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SYMMETRIES FOR CASORATI DETERMINANTS OF

CLASSICAL DISCRETE ORTHOGONAL POLYNOMIALS

ANTONIO J. DURÁN

(Communicated by Walter Van Assche)

Abstract. Given a classical discrete family (pn)n of orthogonal polynomials
(Charlier, Meixner, Krawtchouk or Hahn) and the set of numbers m + i − 1,
i = 1, · · · , k and k,m ≥ 0, we consider the k × k Casorati determinants
det((pn+j−1(m+ i−1))ki,j=1), n ≥ 0. In this paper, we conjecture a nice sym-

metry for these Casorati determinants and prove it for the cases k ≥ 0,m = 0, 1
and m ≥ 0, k = 0, 1. This symmetry is related to the existence of higher or-
der difference equations for the orthogonal polynomials with respect to certain
Christoffel transforms of the classical discrete measures. Other symmetry will
be conjectured for the Casorati determinants associated to the Meixner and
Hahn families and the set of numbers −c+ i, i = 1, · · · , k and k,m ≥ 0.

1. Introduction and results

There are only four families (pn)n of orthogonal polynomials (with respect to a
positive measure on the real line) satisfying second order difference equations of the
form

σΔ∇pn + τ∇pn = λnpn, n ≥ 0,

where σ and τ are polynomials independent of n of degree at most 2 and 1, respec-
tively (see [9]). As usual, Δ and ∇ denote the first order difference operators:

(1.1) Δ(f) = f(x+ 1)− f(x), ∇(f) = f(x)− f(x− 1).

These four families are known as Charlier, Meixner, Krawtchouk and Hahn poly-
nomials. For similarity with the families of Hermite, Laguerre and Jacobi, they
are usually called discrete classical polynomials. The adjective discrete means that
each of these families is orthogonal with respect to a discrete measure. The discrete
orthogonality measures for Charlier, Meixner, Krawtchouk and Hahn polynomials
are related to the Poisson, Pascal, binomial and hypergeometric probability distri-
butions, respectively.
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For a sequence of functions (fn)n and a set of numbers λi, i = 1, · · · , k, we
consider the Casorati determinants defined by

det((fn+j−1(λi))
k
i,j=1), n ≥ 0.

In this paper we conjecture a set of symmetries for the Casorati determinants
associated to the classical discrete polynomials and certain sets of numbers, and
prove some of them.
Determinants whose entries are orthogonal polynomials is a long studied subject.

One can mention Turán inequality for Legendre polynomials [13] and its generaliza-
tions, specially that of Karlin and Szegő on Hankel determinants whose entries are
ultraspherical, Laguerre or Hermite polynomials ([7]; see also [10]). The work of
James Wilson ([14]) that used Gram determinants to construct classical orthogonal
polynomials and the related hypergeometric and basic hypergeometric orthogonal
polynomials can also be cited.
To make this introduction more useful to the reader, we consider here in de-

tail the symmetries for the Casorati-Charlier determinants. The monic Charlier
polynomials are defined by

(1.2) can(x) =

n∑
j=0

(−a)n−j

(
n

j

)(
x

j

)
j!, a �= 0.

The Charlier polynomials (can)n are orthogonal with respect to the discrete measure

(1.3) ρa =
∑
x∈N

ax

x!
δx.

For x ∈ R and n, k ≥ 0, we consider the k × k Casorati-Charlier matrices

Ca
k,n,x =

k∑
i,j=1

can+j−1(x+ i− 1)Ei,j ,(1.4)

where Ei,j stands for the matrix with entry (i, j) equal to 1 and 0 otherwise (the
size is determined by the context; in this case the size is k × k).
We conjecture that the determinants of the Casorati-Charlier matrices Ca

k,n,m,

k, n,m ≥ 0, enjoy the following nice symmetry (as usual, we take
∏m

j=n xj = 1 if

m < n and det(C) = 1 if the size of C reduces to 0× 0):

Conjecture 1.1. For n, k,m ≥ 0 and a ∈ R \ {0}, we have

det(Ca
k,n,m)

(−a)nk
(∏k−1

j=2 j!
) =

det(C−a
m,k,−n)

akm
(∏m−1

j=2 j!
) .

Notice that the Casorati matrix on the left hand side has size k × k and the
Casorati matrix on the right hand side has size m×m.
In Section 2, we prove the cases k ≥ 0, m = 0, 1 and m ≥ 0, k = 0, 1.
There is a close relationship between the Casorati-Charlier matrices Ca

k,n,m, n ≥
0, and the measure ρ̃a,k,m defined by ρ̃a,k,m = (x + 1) · · · (x + k)ρa(x + k + m).
Using (1.3), we get

ρ̃a,k,m =
m∑
j=1

(−1)kam−j(j)k
(m− j)!

δ−k−j +
∞∑
x=0

ax+k+m

(x+ k +m) · · · (x+ k + 1)x!
δx,
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where (a)j denotes the Pochhammer symbol defined by

(a)0 = 1, (a)j = a(a+ 1) · · · (a+ j − 1), for j ≥ 1, a ∈ C.

The kind of transformation which consists of multiplying a measure μ by a poly-
nomial r is called a Christoffel transform. It has a long tradition in the context of
orthogonal polynomials: it goes back a century and a half ago when E.B. Christoffel
(see [2] and also [12]) studied it for the particular case r(x) = x.
The measure ρ̃a,k,m is not positive when k is odd. In that case, the existence

of a sequence of orthogonal polynomials with respect to ρ̃a,k,m is not guaranteed.
Since ρ̃a,k,m = (x+1) · · · (x+ k)ρa(x+ k+m), a necessary and sufficient condition
for the measure ρ̃a,k,m to have a sequence (qk,m,a

n )n of orthogonal polynomials is
that det(Ca

k,n,m) �= 0, n ≥ 0 (see [12], Th. 2.5). In that case, we have conjectured

that the polynomials (qk,m,a
n )n satisfy difference equations of order 2(km+1) with

polynomial coefficients independent of n (see [3]). We suspect that this conjecture
and Conjecture 1.1 above are closely related. Actually, this is the case for m = 1.
For m = 1, we prove both conjectures. Hence, the monic orthogonal polynomials

(qk,an )n with respect to the measure (x + 1) · · · (x + k)ρa(x + k + 1) (which exist
if and only if det(Ca

k,n,1) �= 0, n ≥ 0) satisfy difference equations of order 2k + 2

with polynomial coefficients independent of n (see [4]). Conjecture 1.1 above is
then related to the polynomials (qk,an )n in a fascinating way. Indeed, for m = 1
Conjecture 1.1 (which we will prove in Section 2 below) is

(1.5) det(Ca
k,n,1) = (−1)nka(n−1)k

⎛
⎝k−1∏

j=2

j!

⎞
⎠ c−a

k (−n).

On the one hand, the polynomials (qk,an )n exist if and only if the Casorati-Charlier
determinant on the left hand side of (1.5) does not vanish for n ≥ 0. On the other
hand, we have found (see [4]) that the right hand side of (1.5) is the key for the
expansion of the polynomials (qk,an )n in terms of the Charlier polynomials (can)n:

qk,an (x) = can(x) + n
c−a
k (−n− 1)

c−a
k (−n)

can−1(x).

For m > 1, we also suspect a similar connection between Conjecture 1.1 and
the expansion of the orthogonal polynomials (qk,m,a

n )n with respect to (x + 1) · · ·
(x+ k)ρa(x+ k +m) in terms of the Charlier polynomials.
One can also define the Casorati-Meixner, Casorati-Krawtchouk and Casorati-

Hahn matrices in the same form as (1.4). We conjecture nice symmetries for them
(see Sections 3, 4 and 5). The Hahn case is somehow different because the symmetry
is with respect to its dual family (see Section 5).
For Meixner and Hahn polynomials, we have found another set of points for which

their Casorati determinants also seem to satisfy similar symmetries (see Sections 3
and 5).
Doron Zeilberger has pointed out to the author that the conjectures are equivalent

to certain, still open, Selberg and Morris type identities.
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2. Symmetries for Casorati-Charlier determinants

The definition (1.2) of the Charlier polynomials is equivalent to the following
formula for their generating function:

(2.1)

∞∑
n=0

can(x)
tn

n!
= (1 + t)xe−at

(this and the next formulas can be found in [1], pp. 170-171; see also [8], pp. 247-249,
or [11], ch. 2). Direct consequences of this generating function are the formulas

(2.2) can(x+ 1) = can(x) + ncan−1(x),

(2.3)
m∑
j=0

1

j!(m− j)!
c−a
j (−x)cam−j(x) = 0, m ≥ 1.

We are now ready to prove some cases of Conjecture 1.1.

2.1. Proof of Conjecture 1.1 for k ≥ 0 and m = 0, 1. For n, j ≥ 0 and i ≥ 1,
let ξn,i,j be the function defined by

(2.4) ξn,i,j(x) = (n+ j − i+ 1)i−1c
a
n+j−i(x), x ∈ R

(as usual we take can(x) = 0 for n < 0).

Lemma 2.1. For n, k ≥ 0 and x ∈ R, let Y (x) be the k × k matrix defined by

(2.5) Y (x) =

k∑
i,j=1

ξn,i,j(x)Ei,j .

Then det(Ca
k,n,x) = det(Y (x)), for all x ∈ R.

Proof. The proof easily follows by applying the basic identity (2.2) and proceeding
in several steps: in the first step we apply (2.2) in the last row of Ca

k,n,x and then

go up applying (2.2) until the second row; in the second step we start from the last
row of the new matrix and then go up until the third row, and so on. �

Theorem 2.2. Conjecture 1.1 holds for k ≥ 0 and m = 0. That is,

det(Ca
k,n,0) = (−1)kn

⎛
⎝k−1∏

j=2

j!

⎞
⎠ ank.

Proof. Taking into account the previous lemma, it is enough to prove that

det(Y (0)) = (−1)kn

⎛
⎝k−1∏

j=2

j!

⎞
⎠ ank.

Write ζn,i,j , n, j ≥ 0 and i ≥ 1, for the numbers

(2.6) ζn,i,j = (n+ j − i+ 1)i−1.

Hence ξn,i,j(x) = ζn,i,jc
a
n+j−i(x). Since

(2.7) can(0) = (−a)n,

we can write

ξn,i,j(0) = (−a)n−i(−a)jζn,i,j .
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Now write Uk for the matrix

Uk =
k∑

i,j=1

ζn,i,jEi,j .

Hence

Y (0) = diag((−a)n−1, (−a)n−2, · · · , (−a)n−k)Uk diag((−a), (−a)2, · · · , (−a)k).

We then have

det(Y (0)) = (−a)nk−(k+1)k/2+k(k+1)/2 det(Uk) = (−a)nk det(Uk).

To compute det(Uk), we proceed as follows. First of all, we note that

ζn,i,j − ζn,i,j−1 = (i− 1)ζn,i−1,j−1.

Hence, subtracting the (j − 1)-th column of the matrix Uk, j = 2, · · · , k, from its
j-th column and taking into account that the first row of the resulting matrix has
the first entry equal to 1 and the other entries equal to 0, we find

det(Uk) = (k − 1)! det(Uk−1).

Since U1 = 1, we easily get by induction on k that

det(Uk) =

⎛
⎝k−1∏

j=2

j!

⎞
⎠ .

�
We need the following lemma to prove Conjecture 1.1 for k ≥ 0 and m = 1.

Lemma 2.3. For n, k ≥ 0 and l = 0, · · · , k, let Bk,l be the matrix defined by

(2.8) Bk,l =
l∑

i=1

k∑
j=1

ξn,i,j(0)Ei,j +
k∑

i=l+1

k∑
j=1

ξn,i+1,j(0)Ei,j ,

where ξn,i,j are the functions defined by (2.4). Then

(1) detY (1) =
∑k

l=0 det(Bk,l).
(2) For l = 0, · · · , k,

det(Bk,l) = (−1)kn

⎛
⎝k−1∏

j=2

j!

⎞
⎠ a(n−1)kal

(
k

k − l

)(
−n

k − l

)
(k − l)!.

Proof. The basic identity (2.2) for x = 0 gives

(2.9) ξn,i,j(1) = ξn,i,j(0) + ξn,i+1,j(0).

Using this in the last row of Y (1), we get

det(Y (1)) = det(C0) + det(D0),

where

C0 =

k−1∑
i=1

k∑
j=1

ξn,i,j(1)Ei,j +
k∑

j=1

ξn,k+1,j(0)Ek,j ,

D0 =

k−1∑
i=1

k∑
j=1

ξn,i,j(1)Ei,j +
k∑

j=1

ξn,k,j(0)Ek,j .
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Applying (2.9) again to the rest of rows of D0 (as in Lemma 2.1), we get

det(D0) = det(Bk,k).

Using (2.9) again in the (k − 1)-th row of C0 we get

det(C0) = det(C1) + det(D1),

where

C1 =

k−2∑
i=1

k∑
j=1

ξn,i,j(1)Ei,j +
k∑

i=k−1

k∑
j=1

ξn,i+1,j(0)Ek,j,

D1 =

k−2∑
i=1

k∑
j=1

ξn,i,j(1)Ei,j +
k∑

j=1

ξn,k−1,j(0)Ek−1,j +

k∑
j=1

ξn,k+1,j(0)Ek,j .

Applying (2.9) again from the (k− 2)-th until the first row of D1 (in a similar way
as with D0), we get

det(D1) = det(Bk,k−1).

Proceeding k times in the same way (that is, by again using (2.9), now in the
(k−2)-th row of C1, and so on), we finally get det(Ck−2) = det(Ck−1)+det(Dk−1),

and Ck−1 = Bk,0, Dk−1 = Bk,1. Hence detY (1) =
∑k

l=0 det(Bk,l).
(2) We first prove the second part of the lemma for l = 0. Indeed, by taking the

common factor n+ j − 1 in the j-th column of Bk,0, we find that

det(Bk,0) = n(n+ 1) · · · (n+ k − 1) det(Yn−1,k(0)).

It is enough to now use Theorem 2.2.
For l = 1, · · · , k, we proceed as follows. After the powers of −a have been taken

out of the determinant of Bk,l (as in the proof of Theorem 2.2), we find that

det(Bk,l) = (−a)nk−k+l det(Bk,l),

where Bk,l is the matrix

(2.10) Bk,l =

l∑
i=1

k∑
j=1

ζn,i,jEi,j +
k∑

i=l+1

k∑
j=1

ζn,i+1,jEi,j ,

and the numbers ζn,i,j are defined by (2.6).
Write χ(S) = 1 if S is true and χ(S) = 0 otherwise, and define the numbers

xi,l = n − i − χ(i > l), i = 1, · · · , k. By writing ζn,i,j = (n + j − 1)!/(n + j − i)!
and taking out trivial factors of the determinant, we easily get

det(Bk,l) = det
(
((j + 1 + xi,l)k−j)

k
i,j=1

) k−l∏
i=1

(n+ i− 1).

The latter determinant can be easily transformed into a Vandermonde determinant
by elementary column operations to get

det
(
((j + 1 + xi,l)k−j)

k
i,j=1

)
=

∏
1≤i<j≤k

(xi,l − xj,l).

Hence

det(Bk,l) = (−a)nk−k+l
k−l∏
i=1

(n+ i− 1)
∏

1≤i<j≤k

(xi,l − xj,l).
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A straightforward computation gives

∏
1≤i<j≤k

(xi,l − xj,l) =

∏k
j=2 j!

l!(k − l)!
,

from which (2) of Lemma 2.3 follows easily. �

We are now ready to prove Conjecture 1.1 for k ≥ 0 and m = 1.

Corollary 2.4. Conjecture 1.1 holds for k ≥ 0 and m = 1. That is,

det(Ca
k,n,1) = (−1)kn

⎛
⎝k−1∏

j=2

j!

⎞
⎠ a(n−1)kc−a

k (−n).

Proof. Using Lemmas 2.1 and 2.3 and the definition of the Charlier polynomials
(1.2), we have

det(Ca
k,n,1) = (−1)kn

⎛
⎝k−1∏

j=2

j!

⎞
⎠ a(n−1)k

k∑
l=0

al
(

k

k − l

)(
−n

k − l

)
(k − l)!

= (−1)kn

⎛
⎝k−1∏

j=2

j!

⎞
⎠ a(n−1)kc−a

k (−n).

�

2.2. Proof of Conjecture 1.1 for m ≥ 0 and k = 0, 1.

Theorem 2.5. Conjecture 1.1 holds for m ≥ 0 and k = 0, that is,

det(C−a
m,0,−n) =

⎛
⎝m−1∏

j=2

j!

⎞
⎠ .

Proof. From the definition (1.4) of the Casorati-Charlier matrix, we have

C−a
m,0,−n =

m∑
i=1

m∑
j=1

c−a
j−1(−n+ i− 1)Ei,j .

Using the basic identity (2.2)

c−a
j−1(−n+ i− 1)− c−a

j−1(−n+ i− 2) = (j − 1)c−a
j−2(−n+ i− 2),

we subtract the (i−1)-th row of the matrix C−a
m,0,−n from its i-th row, i = 2, · · · ,m,

and find that

det(C−a
m,0,−n) = det(V ),

where

V =
m∑
j=1

c−a
j−1(−n)E1,j +

m∑
i=2

m∑
j=1

(j − 1)c−a
j−2(−n+ i− 2)Ei,j .
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Notice that only the first entry of the first column of V is nonnull (and equal to
1). We then expand det(V ) in its first column to get

det(C−a
m,0,−n) = det(

m∑
i=2

m∑
j=2

(j − 1)c−a
j−2(−n+ i− 2)Ei−1,j−1)

= (m− 1)! det(
m−1∑
i=1

m−1∑
j=1

c−a
j−1(−n+ i− 1)Ei,j)

= (m− 1)! det(C−a
m−1,0,−n).

Now, it is enough to use induction on m. �

Theorem 2.6. Conjecture 1.1 holds for m ≥ 0 and k = 1, that is,

det(C−a
m,1,−n) = (−1)nam−n

⎛
⎝m−1∏

j=2

j!

⎞
⎠ can(m).

Proof. Write Λm = det(C−a
m,1,−n).

Since n and m are nonnegative integers, from the definition of the Charlier poly-
nomials (can)n, we get the duality

(2.11) (−1)nam−ncan(m) = (−1)mcam(n).

Hence we have to prove that

(2.12) Λm = (−1)m

⎛
⎝m−1∏

j=2

j!

⎞
⎠ cam(n).

Since

C−a
m,1,−n =

m∑
i=1

m∑
j=1

c−a
j (−n+ i− 1)Ei,j ,

using the basic identity (2.2) and proceeding as in the previous theorem, we get
that

(2.13) Λm = det(Vm),

where Vm is the matrix

Vm =
m∑
j=1

c−a
j (−n)E1,j +

m∑
i=2

m∑
j=1

jc−a
j−1(−n+ i− 2)Ei,j .

Using the basic identity (2.2) again, we subtract the (i − 1)-th row of the matrix
Vm from its i-th row, i = 3, · · · ,m. Hence, we get

(2.14) det(Vm) = det(T0),

where T0 is the matrix

T0 =

m∑
j=1

c−a
j (−n)E1,j +

m∑
j=1

jc−a
j−1(−n)E2,j +

m∑
i=3

m∑
j=1

j(j − 1)c−a
j−2(−n+ i− 3)Ei,j .

Notice that only the first two entries of the first column of T0 are nonnull. We then
expand det(T0) in its first column to get

(2.15) det(T0) = c−a
1 (−n) det(W0)− det(Z0),
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where the (m− 1)× (m− 1) matrices W0 and Z0 are

W0 =
m∑
j=2

jc−a
j−1(−n)E1,j−1 +

m∑
i=3

m∑
j=2

j(j − 1)c−a
j−2(−n+ i− 3)Ei−1,j−1,

Z0 =
m∑
j=2

c−a
j (−n)E1,j−1 +

m∑
i=3

m∑
j=2

j(j − 1)c−a
j−2(−n+ i− 3)Ei−1,j−1,

respectively, from which we easily get

(2.16) det(W0) = m! det(Vm−1)

and

Z0 =
m−1∑
j=1

c−a
j+1(−n)E1,j +

m−1∑
i=2

m−1∑
j=1

(j + 1)jc−a
j−1(−n+ i− 2)Ei,j .

Equations (2.13), (2.14), (2.15) and (2.16) give that

(2.17) Λm = m!c−a
1 (−n)Λm−1 − det(Z0).

Using the basic identity (2.2) again, we subtract the (i− 1)-th row of the matrix
Z0 from its i-th row, i = 4, · · · ,m. Hence, we get

(2.18) det(Z0) = det(T1),

where T1 is the matrix

T1 =

m−1∑
j=1

c−a
j+1(−n)E1,j +

m−1∑
j=1

(j + 1)jc−a
j−1(−n)E2,j

+
m−1∑
i=3

m−1∑
j=1

(j + 1)j(j − 1)c−a
j−2(−n+ i− 3)Ei,j .

Notice that again only the first two entries of the first column of T1 are nonnull.
We then expand det(T1) in its first column to get

(2.19) det(T1) = c−a
2 (−n) det(W1)− 2! det(Z1),

where the (m− 2)× (m− 2) matrices W1 and Z1 are

W1 =
m−1∑
j=2

(j + 1)jc−a
j−1(−n)E1,j−1

+
m−1∑
i=3

m−1∑
j=2

(j + 1)j(j − 1)c−a
j−2(−n+ i− 3)Ei−1,j−1,

Z1 =

m−1∑
j=2

c−a
j+1(−n)E1,j−1 +

m−1∑
i=3

m−1∑
j=2

(j + 1)j(j − 1)c−a
j−2(−n+ i− 3)Ei−1,j−1,

respectively, from which we easily get

(2.20) det(W1) = m!
(m− 1)!

2!
det(Vm−2)

and

Z1 =
m−2∑
j=1

c−a
j+2(−n)E1,j +

m−2∑
i=2

m−2∑
j=1

(j + 2)(j + 1)jc−a
j−1(−n+ i− 2)Ei,j .
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Equations (2.13), (2.17), (2.18), (2.19) and (2.20) give that

Λm = m!c−a
1 (−n)Λm−1 −m!(m− 1)!

c−a
2 (−n)

2!
Λm−2 + 2! det(Z1).(2.21)

Proceeding in the same way, we get after m steps that

Λm =
m∑
j=1

(−1)j+1

(
j−1∏
i=0

(m− i)!

)
c−a
j (−n)

j!
Λm−j .

The proof can be finished by using induction on m and the formula (2.3) for the
Charlier polynomials. �

3. Symmetries for Casorati-Meixner determinants

For a �= 0, 1, we write (ma,c
n )n for the sequence of monic Meixner polynomials

defined by

(3.1) ma,c
n (x) =

(−1)nn!an

(a− 1)n

n∑
j=0

a−j

(
x

j

)(
−x− c

n− j

)

(we have taken a different normalization from the one used in [1], pp. 175-177, from
where the next formulas can be easily derived; see also [8], pp. 234-237, or [11],
ch. 2).
From this definition we straightforwardly have the following duality for the

Meixner polynomials: if n,m ≥ 0, then

(3.2)
(a− 1)n

an(1 + c)n−1
ma,c

n (m) =
(a− 1)m

am(1 + c)m−1
ma,c

m (n).

We also have

ma,c
n (0) =

an

(a− 1)n
(c)n,(3.3)

ma,c
n (x+ 1) = ma,c

n (x) + nma,c+1
n−1 (x),(3.4)

0 =
m∑
j=0

1

j!(m− j)!
ma,−c+2

j (−x)ma,c−m−1
m−j (x), m ≥ 1.(3.5)

When c �= 0,−1,−2, · · · , Meixner polynomials are orthogonal with respect to a
measure ρa,c which is positive only for 0 < a < 1 and c > 0 and then

ρa,c =

∞∑
x=0

axΓ(x+ c)

x!
δx.

For x ∈ R and n, k ≥ 0, we consider the k × k Casorati-Meixner matrices

(3.6) Ma,c
k,n,x =

k∑
i,j=1

ma,c
n+j−1(x+ i− 1)Ei,j .

We have found two finite sets of points for which these Casorati-Meixner deter-
minants seem to enjoy symmetries.
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Conjecture 3.1. For a �= 0, 1 and n, k,m ≥ 0, we have

det(Ma,c−k−m
k,n,m )

∏m
j=1(−c− n+ 1 + j)k(

a
a−1

)kn (∏k−1
j=2 j!

) =
det(Ma,−c+2

m,k,−n)
∏k

j=1(c− j)n(
a

a−1

)mk (∏m−1
j=2 j!

) ,(3.7)

det(Ma,c−k−m
k,n,−c+1 )

∏m
j=1(−c− n+ 1 + j)k

(1− a)mk
(∏k−1

j=2 j!
) =

det(M
1/a,−c+2
m,k,−n )

∏k
j=1(c− j)n

(a− 1)kn
(∏m−1

j=2 j!
) .(3.8)

The first conjecture is related to the measure

(x+ 1) · · · (x+ k)ρa,c−k−m(x+ k +m)

in the same way as explained in the Introduction for the Casorati-Charlier de-
terminant in Conjecture 1.1. The second conjecture is analogously related to the
measure

(x+ c− 1) · · · (x+ c− k)ρa,c−k−m

(see [4], Sect. 4).
The conjectures above ((3.7) and (3.8)) are equivalent. This is an easy conse-

quence of the formula

(3.9) ma,c−k−m
n (x) = (−1)nm1/a,c−k−m

n (−x− c+ k +m).

Indeed, using (3.9), one can see that equation (3.7) is transformed into equation
(3.8) by changing a to 1/a.
For k ≥ 0, m = 0, 1 and m ≥ 0, k = 0 conjecture (3.7) above can be proved

in the same way as Conjecture 1.1 (for the Casorati-Charlier determinant), using
(3.4) and (3.3) instead of (2.2) and (2.7); analogously for m ≥ 0 and k = 1, but
using (3.2) and (3.5) instead of (2.11) and (2.3).

Theorem 3.2. Conjectures (3.7) and (3.8) hold for k ≥ 0 and m = 0, 1, as well
as for m ≥ 0 and k = 0, 1.

4. Symmetries for Casorati-Krawtchouk determinants

For a �= 0,−1, we write (ka,Nn )n for the sequence of monic Krawtchouk polyno-
mials defined by

(4.1) ka,Nn (x) =
(−1)nan

(1 + a)n

n∑
j=0

(−1)j
(1 + a)j

aj
(−n)j(N − n)n−j(−x)j

j!
.

For a �= 0,−1 and N �= 1, 2, · · · , they are always orthogonal with respect to a
(signed) measure ρa,N . When N is a positive integer and a > 0, the first N
polynomials are orthogonal with respect to the positive Krawtchouk measure

(4.2) ρa,N =
N−1∑
x=0

ax

Γ(N − x)x!
δx.

For x ∈ R and n, k ≥ 0, we consider the k × k Casorati-Krawtchouk matrices

(4.3) Ka,N
k,n,x =

k∑
i,j=1

ka,Nn+j−1(x+ i− 1)Ei,j .
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The particular cases K1,N−1
N,0,0 for N ≥ 1 (with a different normalization of the

Krawtchouk polynomials) are called Krawtchouk matrices. Their spectral proper-
ties have been studied in [6].
Our conjecture for the symmetries of the Casorati-Krawtchouk determinants is

the following.

Conjecture 4.1. For a �= 0,−1 and n, k,m ≥ 0, we have

det(Ka,N+k+m
k,n,m )

∏m
j=1(N + j)k(

a
a+1

)kn (∏k−1
j=2 j!

) =
det(Ka,−N

m,k,−n)
∏k

j=1(−N −m+ 1− j)n(
a

a+1

)mk (∏m−1
j=2 j!

) .

This conjecture is related to the measure

(x+ 1) · · · (x+ k)ρa,N+k+m(x+ k +m)

in the same way as explained in the Introduction for the Casorati-Charlier deter-
minant in Conjecture 1.1 (see [4], Sect. 5).
For k ≥ 0, m = 0, 1 and m ≥ 0, k = 0, 1, Conjecture 4.1 can be proved in the

same way as Conjecture 1.1 by using instead of (2.2), (2.7), (2.11) and (2.3), the
following formulas (they can be derived from the definition (4.1) of the Krawtchouk
polynomials or from its generating function (see (9.11.11) in [8]); for more details
see [8], pp. 204-211, and [11], ch. 2):

ka,Nn (x+ 1) = ka,Nn (x) + nka,N−1
n−1 (x),

ka,Nn (0) =
an(1−N)n
(1 + a)n

,

(a+ 1)n

an(2−N)n−1
ka,Nn (m) =

(a+ 1)m

am(2−N)m−1
ka,Nm (n),(4.4)

m∑
j=0

1

j!(m− j)!
ka,−N
j (−x)ka,N+m+1

m−j (x) = 0, m ≥ 1.

Theorem 4.2. Conjecture 4.1 holds for k ≥ 0 and m = 0, 1, as well as for m ≥ 0
and k = 0, 1.

5. Symmetries for Casorati-Hahn determinants

For α+c−N �= 0,−1,−2, · · · , we write (hα,c,N
n )n for the sequence of monic Hahn

polynomials defined by

(5.1) ha,c,N
n (x) =

n∑
j=0

(−n)j(−x)j(1−N + j)n−j(c+ j)n−j

(n+ α+ c−N + j)n−jj!
.

When α+ c−N,α−N +1, α+ c, c �= 0,−1,−2, · · · and N is not a positive integer,
the Hahn polynomials are always orthogonal with respect to a (signed) measure.
When α > N − 1, c > 0 and N is a positive integer, the first N Hahn polynomials
are orthogonal with respect to the positive measure

(5.2) ρα,c,N =

N−1∑
x=0

Γ(α− x)Γ(x+ c)

Γ(N − x)x!
δx.
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As in the previous sections, for x ∈ R and n, k ≥ 0, we consider the k× k Casorati-
Hahn matrices

(5.3) Hα,c,N
k,n,x =

k∑
i,j=1

hα,c,N
n+j−1(x+ i− 1)Ei,j .

To display the symmetries of the Casorati-Hahn determinants we have to introduce
the monic dual Hahn polynomials.
The sequences of polynomials (rn)

N
n=0 and (sn)

N
n=0, N finite or infinite, are called

dual polynomials with respect to the sequences of numbers (κn)
N
n=0 and (θn)

N
n=0 if

they satisfy rn(κm) = sm(θn), n,m = 0, · · · , N .
As we said at the beginning of this paper, Charlier, Meixner, Krawtchouk and

Hahn polynomials are the only families of orthogonal polynomials which are eigen-
functions of a second order difference operator. In the first three cases (i.e. Char-
lier, Meixner and Krawtchouk) the sequence of eigenvalues (θn)n can be taken to
be θn = n. For Hahn polynomials we can take θn = n(n+α+ c−N). It turns out
that a convenient normalization of Charlier, Meixner and Krawtchouk polynomials
is self dual with respect to the sequence κn = n and the eigenvalue sequence θn = n:

(−1)n

an
can(m) =

(−1)m

am
cam(n),

(a− 1)n

an(1 + c)n−1
ma,c

n (m) =
(a− 1)m

am(1 + c)m−1
ma,c

m (n),

(a+ 1)n

an(2−N)n−1
ka,Nn (m) =

(a+ 1)m

am(2−N)m−1
ka,Nm (n).

In fact, we have used these formulas (they are (2.11), (3.2) and (4.4)) in the proof
of the cases m ≥ 0, k = 1 of our conjectures.
However, Hahn polynomials are not self dual with respect to the sequence κn = n

and the eigenvalue sequence θn = n(n+α+ c−N). To define the sequence of dual
Hahn polynomials we write sj , j ≥ 0, for the polynomials defined by s0 = 1 and
for j ≥ 1,

sj(x) = (−1)j
j−1∏
i=0

[x+ i(N − α− c− i)].

The dual Hahn polynomials (h∗,a,c,N
n (x))n are then defined by

(5.4) h∗,a,c,N
n (x) =

n∑
j=0

(−n)j(1−N + j)n−j(c+ j)n−j

j!
sj(x).

From definition (5.1) of the Hahn polynomials, it is not difficult to deduce the
following formula for them in terms of the hypergeometric function 3F2:

(5.5) ha,c,N
n (x) =

(c)n(1−N)n
(n+ α+ c−N)n

3F2

(
−n − x n+ α+ c−N

c 1−N
; 1

)
.

Using that sj(x(x + α + c − N)) = (−x)j(x + α + c −N)j , we can also write the
dual Hahn polynomials in terms of the hypergeometric function 3F2:

(5.6) h∗,a,c,N
k (x(x+α+ c−N)) = (c)k(1−N)k3F2

(
−k − x x+ α+ c−N

c 1−N
; 1

)
.
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Equations (5.5) and (5.6) give the duality of the Hahn and dual Hahn polynomials
with respect to the sequences n and n(n+ α+ c−N); that is, for k, n ≥ 0,

1

(c)k(1−N)k
h∗,α,c,N
k (n(n+ α+ c−N)) =

(n+ a+ c−N)n
(c)n(1−N)n

hα,c,N
n (k).

For α+ c−N �= 0,−1,−2, · · · , x ∈ R and n, k ≥ 0, we consider the k× k Casorati-
dual Hahn matrices defined by

(5.7) H∗,α,c,N
k,n,x =

k∑
i,j=1

h∗,α,c,N
n+j−1 ((x+ i− 1)(x+ i− 1 + α+ c−N))Ei,j .

We have found two finite sets of points for which Casorati-Hahn and Casorati-dual
Hahn determinants seem to be symmetric.

Conjecture 5.1. For α+ c−N �= 0,−1,−2, · · · and n, k,m ≥ 0, we have

det(Hα+k+m,c−k−m,N+k+m
k,n,m )

∏k
j=1(N − n+ j + 1)m−1(c+ n−m− j)m−1∏k−1

j=2 j!
(5.8)

=
(−1)mk det(H∗,−α,−c+2,−N

m,k,−n )
∏k

j=1(N − n+ j + 1)n−1(c− j)n−1(∏m−1
j=1 Ω2j,m−j

)(∏k
j=1 Ωj+m,n

)(∏m−1
j=2 j!

) ,

det(Hα,c−k−m,N
k,n,−c+1 )

∏k
j=1(α+ c+ n−m− j)m−1(c+ n−m− j)m−1∏k−1

j=2 j!
(5.9)

=
det(H∗,N+c−1,−c+2,c+α−1

m,k,−n )
∏k

j=1(α+ c− j)n−1(c− j)n−1(∏m−1
j=1 Ω2j,m−j

)(∏k
j=1 Ωj+m,n

)(∏m−1
j=2 j!

) ,

where Ωx,y = (N − α− c− 2n+ 1 + x)y.

The first conjecture is related to the measure

(x+ 1) · · · (x+ k)ρα+k+m,c−k−m,N+k+m(x+ k +m)

in the same way as explained in the Introduction for the Casorati-Charlier de-
terminant in Conjecture 1.1. The second conjecture is analogously related to the
measure

(x+ c− 1) · · · (x+ c− k)ρα,c−k−m,N

(see [4], Sect. 6).
Conjectures (5.8) and (5.9) are equivalent. This is an easy consequence of the

formula

(5.10) hm+k+1−N−c,c−k−m,m+k+1−α−c
n (x) = (−1)nhα,c−k−m,N

n (−x− c+ k +m).

Indeed, using (5.10), one can see that equation (5.8) is transformed into equation
(5.9) by changing α and N to −N − c+ 1 and −c− α+ 1, respectively.
For k ≥ 0, m = 0, 1 and m ≥ 0, k = 0, 1, conjecture (5.8) can be proved in the

same way as Conjecture 1.1 by using the following formulas (they can be derived
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from definitions (5.1) and (5.4) or from the generating function for the dual Hahn
polynomials (see (9.6.11) in [8]); for more details see [8], pp. 204-211, and [11],
ch. 2):

hα,c,N
n (x+ 1) = hα,c,N

n (x) + nhα,c+1,N−1
n−1 (x),

hα,c,N
n (0) =

(c)n(N − n)n
(N − α− c− 2n+ 1)n

,

h∗,α,c,N
k (θx+1,0) = h∗,α,c,N

k (θx,0) + k(2x+ α+ c−N + 1)h∗,α−1,c+1,N−1
k−1 (θx,−1),

0 =
m∑
j=0

h∗,−α,−c+2,−N
j (θx,2)h

∗,α+m+1,c−m−1,N+m+1
m−j (θx,m+1)

(−c+ 2)j(c−m− 1)m−jj!(m− j)!
, m≥1

(where θx,j = x(x+ α+ c−N − j)) instead of (2.2), (2.7), (2.11) and (2.3).

Theorem 5.2. Conjectures (5.8) and (5.9) hold for k ≥ 0 and m = 0, 1, as well
as for m ≥ 0 and k = 0, 1.

Note added in proof. Since this paper was accepted, the author has been able
to prove the proposed Conjectures 1.1, 3.1, 4.1, 5.1; see [5].
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