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PARTIALLY OVERDETERMINED PROBLEM

IN SOME INTEGRAL EQUATIONS

BOQIANG LV, FENGQUAN LI, AND WEILIN ZOU

(Communicated by James E. Colliander)

Abstract. In this paper, we consider the partially overdetermined problem
in integral equations as follows:

⎧⎪⎪⎨
⎪⎪⎩

u(x) = A
∫
Ω

1
|x−y|n−α up(y)dy +B, x ∈ Ω,

u > 0, x ∈ Ω,

u = C, x ∈ Γ ⊆ ∂Ω,

where 0 < α < n, p > n
n−α

, A, B, C are positive constants, Ω ⊂ Rn (n ≥ 2)

is a bounded domain with ∂Ω ∈ C1, and Γ is a proper open set of ∂Ω. Under
some assumptions on the geometry of Γ, we prove that Ω must be a ball and
u is radially symmetric and monotone decreasing with respect to the radius.

1. Introduction

In this paper, we consider the following integral equation:{
u(x) = A

∫
Ω

1
|x−y|n−α u

p(y)dy +B, x ∈ Ω,

u > 0, x ∈ Ω,
(1.1)

where 0 < α < n, p > n
n−α , A, B are positive constants, Ω ⊂ Rn (n ≥ 2) is a

bounded domain with ∂Ω ∈ C1 .
In [13], under some natural integrability conditions, D. Li, G. Strohmer and L.

Wang proved that if the solution u of (1.1) satisfies the boundary conditions

u = C on ∂Ω,(1.2)

where C is a positive constant, then Ω is a ball and u is radially symmetric and
monotone decreasing with respect to the radius.

Problems (1.1)–(1.2) are called overdetermined problems in integral equations.
Recently, some very interesting results about overdetermined problems in integral
equations were obtained in [11]-[15], [18]. The overdetermined problem in PDE
is an interesting problem, while many authors used different methods to obtain a
large amount of literature; see [2], [8], [9], [19], [20] and the references therein.

The aim of this paper is to study the partially overdetermined problem. More
precisely, we want to find that if the boundary condition u = C does not hold on
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global ∂Ω but on a proper set of ∂Ω, i.e.,

u = C on Γ ⊆ ∂Ω,(1.3)

does the same symmetry of domain and solution still hold?
From a mathematical point of view, the problem can be stated as follows. Let

Γ be a nonempty, proper and connected subset of ∂Ω, relatively open in ∂Ω. The
partially overdetermined problem in integral equation is⎧⎪⎨

⎪⎩
u(x) = A

∫
Ω

1
|x−y|n−α u

p(y)dy +B, x ∈ Ω,

u > 0, x ∈ Ω,

u = C x ∈ Γ ⊆ ∂Ω.

(1.4)

In order to guarantee that the same symmetry in [13] still holds for (1.4), we need
some additional assumptions on the geometry of Γ. Motivated by [9], where the
partially overdetermined problem in PDE is studied, we can show that the partially
overdetermined problem (1.4) is actually a global overdetermined problem; i.e.,
u = C holds for any x ∈ ∂Ω. Thus, we can apply the theorem in [13] to get the
desired symmetry results.

The tool used in this paper is the method of moving planes in integral forms
introduced by Chen, Li and Ou [3], which has been a powerful tool for obtaining
symmetry, monotonicity and nonexistence of solutions for integral equations. It
is entirely different from the traditional methods of moving planes introduced by
Alexanderoff [1] and further developed by Serrin [19], Gidas, Ni and Nirenberg
[10], etc. Instead of using local properties of a PDE, such as differentiability and
maximum principles, the global properties of the integral equations and integral
norms are established. For more details about the method of moving planes in
integral forms, please see [3]–[7], [11]–[17] and the references therein.

This paper is organized as follows. In Section 2, the assumptions on Γ and the
main theorem are stated. We prove the symmetry results of (1.4) and show some
interesting remarks in Section 3.

2. Main theorems and some preliminaries

In order to give the additional assumptions on Γ, we need the following definition.

Definition 2.1. Assume ∂Ω ∈ C1. Consider a (hyper)plane T ⊥ ∂Ω, namely such
that T contains the unit outer normal ν(P ) at some point P on ∂Ω. Then take a
connected component of ∂Ω \ T such that its closure γ contains P . We say that γ
is a hat of ∂Ω determined by T if the bounded open domain delimited by γ and T
is entirely contained in Ω.

Remark 2.2. If Ω is convex, any plane T which intersects ∂Ω orthogonally deter-

mines two hats (see Figure 1); γ1 = ̂A1M1A2 and γ2 = ̂A1M2A2 are exactly the
two hats. But if Ω is nonconvex, then ∂Ω \ T may have more than two connected

components, as happens for instance in Figure 2. Therein, γ1 = ̂A1M1A2, γ2 =
̂A3M2A4, γ3 = ̂A5M3A6 are hats, whereas γ4 = ̂A1M4A6 is not.
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Our main result is as follows.

Theorem 2.3. Assume Ω is a convex bounded domain and ∂Ω ∈ C1. If

(A1) p > n
n−α and the solution u of (1.4) satisfies u ∈ L

n(p−1)
α (Ω) ∩ C1(Ω),

(A2) Γ ⊂ ∂Ω is nonempty, connected and relatively open in ∂Ω, Γ contains a hat
γ of ∂Ω determined by some plane T ⊥ ∂Ω, and

(A3) the maximum of u over ∂Ω is attained on Γ, i.e.,

max
∂Ω

u(x) = max
Γ

u(x),(2.1)

then Ω is a ball and u is radially symmetric and monotone decreasing with respect
to the radius.

Remark 2.4. In [13], the symmetry result is obtained under the following integral
condition:

(Ã1) For 1 < α < n, p > 0, u ∈ Lq(Ω), where q = 1 for p ≤ 1 and q >
max{ n

n−α ,
n
α (p− 1)} for p > 1.

Actually, u ∈ C1(Ω) can be obtained by the standard bootstrap method; see
[13]. From the proof of Theorem 2.3, it is easy to find that (A1) can be replaced

by (Ã1) and Theorem 2.3 still holds.

Remark 2.5. With the similar additional assumptions on Γ ⊂ ∂Ω as in Theorem 2.3,
one can also consider the partially overdetermined problem similar to (1.4) for
other integral equations and get the desired results; i.e., the global overdetermined
problem studied in [11], [12], [14], [15] can also be discussed in the partial type and
the same symmetry results will still hold.

The convex assumption on Ω makes sure that T cuts Ω into only two connected
domains, and one of them is the bounded open domain delimited by the hat γ and
T , which is a key point in our proof of Theorem 2.3. Actually, we mention that the
convex assumption on Ω may be relaxed; this is explained in detail after the proof
of Theorem 2.3 (see Remark 3.7).
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It is natural to ask how far our assumptions are from being optimal, namely
whether the same symmetry results in Theorem 2.3 still hold under weaker require-
ments on Γ. We do not pay our main attention to the optimal conditions, but we
will show how our assumptions act in our proof in Remark 3.8 after the proof of
Theorem 2.3. We hope this may be helpful to find the optimal conditions.

3. Proof of Theorem 2.3

The strategy of our proof is to show that the partially overdetermined problem
(1.4) is actually a global overdetermined problem; i.e., u = C holds for any x ∈ ∂Ω.
The tool we used is the method of moving planes in integral forms with some
modifications with respect to [3]. More precisely, the moving plane in [3] is arbitrary
such that the radial symmetry of Ω and solution can be obtained at the same time,
but here we move just one plane which must be carefully chosen, and only the
symmetry of Ω about some plane can be deduced, which is enough for us to prove
that u = C holds for any x ∈ ∂Ω.

We divide the proof into five steps.

Step 1. Choosing the proper moving plane.

We will move the plane Tλ that is parallel to the plane T in assumption (A2),
which ensures that Γ contains a hat γ. Up to a rotation and a translation, we may
assume that T = T0 = {x ∈ Rn | x1 = 0}. Without loss of generality, we assume
that the hat γ lies on the left of T0.

First, moving the plane Tλ from λ = −∞ to the right, there must exist a λ0 < 0
such that Tλ0

is tangent to ∂Ω, i.e.,

λ0 = min{λ | Tλ ∩ Ω̄ 
= ∅}.
Then, we go on moving the plane Tλ continuously from Tλ0

to the right. At
every stage, Tλ will cut off from Ω an open cap:

Σλ = {x ∈ Ω | x1 < λ}.
Since Ω is convex, Σλ is connected, and

∂Σλ \ Tλ ⊂ γ ⊂ Γ, λ ∈ (λ0, 0],(3.1)

u = C, x ∈ ∂Σλ \ Tλ, λ ∈ (λ0, 0].(3.2)

Denote by xλ = (2λ − x1, x2, · · · , xn) the reflection of x = (x1, x2, · · · , xn) about
the plane Tλ. Set

Σ′
λ = {x ∈ Ω | xλ ∈ Σλ}.

Since Ω is bounded and ∂Ω ∈ C1, Σ′
λ will remain in Ω at the beginning when

λ ∈ [λ0, λ0 + ε) for sufficiently small ε > 0. As the plane Tλ keeps moving to the
right, Σ′

λ will stay in Ω until at least one of the following events occurs:

(i) Σ′
λ is internally tangent to ∂Ω at some point ẑ not on Tλ,

(ii) Tλ is orthogononal to ∂Ω at some point ẑ.

Let λ̂ be the smallest value of λ for which either (i) or (ii) occurs.

It is easy to find that λ̂ ∈ (λ0, 0]; by the construction and (3.2), there holds

u = C, x ∈ ∂Σλ̂ \ Tλ̂ ⊂ Γ.(3.3)
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Step 2. A starting point to move the plane Tλ.

Define

Σ−
λ = {x ∈ Σλ | ωλ(x) < 0},(3.4)

where

ωλ(x) = u(xλ)− u(x), x ∈ Σλ.(3.5)

When λ ∈ [λ0, λ0+ ε) for sufficiently small ε > 0, we show that Σ−
λ must be empty,

i.e.,

ωλ(x) = u(xλ)− u(x) ≥ 0, x ∈ Σλ.(3.6)

This provides a starting point to move the plane Tλ.

Step 3. Moving the plane to a limiting position.

Define

λ̄ = sup{λ ∈ (λ0, λ̂] | ωλ(x) ≥ 0, ∀x ∈ Σλ}.(3.7)

Then, we prove that λ̄ = λ̂, which means that the plane Tλ can be moved continu-
ously from Tλ0

to Tλ̂ as long as (3.6) holds.

Step 4. Show that Ω is symmetric about Tλ̂.

For λ̄ = λ̂, with the help of assumption (A2) in Theorem 2.3 and (3.3), Ω must
be symmetric about Tλ̂, i.e.,

Σλ̂ ∪ (Ω ∩ Tλ̂) ∪ Σ′
λ̂
= Ω,(3.8)

which implies that

(∂Σλ̂ ∪ ∂Σ′
λ̂
) \ Tλ̂ = ∂Ω.(3.9)

Step 5. Prove that u = C holds for any x ∈ ∂Ω and get the symmetry of the domain
and solution.

In this step, with the help of the symmetry result in Step 4, we prove that

u(x) = C, x ∈ ∂Ω.(3.10)

Hence, using the results of the totally overdetermined problem in [13], we can
deduce from (3.10) that Ω is a ball and that u is radially symmetric and monotone
decreasing with respect to the radius.

This completes the proof of Theorem 2.3.
It is easy to get

u(x) = A

∫
Σλ

up(y)

|x− y|n−α
dy +A

∫
Σλ

up(yλ)

|x− yλ|n−α
dy

+A

∫
Ωλ

up(y)

|x− y|n−α
dy +B,(3.11)

u(xλ) = A

∫
Σλ

up(y)

|xλ − y|n−α
dy +A

∫
Σλ

up(yλ)

|xλ − yλ|n−α
dy

+A

∫
Ωλ

up(y)

|xλ − y|n−α
dy +B.(3.12)
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Notice that |x−y| = |xλ−yλ| and |xλ−y| = |x−yλ| for x, y ∈ Σλ. We get from
(3.11) and (3.12) the following lemma, which is a key ingredient in our integral
estimates.

Lemma 3.1. For any x ∈ Σλ, λ ∈ (λ0, λ̂],

u(x)− u(xλ) = A

∫
Σλ

L(x, y, λ)[up(y)− up(yλ)]dy

+A

∫
Ωλ

L(x, y, λ)up(y)dy,(3.13)

where Ωλ = Ω \ (Σλ ∪ Σ′
λ) and L(x, y, λ) = 1

|x−y|n−α − 1
|xλ−y|n−α satisfy

L(x, y, λ) > 0, x, y ∈ Σλ,(3.14)

L(x, y, λ) < 0, x ∈ Σλ, y ∈ Ωλ.(3.15)

Notice that the boundary condition is not used in the proofs of Steps 2 and 3.
That means the proofs in [13] are still true here, so we present only the results and
omit the details.

Lemma 3.2. There exists a sufficiently small ε > 0 such that (3.6) holds for
λ ∈ (λ0, λ0 + ε].

Lemma 3.3. For λ̄ defined in (3.7), λ̄ = λ̂.

Now, we complete Step 4, which proves that Ω is symmetric about Tλ̂.

Lemma 3.4. Σλ̂ ∪ (Ω ∩ Tλ̂) ∪ Σ′
λ̂
= Ω, i.e., ∂Ω = (∂Σλ̂ \ Tλ̂) ∪ (∂Σ′

λ̂
\ Tλ̂).

Proof. We prove the lemma with two cases.

Case 1. Σ′
λ̂
is internally tangent to ∂Ω at some point ẑ not on Tλ̂.

If Σλ̂ ∪ (Ω ∩ Tλ̂) ∪ Σ′
λ̂

= Ω, then Ωλ̂ 
= ∅. Since λ̄ = λ̂ in Lemma 3.3, then

u(y) ≤ u(yλ̂) for y ∈ Σλ̂. Let ẑλ̂ be the reflection of ẑ about Tλ̂; we deduce from

(3.1) that ẑλ̂ ∈ ∂Σλ̂ \ Tλ̂ ⊂ Γ. By Lemma 3.1, (3.14) and (3.15) and the condition
boundary (1.3), we have

u(ẑλ̂)− u(ẑ) ≤ A

∫
Ωλ̂

(
1

|ẑλ̂ − y|n−α
− 1

|ẑ − y|n−α

)
up(y)dy < 0.(3.16)

For ẑ ∈ ∂Ω, there must be two possibilities:

(a) If ẑ ∈ Γ, then ẑλ̂, ẑ ∈ Γ and u(ẑλ̂) = u(ẑ), which is contradictive to (3.16).
(b) If ẑ ∈ ∂Ω\Γ, then (3.16) implies that the maximum of u on ∂Ω is not attained
on Γ, which is contradictive to assumption (A3) in Theorem 2.3.

Case 2. Tλ̂ is orthogononal to ∂Ω at some point ẑ.

Since Γ is open and ẑ ∈ Γ, the boundary condition (1.3) deduces that

∂u(ẑ)

∂x1
= 0.

Following the same methods in [13] (see Lemma 3.5 in [13]), we can also deduce a
contradiction. We omit the details here.

The above two cases imply that Ωλ̂ is empty, which implies that Σλ̂ ∪ (Ω∩Tλ̂)∪
Σ′

λ̂
= Ω, i.e., ∂Ω = (∂Σλ̂ \ Tλ̂) ∪ (∂Σ′

λ̂
\ Tλ̂). �
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Finally, in Step 5, we prove that the partially overdetermined problem (1.4) is
actually a global overdetermined problem and get the symmetry results about the
domain and solution.

Lemma 3.5. For any x ∈ ∂Ω, we have u(x) = C. Furthermore, Ω is a ball and u
is radially symmetric and monotone decreasing with respect to the radius.

Proof. Lemma 3.4 implies that Ωλ̂ is empty. Noting

up(y) ≤ up(yλ̂), ∀ y ∈ Σλ̂,

by Lemma 3.1, (3.14) and (3.15), we have

(3.17) u(x)−u(xλ̂) = A

∫
Σλ̂

(
1

|x− y|n−α
− 1

|xλ̂ − y|n−α

)
[up(y)−up(yλ̂)]dy ≤ 0.

For any x ∈ ∂Ω \ Γ, it holds that xλ̂ ∈ Γ and that

u(xλ̂)− u(x) = C − u(x) ≤ 0,

i.e.,

u(x) ≥ C, x ∈ ∂Ω \ Γ.(3.18)

Hence, we obtain from (2.1) and (3.18) that

max
∂Ω\Γ

u(x) ≤ max
∂Ω

u(x) = max
Γ

u(x) = C

and

u(x) = C, x ∈ ∂Ω \ Γ,
which implies that u(x) = C holds on ∂Ω.

This means that the partially overdetermined problem (1.4) is actually a global
overdetermined problem (1.1)-(1.2). Due to the theorem in [13], we have that Ω
is a ball and u is radially symmetric and monotone decreasing with respect to the
radius. �
Remark 3.6. Unlike the method of moving the plane in [13], the moving planes here
must be carefully chosen and not be arbitrary. Therefore, we cannot directly get
the symmetry of the solution u but only show that Ω is symmetric about Tλ̂, the
key to Lemma 3.4 in Step 4, which is enough for us to prove Lemma 3.5.

Remark 3.7. We have the convex assumption on Ω such that Σλ is connected for
all λ ∈ (λ0, 0]. More precisely, for any λ ∈ (λ0, 0], the boundary ∂Σλ \ Tλ is still
contained in γ ⊂ Γ and so (3.2) holds, which is very important for the next two
problems: comparing the value of u(x) between x ∈ Σλ̂ and x ∈ Σ′

λ̂
to deduce a

contradiction (see case 1 in Lemma 3.4); guaranteeing ẑ ∈ Γ and so ∂u(ẑ)
∂x1

= 0,

which is the target of the contradiction (see case 2 in Lemma 3.4). If we do not
assume Ω is convex, then we may face a problem that cannot be overcome; see
Figure 3 and Figure 4.

In Figure 3, γ1 = ̂A1MA2, γ2 = ̂A3ẑA4, Γ = ̂P1MP2, both γ1 and γ2 are hats

and γ1 ⊂ Γ, the limiting position λ̂ is case 1, and ẑ is the tangent point. It is easy

to find that ∂Σλ \ Tλ is not contained in Γ, i.e., ẑ, ẑλ̂ ∈̄ Γ. There is no useful
information on u(ẑλ) and u(ẑ); thus we cannot compare u(ẑλ) and u(ẑ) to deduce
a contradiction.
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Figure 3. Case 1
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In Figure 4, γ1 = ̂A1MA2, γ2 = ̂A3ẑA4, Γ = ̂P1MP2, both γ1 and γ2 are hats

and γ1 ⊂ Γ, the limiting position λ̂ is case 2, and ẑ is the vertical point. Notice

that ∂Σλ \ Tλ is not contained in Γ, i.e., ẑ∈̄Γ. We do not have ∂u(ẑ)
∂x1

= 0 to deduce
a contradiction. There is no way to deal with it.

Remark 3.8. If more requirements on Γ are supposed in (A2), then we can relax
the convex assumption on Ω to make sure the proof is still valid. Indeed, we need
only ensure that

∂Σλ \ Tλ ⊂ γ ⊂ Γ, λ ∈ [λ0, λ̂].(3.19)

We say that a hat is a good hat if (3.19) holds, and a bad hat if not. For example, in
Figure 3 and Figure 4, γ1 is a bad hat and γ2 is a good hat. If we assume that γ2 ⊂ Γ,
it is easy to find that the proof of Theorem 2.3 is true. Hence, if Γ contains a good
hat, then our Theorem 2.3 still holds. However, we are not sure whether the good
hat contained in Γ is the optimal assumption. Finally, we point out an interesting
problem: Try to find the optimal conditions on Γ such that the symmetry of the
domain and solution in (1.4) holds.

References

[1] A. D. Alexandrov, A characteristic property of spheres, Ann. Mat. Pura Appl. (4) 58 (1962),

303–315. MR0143162 (26 #722)
[2] B. Brandolini, C. Nitsch, P. Salani, and C. Trombetti, Serrin-type overdetermined prob-

lems: an alternative proof, Arch. Ration. Mech. Anal. 190 (2008), no. 2, 267–280, DOI
10.1007/s00205-008-0119-3. MR2448319 (2010g:35214)

[3] Wenxiong Chen, Congming Li, and Biao Ou, Classification of solutions for an integral
equation, Comm. Pure Appl. Math. 59 (2006), no. 3, 330–343, DOI 10.1002/cpa.20116.
MR2200258 (2006m:45007a)

[4] Wenxiong Chen and Congming Li, Regularity of solutions for a system of integral equations,
Commun. Pure Appl. Anal. 4 (2005), no. 1, 1–8. MR2126275 (2006g:45006)

[5] Wenxiong Chen and Congming Li, Classification of positive solutions for nonlinear differen-
tial and integral systems with critical exponents, Acta Math. Sci. Ser. B Engl. Ed. 29 (2009),
no. 4, 949–960, DOI 10.1016/S0252-9602(09)60079-5. MR2510000 (2010i:35078)

[6] Wenxiong Chen and Congming Li, Methods on nonlinear elliptic equations, AIMS Series on
Differential Equations & Dynamical Systems, vol. 4, American Institute of Mathematical
Sciences (AIMS), Springfield, MO, 2010. MR2759774 (2012k:35002)

http://www.ams.org/mathscinet-getitem?mr=0143162
http://www.ams.org/mathscinet-getitem?mr=0143162
http://www.ams.org/mathscinet-getitem?mr=2448319
http://www.ams.org/mathscinet-getitem?mr=2448319
http://www.ams.org/mathscinet-getitem?mr=2200258
http://www.ams.org/mathscinet-getitem?mr=2200258
http://www.ams.org/mathscinet-getitem?mr=2126275
http://www.ams.org/mathscinet-getitem?mr=2126275
http://www.ams.org/mathscinet-getitem?mr=2510000
http://www.ams.org/mathscinet-getitem?mr=2510000
http://www.ams.org/mathscinet-getitem?mr=2759774
http://www.ams.org/mathscinet-getitem?mr=2759774


PARTIALLY OVERDETERMINED PROBLEM IN INTEGRAL EQUATIONS 3081

[7] Wenxiong Chen and Jiuyi Zhu, Radial symmetry and regularity of solutions for poly-
harmonic Dirichlet problems, J. Math. Anal. Appl. 377 (2011), no. 2, 744–753, DOI
10.1016/j.jmaa.2010.11.035. MR2769171 (2012a:35056)

[8] A. Farina and B. Kawohl, Remarks on an overdetermined boundary value problem, Calc.
Var. Partial Differential Equations 31 (2008), no. 3, 351–357, DOI 10.1007/s00526-007-0115-
8. MR2366129 (2009i:35223)
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[13] Dongsheng Li, Gerhard Ströhmer, and Lihe Wang, Symmetry of integral equations on bounded
domains, Proc. Amer. Math. Soc. 137 (2009), no. 11, 3695–3702, DOI 10.1090/S0002-9939-
09-09987-0. MR2529876 (2010f:45020)

[14] Guozhen Lu and Jiuyi Zhu, An overdetermined problem in Riesz-potential and fractional
Laplacian, Nonlinear Anal. 75 (2012), no. 6, 3036–3048, DOI 10.1016/j.na.2011.11.036.
MR2890967

[15] Xiaolong Han, Guozhen Lu, and Jiuyi Zhu, Characterization of balls in terms of Bessel-
potential integral equation, J. Differential Equations 252 (2012), no. 2, 1589–1602, DOI
10.1016/j.jde.2011.07.037. MR2853552

[16] Li Ma and Dezhong Chen, Radial symmetry and monotonicity for an integral equa-
tion, J. Math. Anal. Appl. 342 (2008), no. 2, 943–949, DOI 10.1016/j.jmaa.2007.12.064.
MR2445251 (2009m:35151)

[17] Li Ma and Lin Zhao, Classification of positive solitary solutions of the nonlinear Choquard

equation, Arch. Ration. Mech. Anal. 195 (2010), no. 2, 455–467, DOI 10.1007/s00205-008-
0208-3. MR2592284 (2011f:35015)

[18] Wolfgang Reichel, Characterization of balls by Riesz-potentials, Ann. Mat. Pura Appl. (4)
188 (2009), no. 2, 235–245, DOI 10.1007/s10231-008-0073-6. MR2491802 (2010c:31007)

[19] James Serrin, A symmetry problem in potential theory, Arch. Rational Mech. Anal. 43 (1971),
304–318. MR0333220 (48 #11545)

[20] H. F. Weinberger, Remark on the preceding paper of Serrin, Arch. Rational Mech. Anal. 43
(1971), 319–320. MR0333221 (48 #11546)

College of Mathematics and Information Science, Nanchang Hangkong University,

Nanchang 330063, People’s Republic of China

E-mail address: lbq86@yahoo.com.cn

School of Mathematical Sciences, Dalian University of Technology, Dalian 116024,

People’s Republic of China

E-mail address: fqli@dlut.edu.cn

College of Mathematics and Information Science, Nanchang Hangkong University,

Nanchang 330063, People’s Republic of China

E-mail address: zwl267@yahoo.com.cn

http://www.ams.org/mathscinet-getitem?mr=2769171
http://www.ams.org/mathscinet-getitem?mr=2769171
http://www.ams.org/mathscinet-getitem?mr=2366129
http://www.ams.org/mathscinet-getitem?mr=2366129
http://www.ams.org/mathscinet-getitem?mr=2436831
http://www.ams.org/mathscinet-getitem?mr=2436831
http://www.ams.org/mathscinet-getitem?mr=544879
http://www.ams.org/mathscinet-getitem?mr=544879
http://www.ams.org/mathscinet-getitem?mr=2733225
http://www.ams.org/mathscinet-getitem?mr=2733225
http://www.ams.org/mathscinet-getitem?mr=2747769
http://www.ams.org/mathscinet-getitem?mr=2747769
http://www.ams.org/mathscinet-getitem?mr=2529876
http://www.ams.org/mathscinet-getitem?mr=2529876
http://www.ams.org/mathscinet-getitem?mr=2890967
http://www.ams.org/mathscinet-getitem?mr=2853552
http://www.ams.org/mathscinet-getitem?mr=2445251
http://www.ams.org/mathscinet-getitem?mr=2445251
http://www.ams.org/mathscinet-getitem?mr=2592284
http://www.ams.org/mathscinet-getitem?mr=2592284
http://www.ams.org/mathscinet-getitem?mr=2491802
http://www.ams.org/mathscinet-getitem?mr=2491802
http://www.ams.org/mathscinet-getitem?mr=0333220
http://www.ams.org/mathscinet-getitem?mr=0333220
http://www.ams.org/mathscinet-getitem?mr=0333221
http://www.ams.org/mathscinet-getitem?mr=0333221

	1. Introduction
	2. Main theorems and some preliminaries
	3. Proof of Theorem 2.3
	References

