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SPECTRAL ISOMETRIES ON NON-SIMPLE C*-ALGEBRAS

MARTIN MATHIEU AND AHMED R. SOUROUR

(Communicated by Thomas Schlumprecht)

Abstract. We prove that unital surjective spectral isometries on certain non-
simple unital C*-algebras are Jordan isomorphisms. Along the way, we estab-
lish several general facts in the setting of semisimple Banach algebras.

1. Introduction

Let A and B be unital C*-algebras. A linear mapping T : A → B preserving the
spectral radius of every element, that is, r(Ta) = r(a) for every a ∈ A, is called a
spectral isometry. This is a seemingly very weak property, and one wonders how
much more of the structure of a C*-algebra such a mapping may be able to preserve.
It is known that if A is commutative and T is unital, that is, T1A = 1B , and
surjective, then T is an algebra isomorphism [12, Proposition 2.2]. It is also known
that if A is finite-dimensional and T is a unital surjective spectral isometry, then T
preserves squares, that is, T (a2) = (Ta)2 for every a ∈ A [17, Corollary 5]; see also
[6, Corollary 1.4]. The latter property of T implies that T preserves the Jordan
structure; that is, it is a Jordan homomorphism: T (ab+ba) = (Ta)(Tb)+(Tb)(Ta)
for all a, b ∈ A. In the non-commutative setting, this is the most one can hope for.

Examples of spectral isometries are spectrum-preserving mappings, that is,
σB(Ta) = σA(a) for every a ∈ A. These have been studied intensively over the
past decades. Aupetit showed in [4] that every surjective spectrum-preserving lin-
ear mapping between von Neumann algebras is a bijective Jordan homomorphism
(i.e., a Jordan isomorphism). It is not known (yet) whether this extends to gen-
eral unital C*-algebras. Nevertheless, in [15], the first-named author conjectured
that this conclusion should hold for all unital surjective spectral isometries. Many
results confirming this conjecture under additional hypotheses have appeared over
the last few years; see [5], [7], [8], [12], [13], [14] and [17], for example. Sometimes,
the conclusion that T preserves the Jordan product is even valid under the weaker
assumption that T is spectrally bounded, i.e., r(Ta) ≤ M r(a) for all a ∈ A and some
constant M > 0; cf. [10], [11], [16]. However, in the presence of traces, one cannot
expect such a general statement; for a detailed discussion of this, see Section 5
in [13].
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Some of the methods used to obtain the conclusion that a spectral isometry is a
Jordan isomorphism are global in nature; see, for instance, [7], [10] or [16]. Others
are reduction techniques using suitable quotients of the algebras in question. In this
paper, we shall follow this second approach by combining ideas from [8], [13], [14]
and [17]. Our main result, Theorem 3.6, states that a unital spectral isometry from
a unital C*-algebra with real rank zero and without tracial states that contains
enough maximal ideals onto a unital C*-algebra must be a Jordan isomorphism.
This is obtained by first working out a reduction to simple quotients which is valid
in general semisimple Banach algebras in Section 2 and then applying results known
for simple C*-algebras, in particular [11]. The same approach works for separable
unital C*-algebras with Hausdorff spectrum (Theorem 3.5), thus generalising results
obtained in [14].

We conclude this introduction with a few comments on the general setting of
our results. Suppose T : A → B is a spectral isometry between two unital Banach
algebras A and B. The surjectivity assumption is inevitable, as is well known. If the
domain of T is semisimple, then T is injective [15, Proposition 4.2] and the inverse
T−1 is a bijective spectral isometry as well. In this case, the codomain is semisimple
too (Lemma 2.1 below), and it follows that T is bounded [1, Corollary 5.46]. The
open mapping theorem entails that T−1 is bounded as well. When T is non-unital
and A and B are C*-algebras, then T1 is a central unitary. Thus, replacing T by
T̃ defined by T̃ x = (T1)−1Tx, x ∈ A, we can reduce the general to the unital case
(see the proof of [10, Corollary 2.6]).

2. Preparations

In this section we collect several auxiliary results needed for the main results in
the next section. These are in fact valid in the framework of (semisimple) Banach
algebras. When A is a Banach algebra, rad(A) will denote its Jacobson radical (see,
e.g., [1, 5.3] or [2, 3.1.3]) and Z(A) its centre.

The first lemma is easily deduced from known properties of spectral isometries
(see, e.g., [15]), but we include a proof for completeness.

Lemma 2.1. Let A and B be unital Banach algebras. Let T : A → B be a surjective
spectral isometry. Then T rad(A) = rad(B).

Proof. Take a ∈ rad(A) and y ∈ B such that r(y) = 0. Choose x ∈ A with y = Tx;
then, by hypothesis, r(x) = r(y) = 0. It follows that

r(Ta+ y) = r(T (a+ x)) = r(a+ x) = 0

so that Ta ∈ rad(B), by Zemánek’s characterisation of the radical [1, Theorem 5.40].
Conversely, take b ∈ rad(B) and let a ∈ A be such that b = Ta. Let x ∈ A be

quasinilpotent. Then

r(a+ x) = r(T (a+ x)) = r(b+ Tx) = 0

since Tx is quasinilpotent. As before, it follows that a ∈ rad(A); therefore b ∈
T rad(A). We conclude that T rad(A) = rad(B). �

In particular, the image of a semisimple Banach algebra under a surjective spec-
tral isometry is semisimple.

The next result, too, is an immediate consequence of known results together with
Lemma 2.1. Compare this with [12, Proposition 2.2].
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Lemma 2.2. Let T : A → B be a unital surjective spectral isometry from the
semisimple unital Banach algebra A onto the unital Banach algebra B. If A is
commutative, then B is commutative.

Proof. By Lemma 2.1, B is semisimple, and by [15, Corollary 4.4], B = TA =
TZ(A) = Z(B) so that B is commutative. �

The following observation allows us to pass conveniently to the quotient of a
spectral isometry.

Lemma 2.3. Let S : B → B be a unital surjective spectral isometry on a unital
Banach algebra B. Let I be a closed ideal of B such that the quotient algebra B/I
is semisimple. If r(Sy + I) = r(y + I) for all y ∈ B, then S induces a unital
surjective spectral isometry SI : B/I → B/I such that SI(y + I) = Sy + I for all
y ∈ B.

Proof. Clearly, all we need to show is that SI ⊆ I; in this case, SI(y+ I) = Sy+ I,
y ∈ B, defines a unital surjective mapping on B/I which is a spectral isometry by
assumption.

Let x ∈ I and take y ∈ B. Choose x′ ∈ B such that y = Sx′. For each λ ∈ C,
we have

r
(
λ(Sx+ I) + y + I

)
= r(λSx+ y + I)

= r(S(λx+ x′) + I)

= r(λx+ x′ + I) = r(x′ + I).

Applying Liouville’s theorem [1, Corollary 5.43] to the subharmonic function λ �→
r
(
λ(Sx+ I) + y + I

)
we find that

r(Sx+ I + y + I) = r(y + I) (y ∈ B).

Zemánek’s characterisation of the radical implies that Sx + I ∈ rad(B/I) = 0,
which yields that Sx ∈ I. �

We now establish a key result for our main theorem; the method of proof is
inspired by [8]. Here, and in the following, Xc denotes the commutant

Xc = {y ∈ A | yx = xy for all x ∈ X}

of a subset X ⊆ A in A.

Lemma 2.4. Let A and B be unital semisimple Banach algebras, and let T : A →
B be a unital surjective spectral isometry. Let I be a closed ideal of B such that
B/I is semisimple and each unital surjective spectral isometry S : B/I → B/I is
multiplicative or anti-multiplicative. Let a ∈ A and put A0 = {a}cc. Let B0 = TA0.
For all b1, b2 ∈ B0 and x ∈ {a}c, we have

(2.1) T−1(b1b2) x+ I = xT−1(b1b2) + I.

Proof. Let x ∈ {a}c and λ ∈ C. Using the inverse spectral isometry T−1 : B → A
we define Sλ,x : B → B by Sλ,x(y) = T

(
e−λx T−1(y) eλx

)
, y ∈ B. Then Sλ,x is a

unital surjective spectral isometry of B with S0,x = idB and Sλ,x|B0
= idB0

. We

have

r(Sλ,x(y) + I) ≤ r
(
T
(
e−λx T−1(y) eλx

))
= r(y)
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independent of x and λ. Therefore the subharmonic function λ �→ r(Sλ,x(y) + I) is
constant by Liouville’s theorem and, taking λ = 0, we obtain

(2.2) r(Sλ,x(y) + I) = r(y + I) (y ∈ B, x ∈ {a}c, λ ∈ C).

By Lemma 2.3, Sλ,xI ⊆ I and we obtain an induced unital surjective spectral
isometry SI = SI

λ,x on B/I. By hypothesis, SI is either multiplicative or anti-

multiplicative. Evidently, SI
0,x is the identity on B/I.

Suppose B/I is commutative. Then, by Nagasawa’s theorem, SI is multiplica-
tive. Hence, for the purpose of the remaining argument, we can assume that B/I
is non-commutative. For fixed x, the set {λ ∈ C | SI

λ,x is multiplicative} contains 0

and is closed since λ �→ SI
λ,x is continuous. Suppose that the above set is not open

and take a point λ0 in it which is an adherence point of the complement. Using
the continuity of λ �→ SI

λ,x again, we conclude that

SI
λ0,x

(b1 + I)SI
λ0,x

(b2 + I) = SI
λ0,x

(b2 + I)SI
λ0,x

(b1 + I) (b1, b2 ∈ B),

as SI
λ0,x

is both multiplicative and anti-multiplicative. However, as SI
λ0,x

is surjec-

tive, it follows that B/I is commutative, a contradiction. We thus conclude that
SI
λ,x is an algebra isomorphism for all λ ∈ C and every x ∈ {a}c.
Let b1, b2 ∈ B0. As Sλ,x(bi) = bi, i = 1, 2, we obtain

SI
λ,x(b1b2 + I) = SI

λ,x(b1 + I)SI
λ,x(b2 + I) = (b1 + I) (b2 + I)

or, equivalently,

(2.3) T
(
e−λx T−1(b1b2) e

λx
)
+ I = (b1 + I) (b2 + I) (λ ∈ C).

Taking derivatives in (2.3), evaluating at λ = 0 and using the fact that T is injective,
we find that

(2.4) T−1(b1b2) x− xT−1(b1b2) + I = 0,

as claimed. �

3. Results

Our first result in this section explains the significance of commutative subalge-
bras for the general conjecture. For an element a in a unital C*-algebra A, C∗(a)
stands for the unital C*-subalgebra of A generated by a.

Proposition 3.1. Let A be a unital C*-algebra and let B be a unital Banach
algebra. The following conditions on a unital surjective spectral isometry T : A → B
are equivalent:

(a) T is a Jordan isomorphism;
(b) TA0 is a subalgebra of B for every commutative unital subalgebra A0 of A;
(c) T

(
{a}cc

)
is a subalgebra of B for every element a ∈ Asa;

(d) T C∗(a) is a subalgebra of B for every element a ∈ Asa.

Proof. By Lemma 2.1, B is automatically semisimple.
(a) ⇒ (b) It is well known that every Jordan isomorphism between semisim-

ple algebras preserves commutativity (see, e.g., [9]) and therefore restricts to a
multiplicative mapping on each commutative subalgebra. As a result, TA0 is a
subalgebra of B for every commutative unital subalgebra A0 of A.

(b) ⇒ (c) and (b) ⇒ (d) are trivial.
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We finally show that (c) and (d) individually imply (a). To this end, set
A0 = {a}cc or A0 = C∗(a), respectively, for an arbitrary fixed element a ∈ Asa.
Note that {a}cc is a C*-subalgebra by the Fuglede–Putnam theorem. Since T is
a topological isomorphism between A and B, the subspace B0 = TA0 is closed
in B. By hypothesis, B0 is thus a unital Banach algebra. Let T0 : A0 → B0

denote the restriction of T to A0 which is a unital surjective spectral isometry.
By Lemma 2.1, B0 is semisimple, and by Lemma 2.2, B0 is commutative. Na-
gasawa’s theorem [2, Theorem 4.1.17] entails that T0 is multiplicative; therefore
T (a2) = T0(a

2) = (T0a)
2 = (Ta)2. It follows that T is a Jordan isomorphism. �

Remark 3.2. If in the above proposition A is merely assumed to be a unital semisim-
ple Banach algebra instead of a unital C*-algebra, the condition that T

(
{a}cc

)
is a

subalgebra of B for every element a ∈ A still yields the fact that T is invertibility
preserving. This can be seen by using Lemma 2.1 to obtain T0 rad(A0) = rad(B0),
with A0 = {a}cc and B0 = TA0, and therefore a unital surjective spectral isometry
T1 : A1 = A0/rad(A0) → B1 = B0/rad(B0), which must be an isomorphism by
Nagasawa’s theorem. It follows that

σA(a) = σA0
(a) = σA1

(a+ rad(A0)) = σB1
(T0a+ rad(B0)) = σB0

(T0a) ⊇ σB(Ta).

We will now combine Proposition 3.1 with the results in Section 2.

Proposition 3.3. Let A and B be unital semisimple Banach algebras, and let
T : A → B be a unital surjective spectral isometry. Suppose that B has a separating
family I of closed ideals I such that B/I is semisimple and each unital surjective
spectral isometry SI : B/I → B/I is multiplicative or anti-multiplicative. Then
T preserves invertibility. If, moreover, A is a C*-algebra, then T is a Jordan
isomorphism.

Proof. Let a ∈ A and put A0 = {a}cc. Let B0 = TA0. Take b1, b2 ∈ B0 and
x ∈ {a}c. By Lemma 2.4, T−1(b1b2) x+I = xT−1(b1b2)+I for every I ∈ I . As I
is separating, this yields T−1(b1b2) x = xT−1(b1b2), which entails that T−1(b1b2) ∈
A0; equivalently, b1b2 ∈ B0. We conclude that B0 is a (closed, unital) subalgebra
of B, and Remark 3.2 gives the first assertion.

If, moreover, A is a C*-algebra, the above argument shows that T
(
{a}cc

)
is a

subalgebra of B for every element a ∈ Asa. Now Proposition 3.1 completes the
proof. �

Applying the above general principles in various concrete situations enables us to
obtain new incidences in which every unital surjective spectral isometry is a Jordan
isomorphism.

The next two results were obtained in [14] under the additional assumption that
the spectrum of the domain algebra is totally disconnected.

Theorem 3.4. Let T : A → B be a unital surjective spectral isometry from a unital
type I C*-algebra with Hausdorff primitive ideal space onto a unital C*-algebra B.
Then T is a Jordan isomorphism.

Proof. By replacing T with T−1, we can interchange the roles of A and B. If the
primitive ideal space Prim(B) is Hausdorff, every primitive ideal is maximal, and
thus every irreducible representation π maps onto a simple unital C*-algebra. As
we assume B to be of type I, every irreducible image π(B) contains the compact
operators and, consequently, is a finite-dimensional simple unital C*-algebra, that
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is, is of the form Mn(C). Every unital spectral isometry on Mn(C) is multiplicative
or anti-multiplicative ([3, Proposition 2]; for an alternative argument, see [13, Ex-
ample 5.4]). Therefore, the hypotheses of Proposition 3.3 are satisfied, and thus T
is a Jordan isomorphism. �

Theorem 3.5. Let T : A → B be a unital surjective spectral isometry from a
separable unital C*-algebra with Hausdorff spectrum onto a unital C*-algebra B.
Then T is a Jordan isomorphism.

Proof. If the spectrum of A, that is, the space of all equivalence classes of irre-
ducible representations, is Hausdorff then it is homeomorphic to Prim(A); hence
all irreducible images are unital and simple. Since they are separable too, Glimm’s
theorem [18, Theorem 6.8.7] entails that they are of the form Mn(C) (i.e., A is of
type I); compare [14, Corollary 12]. Now the proof is completed as above. �

The class of type I C*-algebras with Hausdorff spectrum is quite large; it en-
compasses in particular all continuous-trace C*-algebras. For a more detailed dis-
cussion, see [14]. On the other hand, our methods also apply to very different
non-simple C*-algebras which are far from type I.

Theorem 3.6. Let A and B be unital C*-algebras, and let T : A → B be a unital
surjective spectral isometry. Suppose that A has real rank zero and no tracial states
and that Prim(A) contains a dense subset of closed points. Then T is a Jordan
isomorphism.

Proof. As before we swap the roles of A and B to obtain the additional assumptions
on B. By hypothesis, there exists a separating family I of maximal ideals of B.
Let I ∈ I . Then B/I has real rank zero and no tracial states (and, of course, is
unital simple). By [11, Theorem 3.1], every unital spectral isometry from B/I onto
itself is a Jordan isomorphism, and it is well known that Jordan isomorphisms of
simple algebras are either multiplicative or anti-multiplicative. Consequently, we
can apply Proposition 3.3 to obtain the result. �

Remark 3.7. The reduction theory employed in this paper is closely related to
the reduction via Glimm ideals used in [17], [14] and [7]. For a unital C*-algebra
A, Prim(A) is Hausdorff if and only if every Glimm ideal of A is maximal [14,
Lemma 9]. Moreover, the condition that T

(
{a}cc

)
is an algebra for every selfadjoint

a ∈ A implies that T is Z-multiplicative, i.e., T (xz) = (Tx)(Tz) for all x ∈ A and
all z ∈ Z(A). This in turn entails invariance of Glimm ideals, which is the essential
tool in the Glimm reduction procedure.
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[8] Constantin Costara and Dušan Repovš, Spectral isometries onto algebras having a separating

family of finite-dimensional irreducible representations, J. Math. Anal. Appl. 365 (2010),
no. 2, 605–608, DOI 10.1016/j.jmaa.2009.11.040. MR2587062 (2011f:46053)

[9] N. Jacobson and C. E. Rickart, Jordan homomorphisms of rings, Trans. Amer. Math. Soc.
69 (1950), 479–502. MR0038335 (12,387h)

[10] Ying-Fen Lin and Martin Mathieu, Jordan isomorphism of purely infinite C∗-algebras, Q. J.
Math. 58 (2007), no. 2, 249–253, DOI 10.1093/qmath/hal024. MR2334865 (2008k:46189)

[11] Martin Mathieu, Spectrally bounded operators on simple C∗-algebras. II, Irish Math. Soc.
Bull. 54 (2004), 33–40. MR2138429 (2005m:47074)

[12] Martin Mathieu, Towards a non-selfadjoint version of Kadison’s theorem, Ann. Math. Inform.
32 (2005), 87–94. MR2264870 (2008a:46057)

[13] Martin Mathieu, A collection of problems on spectrally bounded operators, Asian-Eur. J.
Math. 2 (2009), no. 3, 487–501, DOI 10.1142/S1793557109000418. MR2568008 (2011a:47079)

[14] Martin Mathieu and Conal Ruddy, Spectral isometries. II, Function spaces, Con-
temp. Math., vol. 435, Amer. Math. Soc., Providence, RI, 2007, pp. 301–309, DOI
10.1090/conm/435/08385. MR2359437 (2008i:47033)

[15] Martin Mathieu and Gerhard J. Schick, First results on spectrally bounded operators, Studia
Math. 152 (2002), no. 2, 187–199, DOI 10.4064/sm152-2-6. MR1916549 (2003e:47066)

[16] Martin Mathieu and Gerhard J. Schick, Spectrally bounded operators from von Neumann
algebras, J. Operator Theory 49 (2003), no. 2, 285–293. MR1991740 (2004c:47079)

[17] Martin Mathieu and Ahmed Ramzi Sourour, Hereditary properties of spectral isometries,
Arch. Math. (Basel) 82 (2004), no. 3, 222–229, DOI 10.1007/s00013-003-0595-5. MR2053626

(2004m:47073)
[18] Gert K. Pedersen, C∗-algebras and their automorphism groups, London Mathematical Society

Monographs, vol. 14, Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London,
1979. MR548006 (81e:46037)

Department of Pure Mathematics, Queen’s University Belfast, Belfast BT7 1NN,

Northern Ireland

E-mail address: m.m@qub.ac.uk

Department of Mathematics and Statistics, University of Victoria, Victoria, BC,

Canada V8W 3R4

E-mail address: sourour@math.uvic.ca

http://www.ams.org/mathscinet-getitem?mr=2382111
http://www.ams.org/mathscinet-getitem?mr=2382111
http://www.ams.org/mathscinet-getitem?mr=2347842
http://www.ams.org/mathscinet-getitem?mr=2347842
http://www.ams.org/mathscinet-getitem?mr=2481989
http://www.ams.org/mathscinet-getitem?mr=2481989
http://www.ams.org/mathscinet-getitem?mr=2587062
http://www.ams.org/mathscinet-getitem?mr=2587062
http://www.ams.org/mathscinet-getitem?mr=0038335
http://www.ams.org/mathscinet-getitem?mr=0038335
http://www.ams.org/mathscinet-getitem?mr=2334865
http://www.ams.org/mathscinet-getitem?mr=2334865
http://www.ams.org/mathscinet-getitem?mr=2138429
http://www.ams.org/mathscinet-getitem?mr=2138429
http://www.ams.org/mathscinet-getitem?mr=2264870
http://www.ams.org/mathscinet-getitem?mr=2264870
http://www.ams.org/mathscinet-getitem?mr=2568008
http://www.ams.org/mathscinet-getitem?mr=2568008
http://www.ams.org/mathscinet-getitem?mr=2359437
http://www.ams.org/mathscinet-getitem?mr=2359437
http://www.ams.org/mathscinet-getitem?mr=1916549
http://www.ams.org/mathscinet-getitem?mr=1916549
http://www.ams.org/mathscinet-getitem?mr=1991740
http://www.ams.org/mathscinet-getitem?mr=1991740
http://www.ams.org/mathscinet-getitem?mr=2053626
http://www.ams.org/mathscinet-getitem?mr=2053626
http://www.ams.org/mathscinet-getitem?mr=548006
http://www.ams.org/mathscinet-getitem?mr=548006

	1. Introduction
	2. Preparations
	3. Results
	References

