manifolds, it is worth
mentioning the following papers: [BAR-LE-RAU], [BEL], [CA-DO-FU-SO-2],
[CA-DO-FU-SO], [CA-DO-FU-SO-1], [CHR], [HI], [LE], [MI], [DA-LA-TO],
[RAU-TAY], [TRI-YAO]. On the other hand, there is a huge number of works
published concerning the viscoelastic wave equation in the Euclidean setting. How-
ever, very few are related to locally distributed viscoelastic effects, as, for example,
[CA-OQ], [GES-MES] and [RI-SA], but even so they consider the viscoelastic wave
equation in the Euclidean setting. To the best of our knowledge the present paper
is one of the pioneers in studying the asymptotic behaviour of the wave equation
subject to locally distributed viscoelastic effects on compact Riemannian manifolds.

We would like to emphasize that the approach introduced in the present paper
allows us to treat the linear wave equation subject to nonlinear locally distributed
viscoelastic effects, namely,

utt −Δu+ g ∗ div(σ(a(x)∇u)) = 0,

where the function σ(·) possesses suitable properties (see, for instance, the paper
due to Qin Tiehu [QIN] and the references therein). However, in order to make our
proof simpler, we shall focus our attention on the linear case. On the other hand,
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an interesting open problem is to investigate the semilinear wave equation,

utt −Δu+ f(u) + g ∗ div(a(x)∇u) = 0,

even if we consider a linear viscoelastic effect. In this case, we conjecture that
the techniques used in [DEH-LE-ZUA], developed by Gerárd [GE] (see also Lebeau
[LE]) and using microlocal defect measure (m.d.m.), can work, at least if the semi-
linear function f(·) has a sub-critical growth.

Our paper is organized as follows. Section 2 is concerned with the assumptions
and the main result. We also introduce some notation. Section 3 is devoted to the
proof of the main theorem.

2. Assumptions and the main result

The following assumptions are required:

Assumption 2.1. The relaxation function g : [0,∞[→ R+ is a C1 nonincreasing
function and satisfies

(2.1) ||a||L∞

∫ ∞

0

g(s) ds < κ0.

In addition, let us assume that

(2.2) g′(t) ≤ −ξg(t), for all t ≥ 0,

for some ξ > 0.

To obtain the stabilization of problem (1.1), we shall need the following geomet-
rical assumption:

Assumption 2.2 (Geometric control condition). If M is a manifold with boundary,
we assume that the geodesics of M have no contact of infinite order with ∂M . Let
ω′ be an open subset of M and consider that there exists T0 > 0 such that every
geodesic travelling at speed 1 and issued at t = 0 meets ω′ in a time t < T0.

We also assume that a ∈ C∞(M) is a nonnegative function such that

(2.3) a(x) ≥ a0 > 0 in ω,

where ω is an open subset verifying ω ⊃ ω′.

If ∂M �= ∅ we define ΣT = M × ]0, T [ and we set

H1
0 (M) := {v ∈ H1(M); v|∂M = 0},

which is a Hilbert space with the topology endowed by H1(M).
The condition v|∂M = 0 is required to guarantee the Poincaré inequality,

(2.4) ||h||2L2(M) ≤ (λ1)
−1||∇h||2L2(M), for all h ∈ H1

0 (M),

where λ1 is the first eigenvalue of the Laplace-Beltrami operator for the Dirichlet
problem. If ∂M = ∅, see Remark 2.1. Using the standard Faedo-Galerkin method
we obtain the following result:

Theorem 2.1. If (u0, u1) ∈ [H2(M) ∩ H1
0 (M)] × H1

0 (M) there exists a unique
regular solution to problem (1.1) in the class
(2.5)
u ∈ L∞

loc(0,∞;H1
0 (M)∩H2(M)), ut ∈ L∞

loc(0,∞;H1
0 (M)), utt ∈ L∞

loc(0,∞;L2(M)).
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If
(
u0, u1

)
∈ H1

0 (M) × L2(M) and considering standard arguments of density,
we prove that problem (1.1) has a unique weak solution in the class

(2.6) u ∈ C0
(
[0,∞);H1

0 (M)
)
∩ C1

(
[0,∞);L2(M)

)
.

To simplify the notation we introduce the binary operators

(g ∗ w)(t) :=
∫ t

0

g(t− s)w(s) ds,

(g�w)(t) :=

∫ t

0

g(t− s)|w(t)− w(s)|2 ds.

The following lemma establishes an important relationship between these oper-
ators.

Lemma 2.2. For any g, w ∈ C1(R) we obtain the equality

2 [g ∗ w]w′ = g′�w − g(t)|w|2 − d

dt

{
g�w −

(∫ t

0

g

)
|w|2

}
.

Proof. Differentiating the expression

g�w −
(∫ t

0

g(s) ds

)
|w|2,

our conclusion follows. �

Assuming that u is the unique global weak solution to problem (1.1), we define
the corresponding energy functional by

(2.7) Eu(t) =
1

2

∫
M

[
|ut(x, t)|2 + κ(x, t) |∇u(x, t)|2 + a(x)g�∇u

]
dM,

where

κ(x, t) := κ0 − a(x)

∫ t

0

g(s) ds.

Note that, in view of (2.1), we have that

(2.8) 0 < κ0 − ||a||L∞

∫ ∞

0

g(s) ds ≤ κ(x, t) ≤ κ0, ∀(x, t) ∈ M × R+.

The first order energy satisfies the following identity:

Lemma 2.3.

d

dt
Eu(t) =

1

2

∫
M

a(x)
[
g′�∇u− g(t)|∇u|2

]
dM.

Proof. Multiplying equation (1.1) by ut, performing integration by parts and using
Lemma 2.2 we obtain the desired result. �

As a consequence of Lemma 2.3, every solution of (1.1) in the class (2.6) satisfies
the following identity:
(2.9)

Eu(t2)− Eu(t1) =
1

2

∫ t2

t1

∫
M

a(x)
[
g′�∇u− g(t)|∇u|2

]
dMdt, for all t2 > t1 ≥ 0,

and therefore the energy is a nonincreasing function of the time variable t.
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Theorem 2.4. Let us assume that assumptions (2.1) and (2.2) are in place. Then,
for all L > 0, there exist positive constants C0, γ (which depend on L) such that
every weak solution of problem (1.1) satisfies

Eu(t) ≤ C0e
−γtEu(0), for all t ≥ T0,

provided that (u0, u1) ∈ H1
0 (M) × L2(M) and Eu(0) ≤ L, where Eu(t) is given in

(2.7).

Remark 2.1. If M is a compact Riemannian manifold without boundary, problem
(1.1) is replaced by{

utt −Δu+ u+ g ∗ [div(a(x)∇u)] = 0 in M × (0,∞),

(u(0), ut(0)) = (u0, u1),

to obtain the H1(M) topology.
Under the same assumptions (2.1) and (2.2), the result of Theorem 2.4 remains

true for initial data (u0, u1) ∈ H1(M)× L2(M). In this case the energy is defined
by

Eu(t) =
1

2

∫
M

[
|ut(x, t)|2 + κ(x, t) |∇u(x, t)|2 + |u(x, t)|2 + a(x)g�∇u

]
dM.

3. Proof of Theorem 2.4

Our aim is to prove that the inequality

(3.1) Eu(T ) ≤ C

{∫ T

0

∫
M

a(x)
[
−g′�∇u+ g(t)|∇u|2

]
dM dt

}

holds for all T > T0, provided the initial (u0, u1) data is taken in bounded sets of
H1

0 (M)× L2(M). Since Eu(t) is a nonincreasing function, according to (2.9), it is
enough to prove the following result:

Lemma 3.1. Let us assume hypotheses (2.1) and (2.2). Then, for all T > T0 and
for all L > 0, there exists a positive constant C = C(T, L) such that the inequality

(3.2) Eu(0) ≤ C

{∫ T

0

∫
M

a(x)
[
−g′�∇u+ g(t)|∇u|2

]
dM dt

}

holds for every solution u of problem (1.1) provided that the initial data satisfies

(3.3) Eu(0) ≤ L.

Proof. We argue by contradiction. For simplicity we shall denote u′ := ut. Suppose
that (3.2) is not verified and let {uk(0), u

′
k(0)} be a sequence of initial data where the

corresponding solutions {uk}k∈N of (1.1) with Euk
(0), assumed uniformly bounded

in k, verifies

(3.4) lim
k→+∞

Euk
(0)∫ T

0

∫
M

a(x) [−g′�∇uk + g(t)|∇uk|2] dM dt
= +∞,

that is,

(3.5) lim
k→+∞

∫ T

0

∫
M

a(x)
[
−g′�∇uk + g(t)|∇uk|2

]
dM dt

Euk
(0)

= 0.
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Since Euk
(t) ≤ Euk

(0) ≤ L, where L is a positive constant, we obtain a subse-
quence, still denoted by {uk}, which verifies the convergence

uk ⇀ u weakly in H1(M × (0, T )),(3.6)

uk ⇀ u weak star in L∞(0, T ;H1
0 (M)),(3.7)

u′
k ⇀ u′ weak star in L∞(0, T ;L2(M)).(3.8)

Employing compactness results we also deduce that

(3.9) uk → u strongly in L2(0, T ;L2(M)).

At this point we will divide our proof into two cases, namely, u �= 0 and u = 0.

Case (I) u �= 0.

We observe that from (3.5) and having in mind that Euk
(0) ≤ L for all k ∈ N,

we have

(3.10) lim
k→+∞

∫ T

0

∫
M

a(x)
[
−g′�∇uk + g(t)|∇uk|2

]
dM dt = 0.

From (3.10) we deduce that
(3.11)

g(t)a(x)|∇uk|2+
∫ t

0

−g′(t−s)a(·)|∇uk(·, t)−∇uk(·, s)|2 ds → 0 in L1(M × (0, T )).

On the other hand, since a(x) ≥ a0 > 0 in ω and g(t) ≥ g(T ) for all t ∈ [0, T ],
we infer that∫ T

0

∫
M

a(x)g(t)|∇uk|2 dMdt(3.12)

=

∫ T

0

∫
M\ω

a(x)g(t)|∇uk|2 dMdt+

∫ T

0

∫
ω

a(x)g(t)|∇uk|2 dMdt

≥
∫ T

0

∫
ω

a(x)g(t)|∇uk|2 dMdt ≥ a0g(T )

∫ T

0

∫
ω

|∇uk|2 dMdt.

The last inequality and (3.11) yields

(3.13) lim
k→+∞

∫ T

0

∫
ω

|∇uk|2 dMdt = 0.

Combining (3.9) and (3.13) we deduce that ∇u = 0 in L2(0, T ;L2(ω)), and,
consequently, u(x, t) = C(t) a.e. in ω × (0, T ). Since u(t) = 0 a.e. on ∂M , it holds
that C(t) = 0 a.e. in (0, T ), which implies that u = 0 a.e. in ω× (0, T ). Passing to
the limit in the equation, u′′

k −Δuk + div[a(x)g ∗ ∇uk] ds = 0 in M × (0, T ) when
k → +∞, we get, taking (2.2) and (3.11) into account, that

(3.14)

{
utt −Δu = 0 in M × (0, T ),

u = 0 in ω × (0, T ).

Remark 3.1. (a) It should be possible to obtain u = 0 a.e. in ω × (0, T ) directly
from the Poincaré inequality.

(b) At this point we need to make use of a unique continuation result for the
linear equation (3.14). Indeed, according to assumption (2.2), we are assuming that
the geodesics of M have no contact of infinite order with ∂M and, in addition, that
there exists T0 > 0 such that every geodesic traveling at speed 1 and issued at t = 0
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meets ω′ in a time t < T0. Then there exists a constant C = C(T0, ω
′) > 0 such

that

(3.15) Eu(0) ≤ C

∫ T0

0

∫
ω′

|ut(x, t)|2 dMdt

holds for every solution u of

(3.16)

⎧⎪⎨
⎪⎩

utt −Δu = 0 in M × (0,∞),

u = 0 in ∂M × (0,∞),

(u(0), ut0)) = (u0, u1),

with initial data (u0, u1) ∈ H1
0 (M)×L2(M). Note that (3.15) implies that whenever

two weak solutions are locally close to each other they must be globally close. In
particular, two solutions that coincide in ω′×(0, T0) must be identical. It was proved
in [BAR-LE-RAU] that a necessary and sufficient condition to obtain inequality
(3.15) is precisely the geometric control condition given in assumption (2.2). We
recall that we are assuming that ω ⊃ ω′ and a(x) ≥ a0 > 0 in ω.

Since u = 0 a.e. in ω × (0, T ), ut = 0 a.e. in ω × (0, T ) and T > T0, from
the uniqueness result given by Remark 3.1 we conclude that u ≡ 0, which is a
contradiction.

Case (II) u = 0.

Defining

(3.17) ck := [Euk
(0)]

1/2

and

(3.18) uk :=
1

ck
uk,

and setting

Euk
(t) :=

1

2

∫
M

|u′
k|2 dM +

1

2
κ(x, t)

∫
M

|∇uk|2 dM +
1

2

∫
M

a(x)(g�∇uk)(t)dM,

we deduce that

Euk
(0) : =

1

2

∫
M

|u′
k(0)|2dM +

1

2

∫
M

|∇uk(0)|2dM

(3.19)

=
1

2

∫
M

|u′
k(0)|2
c2k

dM dt+
1

2

∫
M

|∇uk(0)|2
c2k

dM =
1

Euk
(0)

Euk
(0) = 1.

For a subsequence {uk}, we obtain

uk ⇀ u weak star in L∞(0, T ;H1
0 (M)),(3.20)

u′
k ⇀ u′ weak star in L∞(0, T ;L2(M)),(3.21)

uk → u strongly in L2(0, T ;L2(M)).(3.22)

We observe that from (3.5) we can deduce that
(3.23)

g(t)a(x)|∇uk|2+
∫ t

0

−g′(t−s)a(·)|∇uk(·, t)−∇uk(·, s)|2 ds → 0 in L1(M × (0, T )).
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From (3.5) and (3.12) we also deduce that

(3.24) lim
k→+∞

∫ T

0

∫
ω

|∇uk|2 dMdt = 0.

In addition, uk satisfies the equation

(3.25) u′′
k −Δuk + div[a(x)g ∗ ∇uk] = 0 in M × (0, T ).

Passing to the limit in (3.25) when k → +∞ and taking (2.2) and (3.23) into
account, we obtain, as considered in part (i), that

(3.26)

{
u′′ −Δu = 0 on M × (0, T ),

u = 0 on ω × (0, T ).

Applying the same idea used in case (I) we have that ut = 0 a.e. in ω × (0, T ),
which implies that u = 0. Using the identity of the energy

Euk
(T ) = Euk

(0) +
1

2

∫ T

0

∫
M

a(x)
[
g′�∇uk − g(t)|∇uk|2

]
dMdt

and considering (3.19), (3.21) and (3.23), we deduce that

(3.27) lim
k→+∞

Euk
(t) = 1, for all t ∈ [0, T ].

Let ε > 0 be small enough such that T − ε > T0 and let us consider a cutoff
function θ ∈ C∞

0 (0, T ) such that θ = 1 in [ε, T −ε], 0 ≤ θ ≤ 1. In addition, consider
another cutoff function ϕ ∈ C∞(M) such that ϕ = 1 in ω′ � ω, ϕ = 0 in M\ω,
0 ≤ ϕ ≤ 1. Returning to (3.25) we obtain

−
∫ T

0

∫
M

u′
kukϕθ

′dM dt−
∫ T

0

∫
M

|u′
k|2θϕ dM dt+

∫ T

0

∫
M

|∇uk|2θϕ dM dt

(3.28)

+

∫ t

0

∫
M

(∇uk · ∇ϕ)ukθ dM dt+

∫ T

0

∫
M

div[a(x)g ∗ ∇uk]ukϕθ dMdt = 0.

Having in mind that u ≡ 0, by combining (3.20) - (3.23) and (3.28), we deduce
that

lim
k→+∞

[
−
∫ T

0

∫
M

|u′
k|2θϕ dM dt+

∫ T

0

∫
M

|∇uk|2θϕ dM dt

]
= 0,

and from the properties of the function ϕ, we obtain that

lim
k→+∞

[
−
∫ T

0

∫
ω

|u′
k|2θϕ dM dt+

∫ T

0

∫
ω

|∇uk|2θϕ dM dt

]
= 0.

The last convergence combined with (3.24) yields

lim
k→+∞

∫ T

0

∫
ω

|u′
k|2θϕ dM dt = 0.

From the above we deduce that

(3.29) lim
k→+∞

∫ T−ε

ε

∫
ω′

|u′
k|2 dM dt = 0 and lim

k→+∞

∫ T−ε

ε

∫
ω′

|∇uk|2 dM dt = 0.
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Note that from Assumption 2.2, taking (3.29) into account and observing that
Euk

(t) ≤ Euk
(0) = 1 for all t ∈ [0, T ] and k ∈ N, we have, as in (3.15),

1 = Euk
(0) ≤ CT0,ω′,ε

∫ T−ε

ε

∫
ω′

|u′
k(x, t)|2 dMdt → 0 as k → ∞,

which is a contradiction. The lemma is proved. �

From Lemma 3.1 and from the fact that Eu(t) is a nonincreasing function, (3.1)
is in place. On the other hand, from (2.9)

Eu(T )− Eu(0) =
1

2

∫ T

0

∫
M

a(x)
[
g′�∇u− g(t)|∇u|2

]
dMdt.

Then,

(3.30) Eu(T ) ≤ −C[Eu(T )− Eu(0)], for all T > T0.

From now on we proceed verbatim as in Muñoz-Rivera and Salvatierra [RI-SA].
From (3.30) we infer that

(3.31) Eu(T ) ≤
C

1 + C
Eu(0) =

1

1 + 1
C

Eu(0), for all T > T0.

Repeating the above process from T to 2T we obtain

Eu(2T ) ≤
1

1 + 1
C

Eu(T ) ≤
1

(1 + 1
C )2

Eu(0).

In general, we have that

Eu(nT ) ≤
1

(1 + 1
C )n

Eu(0).

Since any number t can be written as t = nT + r where 0 ≤ r < T and Eu(t) is
a decreasing function, one has

E(t) ≤ E(t− r) ≤ 1

(1 + 1
C )

t−r
T

Eu(0) = C0e
−γtEu(0),

where C0 = e
r
T ln(1+ 1

C ) and γ =
ln(1+ 1

C )

T , and the exponential decay follows.
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Limoeiro do Norte, CE, Brazil

E-mail address: flavio.falcao@uece.br

http://www.ams.org/mathscinet-getitem?mr=2317185
http://www.ams.org/mathscinet-getitem?mr=2317185
http://www.ams.org/mathscinet-getitem?mr=1944764
http://www.ams.org/mathscinet-getitem?mr=1944764
http://www.ams.org/mathscinet-getitem?mr=1032629
http://www.ams.org/mathscinet-getitem?mr=1032629

	1. Introduction
	1.1. Results and methodology
	1.2. Literature overview

	2. Assumptions and the main result
	3. Proof of Theorem 2.4
	Acknowledgement
	References

