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LIGHT MATRICES OF PRIME DETERMINANT
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(Communicated by Pham Huu Tiep)

Abstract. For A = (ai,j) a square integer matrix of prime determinant p,
set

w(A) =
∑

i,j

|ai,j | .

We are interested in the smallest possible value wp for w(A), and we show that

lim
p→∞

wp/ log2(p) = 5/2.

We also show that wp ≤ 2.5 log2(p) if and only if p = 2, 7, 13, 37 or a Fermat
prime. Our results can also be interpreted as being about addition chains or
about presentations of finite cyclic groups.

1. Results

Let p be a prime number and denote by Ap the set of all square integer matrices
A whose determinant is p. For any A in Ap, the weight of A = (ai,j) is defined to
be

w(A) =
∑
i,j

|ai,j |.

In this paper we study the quantity

wp = min
A∈Ap

w(A),

i.e. the smallest weight of all square integer matrices of determinant p. Our main
result is the following:

Theorem 1.1. As the prime p → ∞, the limit of the ratio
wp

log2(p)
is 5/2.

We will prove this in two steps. In Section 3, we will show that

lim sup
p→∞

wp/ log2(p) ≤ 5/2,

and in Section 6, we will show that

lim inf
p→∞

wp/ log2(p) ≥ 5/2.

These two results together establish Theorem 1.1.
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In the process, in Section 6, we will also establish the following:

Corollary 1.2. If wp ≤ 2.5 log2(p), then p = 2, 7, 13, 37 or a Fermat prime.

In Section 3, we show how these results can be interpreted as statements about
short presentations of cyclic groups of prime order. In Section 8, we show how
to extend Theorem 1.1 to bound the presentation length (appropriately defined)
of presentations of arbitrary finite cyclic groups. The key technical result (Corol-
lary 8.2) is an asymptotic bound for an appropriate class of rectangular integer
matrices that have at least as many rows as columns.

2. General remarks

Note that the size (number of rows or columns) of A is not fixed — the matrices
in Ap have sizes ranging through all positive integers. For instance, Ap contains

the 1 × 1 matrix (p), and so wp ≤ p. The 2 × 2 matrix yp = (
p−1
2 1
−1 2

) has deter-

minant det(yp) = p and weight p+7
2 . For p = 7, the minimum weight w7 = 7 is

achieved both by the 1× 1 matrix (7) and the 2× 2 matrix y7, while for p > 7 the
minimum weight wp is achieved by a matrix of size larger than 1× 1.

At the other extreme, if n > p, then an n × n matrix A in Ap does not attain
minimum weight wp, since wp ≤ p and a nonsingular matrix A will have at least
one 1 in each row.

One of the main tools used in this paper is the following result about square
integer (or real) n×n matrices A: the absolute value |det(A)| of the determinant of
A is the n-dimensional volume of the parallelepiped spanned by the rows r1, . . . , rn
of A. As a consequence of this, we have the following:

|det(A)| ≤ ‖r1‖ ‖r2‖ · · · ‖rn‖ ,

where ‖r‖ denotes the �2 norm (length) of r. For nonsingular A, the inequality is
an equality if and only if the {ri} are pairwise orthogonal.

We illustrate the use of this result by briefly considering a problem dual to our
original one. Suppose the weight w = w(A) of a square (integer or real) matrix
is specified. What is the largest possible value for the determinant det(A)? (Here
we drop the restriction that det(A) is prime.) To start with, from the preceding
paragraph, a matrix A with prescribed row lengths will have maximum determinant
if the rows are orthogonal — and a row of given row weight will have maximum
length if it is a multiple of a unit vector, i.e. has only one nonzero entry (this latter
is an easy exercise). Hence, to find the maximum det(A), we need only consider
diagonal matrices A. Now, by the arithmetic/geometric mean inequality, we should
take all diagonal entries equal if possible, i.e. A = xI for some x. Elementary
calculus (maximize log(x)/x) now tells us to take x = e if possible — which is
only possible if our matrices are real and w = ne for some integer n. For our
situation, we must take diagonal entries as close as possible to e (namely, most of
them equal to 3), and, when the dust settles, the answer is that the maximum is
attained for A = 3In if w = 3n, and if w ≡ 1 or w ≡ 2 mod 3, then A should
have all diagonal entries equal to 3 except for one 4 or two 2’s in the first case and
one 2 in the second case. For A = 3In, we have w(A) = 3n and det(A) = 3n so

w(A)
log2 det(A) = 3/ log2(3) ≈ 1.893. To summarize:
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Lemma 2.1. The maximum value of det(A) among all square integer matrices A
of a given weight w(A) is achieved when A is diagonal with most entries equal to 3
and the rest (at most two) equal to 2.

Returning now to our main problem, where det(A) is prime p and we are looking
for wp, we see that diagonal matrices cannot be the answer, but we would still like
matrices with rows almost orthogonal (and with few nonzero entries). Consider,
for instance, the case of a Mersenne prime p = 2n − 1 where n is also prime. One
possibility for A in Ap is to take 2’s on the diagonal, 1’s just above the diagonal
and a −1 in the lower left corner. For p = 31 = 25 − 1, this gives:⎛

⎜⎜⎜⎜⎝

2 1 0 0 0
0 2 1 0 0
0 0 2 1 0
0 0 0 2 1

−1 0 0 0 2

⎞
⎟⎟⎟⎟⎠

with weight 15. The ratio 15
log2(31)

≈ 3.028. We can do better by making most of

the diagonal entries 4’s as follows:⎛
⎝ 4 1 0

0 4 1
−1 0 2

⎞
⎠

has weight 13, so we get a ratio of 13/ log2(31) ≈ 2.624. This is getting closer to
5/2 = 2.5.

Consider next Fermat primes, that is, primes of the form 22
n

+1. (Those known
are 3, 5, 17, 257 and 65,537.) Again, we can string 2’s down the diagonal or, instead,

4’s down the diagonal. Taking p = 17 = 22
2

+ 1, in the first case we get⎛
⎜⎜⎝

2 1 0 0
0 2 1 0
0 0 2 1

−1 0 0 2

⎞
⎟⎟⎠

with weight 12 and ratio 12/ log2(17) ≈ 2.936. In the second case, we get(
4 1

−1 4

)

with weight 10 and ratio 10/ log2(17) ≈ 2.447. This is less than 5/2!
We will see in the next two sections that Fermat primes are a “model” for our

results.

3. Group presentations, addition chains,

and an upper bound

First we give an alternate interpretation of the determinant. Let A = (ai,j) be
a square integer matrix, of size n× n, whose determinant D is nonzero. Then |D|
is equal to the order of the quotient group

Z
n/〈r1, . . . , rn〉
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where the ri are the rows (row vectors) of A. In slightly different notation, |D|
is the order of the abelian group presented as follows: generators g1, g2, . . . , gn and
relations

n∑
j=1

ai,jgj = 0 for i = 1, 2, . . . , n,

where ri = (ai,1, . . . , ai,n). Now we review the definition of addition chains. An
addition chain for a positive integer N is a sequence of integers x1, . . . , xn+1 such
that

1) x1 = 1,
2) xn+1 = N ,
3) for each k, 2 ≤ k ≤ n+ 1, we have xk = xik + xjk for some 1 ≤ ik, jk < k.

We can interpret such a chain as giving a presentation of the cyclic group Z/N as
follows: take generators g1, g2, . . . , gn and impose relations gk = gik + gjk , for each
k, 2 ≤ k ≤ n, and the relation 0 = gin + gjn . The resulting group will be cyclic of
order N, with generator (the image of) g1.

Looking back to the first paragraph of this section, we can use this presentation
to obtain an n×nmatrix with determinant N. Its first row will be (2,−1, 0, 0, . . . , 0)
since x2 = x1 + x1 in the addition chain; a typical intermediate row will have −1
in the kth place, 1 in the ik and jk places if ik �= jk (or 2 in the ik place if ik = jk)
and zero elsewhere; its last row will have 1 in the in and jn places (with the same
proviso) and zero elsewhere.

In the following proposition, we adapt known addition chain techniques (see [2,
pp. 398–422]) to a variant of addition chains where 4 is allowed as a coefficient.

Proposition 3.1. For a prime p let Ap be the set of all square integer matrices
A = (ai,j) of determinant p, and let wp = min {w(A) : A ∈ Ap} . Then

lim sup
p→∞

wp

log2(p)
≤ 5/2.

Proof. Choose a positive integer base

(3.1) B = 4k

which is a (not yet specified) power of 4. Now write the prime p in base B as
follows:

p = a0 +Ba1 +B2a2 + · · ·+Btat,

where each ai satisfies 0 ≤ ai < B and where

(3.2) t = logB p� .

We can rewrite this expression as follows:

(3.3) p = (((atB + at−1)B + at−2)B + · · ·+ a1)B + a0.
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Using this from the “inside out”, we construct a variant addition chain for p as
follows:

x1 = 1
x2 = x1 + x1

x3 = x2 + x1

x4 = x3 + x1

...
xB−1 = xB−2 + x1 (note that so far each xi = i)
xB = xat

xB+1 = 4xB

xB+2 = 4xB+1

...
xB+k = 4xB+k−1 (note that xB+k = BxB = Bat)
xB+k+1 = xB+k + xat−1

xB+k+2 = 4xB+k+1

...
xn = xn−1 + xa0

where now xn = p by (3.3).

In this procedure, notice that if any ai = 0, then one step is eliminated.
Using this variant addition chain, we can now construct an n×n integer matrix

A with determinant p as above. Many (in fact most) of its rows will contain a −4,
a 1, and all 0’s otherwise. Here is a count of row types where we label a type by
its sequence of nonzero values:

• one of type (1),
• (B − 1) of type (−1,−1, 1),
• another (t− 1) of type (−1,−1, 1), and possibly fewer,
• k(t− 1) of type (−4, 1).

The matrix A so constructed has determinant p and weight ≤ 3(B + t) + 5kt.
From (3.1) and (3.2), we have w(A) ≤ 3(B + logB p�) + 5 log4 B logB p�. Hence

(3.4) w(A) ≤ 3(B + logB(p)) +
5

2
log2(p).

We now specify B as follows: take B to be the nearest power of 4 to log2(log2(p)).
Then

w(A) < (
5

2
+ εp) log2(p),

where εp → 0 as p → ∞. Hence, lim supp→∞
wp

log2(p)
≤ 5/2. �

One can prove slightly more.

Theorem 3.2. There exists an integer d such that, for all primes p ≥ 2, there
exists a square integer matrix A of determinant p and weight

w(A) ≤ 5

2
log2(p) + d

log2(p)

log2 log2(p)
.

Proof. Choose B to be the power of 4 closest to log2(p)/ log2 log2(p). �

In fact, by making the choice B ≈ log2(p)/(log2 log2(p))
2, by (3.4) one can take

(for sufficiently large p depending on ε) d = 3 + ε.



810 D. GOLDSTEIN, A. W. HALES, AND R. A. STONG

4. Row types

As a warm-up, we will now obtain a relatively weak lower bound on wp/ log2(p).
To do this, we consider the analogous ratio for a single row r = (a1, . . . , an). Set

w(r) =
n∑

i=1

|ai|

and let

‖r‖ = (a21 + · · ·+ a2n)
1/2

be the �2 norm of r. We consider the ratio

w(r)/ log2 ‖r‖
and recall that the determinant of a matrix A with rows r1, . . . , rn is at most the
product ‖r1‖ · · · ‖rn‖ . If A ∈ Ap is a matrix of minimal weight w(A) = wp, we
have

w(A)

log2(p)
≥ w(r1) + w(r2) + · · ·+ w(rn)

log2 ‖r1‖ + log2 ‖r2‖ + · · ·+ log2 ‖rn‖
,

so a lower bound for each w(ri)/ log2 ‖ri‖ will imply a lower bound for wp/ log2(p).
To facilitate notation, the type of a row will be the list in decreasing order of the

absolute values of its nonzero entries. In Table 1, we give the ratio w(r)/ log2 ‖r‖ ,
rounded down to three decimal places, for some of the row types.

Table 1

(2,1) 2.584
(3,1) 2.408
(4,1) 2.446
(5,1) 2.552
(1,1,1) 3.785
(2,1,1) 3.094
(3,1,1) 2.890
(4,1,1) 2.877
(5,1,1) 2.944
(3,2) 2.702

Lemma 4.1. If x = 2 or x ≥ 5, and r = (x, 1), then w(r)/ log2 ‖r‖ ≥ 5/2.

Proof. For x = 2, 5, see Table 1. The desired inequality holds for the row (x, 1) if the

function f(x) = (x+1)−2.5 log2(
√
x2 + 1) is > 0. It suffices to show that f ′(x) ≥ 0

for all x ≥ 5. Since 2.5 log2(e) < 5, we have f ′(x) = 1 − (2.5 log2(e))x/(x
2 + 1) >

(x2−5x+1)/(x2+1), which, for x ≥ 5, is ≥ 1/(x2+1), hence positive. The lemma
is proved. �

Lemma 4.2. Among all rows r of weight w(r) = n with at least 2 nonzero compo-
nents, ‖r‖ is maximized when r = (n− 1, 1).

Proof. For integers a ≥ b, observe that

(a+ 1)2 + (b− 1)2 = a2 + b2 + 2(a− b) + 2 > a2 + b2.

The lemma follows. �
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Lemma 4.3. Let r in Z
n have at least two nonzero entries. Then

(a) w(r)/ log2 ‖r‖ ≥ 2.408.
(b) If r is not of type (3, 1) or (4, 1), then w(r)/ log2 ‖r‖ ≥ 2.5.
(c) We have w(r)/ log2 ‖r‖ ≥ 3.03 if r is not one of the following 17 types:

(i, 1) 2 ≤ i ≤ 8
(i, 2) 2 ≤ i ≤ 6
(i, 3) 3 ≤ i ≤ 4
(i, 1, 1) 3 ≤ i ≤ 5

Proof. Statement (a) follows from (b) and Table 1. To prove (b), suppose r has
at least two nonzero entries. Let w(r) = w. We are done by Lemmas 4.1 and 4.2,
unless w = 1 + 1, 3 + 1 or 4 + 1.

It remains to consider the types (2, 1, 1), (3, 1, 1), (3, 2), (1, 1) and (2, 2). For the
first three see Table 1. For the last two cases (1, 1) and (2, 2) (which cannot oc-
cur as types of rows in A; see Section 5) we have w(r)/ log2 ‖r‖ = 4 > 2.5 and
w(r)/ log2 ‖r‖ = 8/3 ≥ 2.5.

The straightforward proof of (c) which follows along the same lines as (b) is
omitted. �

Since we now have a lower bound for w(r)/ log2 ‖r‖ , we conclude from the first
paragraph of Section 2 that for all p ≥ 7 we have

wp/ log2(p) ≥ 2.408.

Our next goal is to improve this bound to 2.5− ε. Note that rows of type (3, 1)
and (4, 1) must clearly play a special note in our arguments. We call such rows
“light” and other rows “heavy”.

We will need to deal with “blocks” of rows, i.e. m× n matrices B with m ≤ n,
and to have a notion for these generalizing determinant when m = n and length
when m = 1. The correct notion here is mesh, which is defined as

mesh(B) =
√
det(BBT ).

This represents the m-dimensional volume of the parallelepiped (in the appropriate
subspace) spanned by the rows of B.

If A is m × n and its rows are partitioned into two parts of sizes m1 and m2

(with m1 +m2 = m), giving submatrices B1 and B2 with sizes m1 × n and m2 × n
respectively, then we have the crucial inequality

(*) mesh(A) ≤ mesh(B1) ·mesh(B2),

which we shall use repeatedly. For A of nonzero mesh, there is equality if and only if
the appropriate orthogonality holds. Hence, if w(A), w(B1) and w(B2) are defined
in the obvious way, we have

w(A)/ log2(meshA) ≥ w(B1) + w(B2)

log2(mesh(B1)) + log2(mesh(B2))

≥ min(w(B1)/ log2(mesh(B1)), w(B2)/ log2(mesh(B2))),

and a similar result holds for partitions of the rows of A into three or more parts.
We must find such an appropriate partition.
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5. The graph of a matrix

To facilitate the proof of Proposition 6.1, we are free to assume that the matrix
A in Ap achieves the minimum weight w(A) = wp. Since the result is asymptotic,
we are free to assume p > 7, which implies that A is not a one-by-one matrix. This
normalization implies the following three properties:

1) No row or column contains a single nonzero entry. For if a were such an en-
try, then a would divide p so a = ±1 or a = ±p, and in the case of a = ±1,
we could eliminate the row and column containing a to get a smaller w(A).
If a = ±p, then minimality would say that A = (p). This is ruled out, as
mentioned above.

2) No row or column contains precisely two nonzero entries, each ±1. For if a
row, say, contains ±1 in columns i and j, i �= j, and no other nonzero
entries, we can add or subtract column j to column i to obtain a new
matrix in Ap with a single nonzero entry (±1) in the row in question, in
column j. Deleting column j and the row in question will give a matrix in
Ap with smaller weight.

3) Our final property is a bit more complicated and will be useful later on.
Suppose a row contains just two nonzero entries, ±3 (or ±4) and ±1.

Then any other entry in the column containing the ±3 (or ±4) must be

0,±1, or ±2. For if an entry a in this column has |a| ≥ 3, we can add
or subtract the given row from the row containing a to get a matrix in Ap

with smaller weight.

Next, from any rectangular integer matrix A satisfying our normalizations 1),
2), and 3), we construct a directed graph G(A) as follows. The vertices of G(A) are
the rows r1, . . . , rn of A. For each row ri of A which is light — i.e. has type (3, 1)
or (4, 1) — choose a nonzero entry in the column in which the ±3 or ±4 appears
(by 1)). Say this entry (which has absolute value ≤ 2 by 3)) occurs in row j. Then
include in the graph an edge from ri to rj . Do this (once) for each light row ri.

For example, in the matrix

A
B
C
D
E

⎛
⎜⎜⎜⎜⎝

3 1
4 1

3 1
1 2 3 1
2 1 1

⎞
⎟⎟⎟⎟⎠

rows D and E are heavy, while rows A,B,C are light. This could give rise to the
following graph:

ED

BC

A

�

�
��

�
��



LIGHT MATRICES OF PRIME DETERMINANT 813

By construction, each light row has precisely one outgoing edge. Note that each
light row will have indegree at most 1 from 3) of our normalization. Also note that
a given heavy row can have at most one strand leading into it at any given location.

We say that two vertices are in the same component if they are joined by an
undirected sequence of edges. Now consider the rows as being partitioned into
components. If a component C consisted entirely of light rows, then after moving
these rows to the top and the nonzero columns to the left, the matrix would have
a block partition A = (C 0

X Y ). The minimality assumption would imply that X =
0. Furthermore, since det(A) = det(C) det(X), in the prime case the minimality
assumption would force A = C.

We further assume, since there was some choice as to how the edges coming from
the light rows were chosen, that we choose these edges so that:

4) the number of components is as large as possible.

The normalization 4) will be used in the proof of Lemma 6.3.
We proceed to outline the proof of the prime case, Proposition 6.1. Since the

result is asymptotic, we are free to assume p > 7. Let A be a square integer matrix
of determinant p and minimal weight |A| = wp. Construct the graph of A as above.
Either A consists of a single block of light rows, in which case Lemma 6.7 gives an
asymptotic lower bound, or the rows of A decompose into components, C1, · · ·Ck,
each component containing precisely one heavy row and the “strands” of light rows
that lead into it. Theorem 6.2 implies the lower bound for each Ci, and (*) finishes
the proof.

With the upper bound in hand, Theorem 1.1 will follow from the lower bound,

lim inf
p→∞

wp/ log2(p) ≥ 5/2.

6. The best lower bound

In this section we obtain a lower bound on the ratio wp/ log2(p) for p a prime.

Proposition 6.1.

lim inf
p→∞

p prime

wp/ log2(p) ≥ 5/2.

The following theorem is the key step for the lower bound in the prime case.
Later, it will also be applied to the general cyclic case.

Theorem 6.2. Let A be a square integer matrix of (possibly composite) deter-
minant m, whose weight is smallest among all such matrices of determinant m.
Assume that A satisfies our normalizations 1), 2), and 3). Let C be a block cor-
responding to a component of the graph of A (as defined above using 4)). If C
contains a heavy row, then

w(C) > 2.5 log2(mesh(C)),

unless C = ( 3 1
−1 2) or ( 3 1

−1 5).

The proof of Theorem 6.2 will take a few pages.
By 4), this component C will have a number of “strands” of light rows, leading

into the heavy row. Choose such a strand S. It will contain, say, a rows of type
(4, 1) and b rows of type (3, 1). Let B be the submatrix whose rows correspond
to S.
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Lemma 6.3. If B is a strand of light rows, then

log2(meshB) ≤ 2

5
w(B) + γ,

where γ = 2 log2 3− 31
10 ≈ 0.070

Proof. From our assumption 4), it follows that B is a k × (k + 1) matrix:⎛
⎜⎜⎜⎜⎜⎝

1 a1 0 . . . 0
0 1 a2 . . . 0
0 0 1 a3 . . . 0

. . .

0 0 0 . . . 1 ak

⎞
⎟⎟⎟⎟⎟⎠

where each a1, · · · , ak is ±4 or ±3. Let b be the number of ±3’s.
Now for a k × (k + 1) matrix, the mesh can be computed as the square root of

the sum of the squares of the determinants of all k × k minors of the matrix. For
this we get

(mesh(B))2 = (a1a2 · · · ak)2 + (a2a3 · · · ak)2 + · · ·+ (ak−1ak)
2 + a2k + 1,

whereas 4k−b3b = a1 · · · ak. Hence, the quotient

(mesh(B)/4k−b3b)2 = 1 +
1

a21
+

1

a21a
2
2

+ · · ·+ 1

a21a
2
2 · · · a2k

,

which is at most 1 + 1
9 +

(
1
9

)2
+ · · · = 9/8. Thus,

log2(mesh(B)) ≤ 2k + b log2(3/4) + log2
√
9/8.

It is easy to see that w(B) = 5(k − b) + 4b = 5k − b or 2k = 2
5 (w(B) + b), so that

log2(mesh(B)) ≤ 2

5
w(B) + b(

2

5
+ log2(3/4)) + log2

√
9/8.

Since 2
5 + log2(3/4) < 0, we get the desired inequality if b ≥ 1 since γ = 2

5 +

log2(3/4) + log2
√
9/8. However, if b = 0, then the 9/8 can be replaced by 16

15 , and

one checks that log2(
√
16/15) < γ. �

Let κ be the number of strands feeding into the heavy row r. If the heavy row
happened to satisfy

(**) log2 ‖r‖ ≤ 2

5
w(r)− κγ,

then Theorem 6.2 would follow from Lemma 6.3. Since κ ≤ w(r), it suffices to have
log2 ‖r‖ ≤ 2

5w(r)− γw(r) or

w(r) ≥ (
2

5
− γ)−1 log2 ‖r‖ .

Since ( 25 −γ)−1 ≤ 3.030, this inequality is satisfied for all rows not listed among the
17 exceptions in Lemma 4.3(c). It is straightforward to check that, in fact, among
these 17 rows, the inequality (**) holds for all but (5, 1) and (2, 1). For these two
rows, more elaborate arguments are now required.

Lemma 6.4. Let C be a component consisting of the heavy row r = (5, 1) or
(2, 1) and the strand (or possibly strands in the latter case) leading into r. Then
w(C) > 5

2 log2(mesh(C)) unless C = ( 3 1
−1 2) or ( 3 1

−1 5).
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Proof. If C contains only the single row r, then we are done by Table 1. Let r0 be
a light row in the strand S with a directed edge to the heavy row r. If r = (5, 1)
the possible arrangements of r and r0 are

(a ±1
1 5 ) or (±1 a 0

0 1 5)

where a = 3 or 4. In the first case, the given two-by-two matrix must be all of
C. If a = 3, then equality holds and we are in the excluded case. If a = 4,
then there is strict inequality. In the second case, set r′ = r − 1

ar0. We have

‖r′‖ =
√

52 + (1/a)2 ≤
√
25 + 1/9. It follows by direct calculation that

log2 ‖r′‖ ≤ 2.326 ≤ 2.330 ≤ 2

5
w(r)− γ.

Let C ′ be the matrix C with row r replaced by r′. Since this replacement is an
elementary row operation, mesh(C) = mesh(C ′) ≤ mesh(r′)mesh(S), so the result
follows from Lemma 6.3.

Suppose r = (2, 1). Now there can be two strands, one leading into each of the
nonzero entries of r. One checks as above the arrangements where C is a two-by-
two matrix. If there is a light row r0 = (a,±1) leading into the heavy row at the
2, the remaining possible arrangements are

(0 ±1 a
0 1 2) or (±1 0 a

0 1 2).

In fact a = 4 by our minimality assumption. We see that the length of r′ = r− 2
ar0

is at most
√
5/4. A direct calculation shows that

log2 ‖r′‖ ≤ 0.6 < 1 <
2

5
w(r)− 2γ,

and we are done as above.
Finally, there may be a strand with a light row r0 leading into the 1 in the heavy

row (2, 1). The arrangement is now

(±1 a 0
0 1 2).

We have

log2 ‖r′‖ ≤ 1.020 < 1.060 <
2

5
w(r)− 2γ,

where r′ has the same meaning as above. This finishes the proof of the lemma. �

At this point we have just proved Theorem 6.2, which implies that any component
C of the graph containing a heavy row satisfies

w(C)/ log2(mesh(C)) ≥ 2.5,

and now we finish the proof of Theorem 1.1. If every component contains a heavy
row, then we are done — we must have

w(A)/ log2(mesh(A)) ≥ 2.5.

Otherwise, suppose a component C consists completely of light rows. Now this com-
ponent must be just a single cycle. Consider the corresponding square submatrix
M. This must be all of A, for otherwise the block decomposition of A corresponding
to M violates our assumption of minimality.

Thus A has all rows light, forming a single cycle, with, say, a rows of type (4, 1)
and b of type (3, 1). Thus, the determinant of A will be

det(A) = 4a3b ± 1.



816 D. GOLDSTEIN, A. W. HALES, AND R. A. STONG

Clearly, for the ratio

w(A)

log2(det(A))
= (5a+ 4b)/ log2(4

a3b ± 1)

to be < 2.5, we must have the “+” case, since 5/ log2 4 = 2.5 and 4/ log2 3 > 2.5.
We must also have a > 0. Note that if b = 0, a > 0, and the sign is “+”, then the
ratio is in fact less than 2.5.

Lemma 6.5. If a, b are positive integers such that

(5a+ 4b)/ log2(4
a3b + 1) ≤ 2.5,

then (a, b) = (1, 1), (2, 1) or (1, 2).

Proof. Set

j(a, b) = 4b/ log2
(
3b + 4−a

)
.

It suffices to show j(a, b) ≥ 2.5 with the exceptions noted. But j is clearly increasing
in a for fixed b and increasing in b for fixed a, so it suffices to observe that

j(3, 1) ≥ 2.511, j(2, 2) ≥ 2.515, j(1, 3) ≥ 2.516;

hence each is bigger than 2.5. �

The case (a, b) = (2, 1) yields det(A) = 42 · 3 + 1 = 49, which is not prime.
The other two cases yield p = 13 and p = 37, respectively. (Note that the

cases 49, 13, and 37 come up again in Section 8.) This concludes the proof of
Proposition 6.1, namely

lim inf
p→∞

wp/ log2(p) ≥ 5/2,

since we have shown that wp/ log2(p) is larger than 5/2, except in the cases p =
2, 7, 13, 37 and p a Fermat prime. In the Fermat case, it is clear that (if there are
infinitely many) the corresponding ratios wp/ log2(p) approach 5/2 from below.

We state the

Corollary 6.6. For p prime, wp/ log2(p) < 5/2 if and only if p = 2, 7, 13, 37 or a
Fermat prime.

We record for later use a slightly sharper version of the inequality in the light
case.

Lemma 6.7. Let C be a square integer matrix. Assume that each row of C has
type (3, 1) or (4, 1) and that the graph of C as described above is connected. Then

w(C) ≥ 2.5 log2 det(C)− 1.

Proof. In view of Lemma 6.5 we need check only the cases where (a, b) = (1, 1), (1, 2)
or (2, 1), as well as the case p = 7 and the cases b = 0 and a > 0. The first four
are a routine computation. For the last cases we use the inequality log x ≤ x − 1
to infer that 5

2 log2(1 + 4a)− 5a = 5
2 log2(1 + 4−a) < 5

24
−a/ ln(2) < 1. �

Note that the conclusion of Lemma 6.7 also holds for the matrix ( 3 1
−1 2).
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7. Nonabelian finite simple groups

A major motivation for our work comes from Guralnick, Kantor, Kassabov, and
Lubotzky [1]. They show that nonabelian finite simple groups can be generated by
a small number of generators with the total relation length quite short.

To describe their result, recall that the classification theorem of the finite simple
groups states that every nonabelian finite simple group is either alternating, of Lie
type, or one of 26 sporadic groups. A group of Lie type has a rank n over a field
GF (q). (To make the results uniform, the alternating group An has rank n−1 over
“the field of one element”, and the sporadic groups are ignored since the results are
asymptotic.)

For the purposes of this paper, we define the length of a relation ge11 · · · gekk to
be |e1|+ · · ·+ |ek|, and the “total relation length” to be the sum of the lengths of
all relations.

With this terminology, [1] shows that there exists a constant c such that any
nonabelian finite simple group of rank n over GF (q) (with the possible exception of
the Ree group 2G2(q)) can be generated by c generators and total relation length
c(logn+ log q).

This result fails for abelian finite simple groups, that is, cyclic groups of prime
order. One of our main motivations was to find an analogue for the result of [1]. In
fact, our result applies to arbitrary finite cyclic groups.

8. Presentations of cyclic groups

In this section we get a lower bound on the weight of an arbitrary matrix (not
necessarily square) that “presents” a cyclic group of orderm (not necessarily prime).

If the rectangular integer matrix X is b× a, we say that

Z
a/〈r1, . . . , rb〉

is the group presented by X, where r1, . . . , rb are the rows of X. Clearly, if the
group presented by X is finite, then a ≤ b.

Let Rm denote the set of all rectangular integer matrices that present a finite
group that surjects onto Z/m, and set vm = min {w(A) : A ∈ Rm} . Then clearly
vm ≤ w(m), where w(m) is the least relation length of a presentation of Z/m.
(Indeed, in an arbitrary presentation of the cyclic group of order m, throw in for
free the relations xy = yx for each pair of generators x and y.)

Note that the construction in Section 3 using modified addition chains yields a
square integer matrix of arbitrary (not necessarily prime) determinant m. That
matrix not only has determinant m but also presents a cyclic group. (By induction
on k, the group presented by the first k rows is abelian, in fact cyclic generated

by g1.) Therefore lim sup w(m)
log2(m) ≤ 2.5, and it suffices to prove the lower bound

lim inf vm
log2(m) ≥ 2.5.

Let M be a b × a matrix in Rm that achieves the minimum weight vm. Then,
since M presents a finite group, M has an a×a square submatrix M ′ that also lies
in Rm. Therefore, by minimality M = M ′ is a square matrix.

Let S denote the union of the sets {2, 3, 4, 5, 6, 7}, {13, 16, 37, 49}, and the set of
all numbers of the form 4k + 1(k ≥ 2). These are respectively the determinants of
certain 1×1 matrices, certain 2×2 and 3×3 matrices, and matrices of the same form
as those associated to Fermat primes, where in each case the minimum weight is
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less than 2.5 times the determinant. For s ∈ S, we have already explicitly described
in this paper a matrix As of determinant s, and we set f(s) = w(As)− 2.5 log2(s).

A direct calculation shows that

(8.1) f(m) ≤ 0 if m ∈ S.

We prove by induction on m > 1 the claim that

(8.2) vm − 2.5 log2(m) ≥
∑
x∈S
x|m

f(x).

Proof. We proceed by induction m. Let M be a square matrix in Rm that achieves
the minimal weight vm. If m ≤ 7, then the claim is true, so suppose m > 7, whence
M is larger than 1× 1.

We consider two special cases.

(i) M = (A 0
0 D), where A,D are square matrices. Let pe be the largest power of

the prime p that divides m. Then either the group presented by A or the
group presented by D surjects onto Z/pe. It follows that we can factorize
m = ad into coprime integers such that A ∈ Ra, D ∈ Rd. By minimality,
a, d > 1. Since a, d < m, the induction hypothesis applies. The coprimality
of a and d and (8.1) prove the claim for m.

(ii) M = (A 0
C D), where A,D are square matrices, C �= 0, and there is a factoriza-

tionm = ad into not necessarily coprime integers such thatA ∈ Ra, D ∈ Rd

and w(A) + 1 ≥ 2.5 log2(a). Since C �= 0, we have w(A) + w(C) ≥
2.5 log2(a). As in case (i), minimality implies that d < m, so that by
induction

w(D) ≥ vd ≥ 2.5 log2(d) +
∑
x∈S
x|d

f(x) ≥ 2.5 log2(d) +
∑
x∈S
x|m

f(x)

since d | m and the terms in the sum are all ≤ 0. Adding we get

w(M) = w(A) + w(C) + w(D) ≥ 2.5 log2(m) +
∑
x∈S
x|m

f(x),

proving the claim for m.

A third case (ii’), M = (A B
0 D), B �= 0, is handled similarly to (ii).

Given these two special cases we return to the proof of the claim. Consider the
three normalization properties, (1), (2), and (3) from Section 5. The minimality of
M guarantees that (2) and (3) hold for M . We consider separately the cases where
(1) fails for M or where (1) holds for M .

If (1) fails, then M can be written M = (A 0
C D) (or M = (A B

0 D), where we use (ii’)
instead of (ii) in what follows), where A is a one-by-one matrix. If C = 0, we are in
case (i). Otherwise, the fact that we are in case (ii) can be seen as follows. Writing
g(X) for the group presented by X, there is a short exact sequence:

0 → g(A) → g(M) → g(D) → 0.

Thus there is a factorization m = ad, with A ∈ Ra and D ∈ Rd. A straightforward
calculation shows that a > 0 implies a+ 1 ≥ 2.5 log2(a).

Next, suppose that our three normalizations hold. Form the graph of M . If
all components of the graph are heavy, we are done. If there is only one light
component, then we are done by the definition of S. Otherwise, write M = (A 0

C D),
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where the rows (A 0) correspond to a light component. If C = 0 we are in case
i). Otherwise arguing as above gives the factorization m = ad, and this time
w(A) + 1 ≥ 2.5 log2(a) follows from Lemma 6.7. �

An easy calculation shows that
∑

m∈S f(m) ≥ −4.353.

Corollary 8.1. The weight of a rectangular integer matrix that presents the cyclic
group Z/m is at least 2.5 log2(m)− 4.353.

Corollary 8.2. We have

lim
m→∞

vm/ log2(m) = 2.5

and
lim

m→∞
w(m)/ log2(m) = 2.5.

We leave as an open question for further research the existence or nonexistence
of integers m and n such that m is a proper divisor of n and w(n) < w(m), or,
in other words, there is a square integer matrix that presents Z/n that is of lower
weight than any square integer matrix that presents Z/m.
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