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DIMENSION WALKS AND SCHOENBERG SPECTRAL

MEASURES

D. J. DALEY AND E. PORCU

(Communicated by Edward C. Waymire)

Abstract. Schoenberg (1938) identified the class of positive definite radial (or
isotropic) functions ϕ : Rd �→ R, ϕ(0) = 1, as having a representation ϕ(x) =∫
R+

Ωd(tu)Gd(du), t = ‖x‖, for some uniquely identified probability measure

Gd on R+ and Ωd(t) = E(eit〈e1,η〉), where η is a vector uniformly distributed
on the unit spherical shell Sd−1 ⊂ Rd and e1 is a fixed unit vector. Call
such Gd a d-Schoenberg measure, and let Φd denote the class of all functions
f : R+ �→ R for which such a d-dimensional radial function ϕ exists with

f(t) = ϕ(x) for t = ‖x‖. Mathéron (1965) introduced operators Ĩ and D̃, called
Montée and Descente, that map suitable f ∈ Φd into Φd′ for some different
dimension d′: Wendland described such mappings as dimension walks.

This paper characterizes Mathéron’s operators in terms of Schoenberg mea-
sures and describes functions, even in the class Φ∞ of completely monotone

functions, for which neither Ĩf nor D̃f is well defined. Because f ∈ Φd im-
plies f ∈ Φd′ for d′ < d, any f ∈ Φd has a d′-Schoenberg measure Gd′ for
1 ≤ d′ < d and finite d ≥ 2. This paper identifies Gd′ in terms of Gd via an-
other ‘dimension walk’ relating the Fourier transforms Ωd′ and Ωd that reflect

projections on Rd′ within Rd. A study of the Euclid hat function shows the
indecomposability of Ωd.

1. Introduction

Positive definite radial functions have a long history and have been extensively
studied in several branches of mathematics and statistics, including analysis [12],
spatially isotropic phenomena and statistics [15] and numerical analysis (e.g. [14]).
We use Φd to denote the class of real-valued functions f : R+ → R such that
f(0) = 1 and f(‖x‖) = ϕ(x) for some radial function ϕ : Rd �→ R that is positive
definite on R

d. Any such ϕ (hence also, f) has at least two interpretations: it is
both the characteristic function of a random vector whose direction is uniformly
distributed over the unit sphere S

d−1 ⊂ R
d, and it is the correlation function of

some weakly stationary and isotropic Gaussian random field. Whenever f ∈ Φd for
finite d ≥ 2, f ∈ Φd−1, implying the inclusion relations

(1.1) Φ1 ⊃ Φ2 ⊃ · · · ⊃ Φ∞ .

These relations are strict (see e.g. [4] and around (4.1) below), and mean that our
first definition is non-trivial.

Definition 1. Given f ∈ Φ1, d̃f := max{d : f ∈ Φd} when finite, = ∞ otherwise,
is its isotropy index.
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A key result in the area we are discussing is the following.

Theorem A ([12]). For every positive integer d ≥ 1, f ∈ Φd if and only if there
exists a probability measure Gd such that

(1.2) f(t) =

∫
R+

Ωd(rt)Gd(dr),

where Ωd(t) = E(eit〈e1,η〉) for t ≥ 0, e1 is a unit vector in R
d, and η is a random

vector uniformly distributed on the unit spherical shell Sd−1 ⊂ R
d.

Definition 2 (Schoenberg measures). Given f ∈ Φd, the measure Gd in the rep-
resentation at (1.2) is its Schoenberg spectral measure with respect to Ωd, or d-
Schoenberg measure (or even just Schoenberg measure) for short.

This definition both recognizes the originator of Theorem A and serves to distin-
guish the measure Gd from the spectral measure that arises in Bochner’s theorem
in Fourier transform theory, from which it will be recalled that ϕ, being a posi-
tive definite function on R

d, has the representation ϕ(x) =
∫
Rd e

i〈x,ω〉 F (dω) and
F is its [Bochner] spectral measure. That said, any probability measure can be a
Schoenberg measure and thereby define, with the kernel Ωd, an element of Φd in
the same way as the class Φ1 of symmetric characteristic functions consists of the
cosine transforms of all probability measures on R+.

When f has isotropy index d̃f ≥ 2, it follows from (1.1) that for any positive

integer d′ ≤ d̃f , equation (1.2) holds with the different kernel function Ωd′ and some
probability measure Gd′ . This observation yields the following property, which for
convenience we state formally (its proof is straightforward).

Proposition 3. To any function f ∈ Φ1 with isotropy index d̃f , there exist d̃f
Schoenberg measures and as many Schoenberg representations (1.2) for f .

Mathéron [8] proposed the illustrative terms Montée and Descente to describe
operators which, when applied to suitable functions f ∈ Φd, yield members of Φd′

in lower or higher dimension d′. Wendland [13] adopted the name walk through
dimensions to describe the role of these operators and showed their effect on func-
tions f in terms of smoothness. Gneiting [6] rephrased Wendland’s construction
using language from the so-called geostatistical setting.

This paper originated when revisiting Montée and Descente, giving special em-
phasis to Schoenberg measures. On the one hand, we give alternative real variable
proofs of results in [6], which uses a weak convergence argument much like Wend-
land’s [13, Lemma 2.1(2)]. Here by contrast we use Schoenberg measures to char-
acterize the Montée and Descente operators in Proposition 5, showing as almost
a trivial consequence in Corollary 7 that these operators are not always defined,
even for functions in the class Φ∞. Wendland’s [14, §9.2] discussion of the Montée

operator Ĩ below confined attention to measurable functions φ : R+ �→ R for which∫
R+

|tφ(t)| dt < ∞; this is more restrictive than Mathéron’s definition that we use.

In Section 3 we prove Theorem 4 below. This in turn enables us to describe the
relationships which exist between the several Schoenberg measures of a function
f ∈ Φ1 with d̃f ≥ 2. Then in Section 4 we revisit Euclid hat functions hd (see
equation (4.1) below), first proposed in [10] and used extensively in [4] in discussing
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the class Hd of functions generated by scale mixtures of hd (cf. (1.2), which exhibits
f ∈ Φd as a scale mixture of the kernel function Ωd). We note in Lemma 12 that
for every finite d, Ωd ∈ Φd \ Φd+1.

Theorem 4. For any positive integers d ≥ 2 and d′ < d,

(1.3) Ωd(t) =

∫
(0,1)

Ωd′(rt) fd′|d(r) dr,

where

(1.4) fd′|d(u) =
2Γ( 12d)

Γ
(
1
2 (d− d′)

)
Γ( 12d

′)
(1− u2)

1
2 (d−d′)−1ud′−1 (0 < u < 1).

Equation (1.3) gives the Schoenberg representation (1.2) for the function Ωd

when regarded as an element of Φd′ for positive d′ < d; (1.3) shows that the
d′-Schoenberg measure for Ωd has a density fd′|d which is in fact a beta density
function.

The kernel functions Ωd have various representations (Schoenberg used the no-
tation Ωd; some others have used Λd): in terms of power series and Bessel functions
Jn (of the first kind) we have

(1.5) Ωd(t) = E
(
eit〈e1,η〉) = Γ( 12d)

J 1
2d−1(t)

( 12 t)
1
2d−1

=

∞∑
n=0

Γ( 12d) (−
1
4 t

2)
n

Γ( 12d+ n)n!
(t ∈ R),

where e1 and η are as defined following equation (1.2).
Functions belonging to Φ∞ are indeed Gaussian scale mixtures so that, by virtue

of Bernstein’s theorem (e.g. [3]), f ∈ Φ∞ if and only if (0,∞) � t �→ f(
√
t ) is

completely monotonic on the positive real line.

2. Montée and Descente

We define two operators Ĩ and D̃, called Montée and Descente by Mathéron [8],
who introduced them in a wider setting than the context in which we discuss them.

We define them over classes of measurable functions f : R+ �→ R. For Ĩ, we require

the possibly improper infinite integral
∫∞
0

uf(u) du := limT→∞
∫ T

0
uf(u) du to be

finite and to be non-zero:

(2.1) Ĩf(x) :=

∫∞
x

uf(u) du∫∞
0

uf(u) du
(x ≥ 0).

For D̃ we require f to be differentiable and to have a finite second derivative
f ′′(0+) = 0 at 0:

(2.2) D̃f(x) := −f ′(x)/[x f ′′(0+)].

Our particular interest in these operators is how they affect certain functions in Φd

mapped into Φd−2 (when d ≥ 3) and Φd+2 respectively.
Our first results start from Schoenberg’s representation (1.2) in Theorem A.

Much of what we give is known from e.g. [13, 14] and [6]. What is new is the
explicit focus on the involvement of the Schoenberg measure in the exposition and
proof.
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Proposition 5. Let f : R+ �→ R satisfy f ∈ Φd for some finite positive integer d,
so that f(x) =

∫
R+

Ωd(xu)Gd(du) for the d-Schoenberg measure Gd.

(a) If d ≥ 3 and H1(R+) :=
∫
R+

u−2 Gd(du) < ∞, then Ĩf is well defined, ∈
Φd−2 and has (d−2)-Schoenberg measure Gd−2(du) := u−2Gd(u. )/H1(R+).

(b) The condition on Gd in (a) is equivalent to lim supy→∞
∫ y

0
x f(x) dx < ∞.

(c) If H2(R+) :=
∫
R+

u2 Gd(du) < ∞, then D̃f is well defined, ∈ Φd+2 and

has (d+ 2)-Schoenberg measure Gd+2(du) := u2Gd(du)/H2(R+).
(d) The condition on Gd in (c) is equivalent to |g′′(0+)| < ∞.

Remark 1. Because the function f ∈ Φ1, it is the cosine transform of a probability
measure on R+ (indeed, this measure is the 1-Schoenberg measure of f), and hence
the even extension of f is positive definite. The phrase “f : R+ → R is positive
definite” is incorrect, but by re-interpreting it to mean, for example, that “the
even extension of f : R+ �→ R is positive definite on R”, the phrase acquires some
consistency.

Proof. We use three facts concerning Ωd(x) for x ∈ R+:

(1) Ωd(0) = 1 > |Ωd(x)| for x > 0;
(2) limx→∞ Ωd(x) = 0; and
(3) Ω′

d(x) = (−x/d)Ωd+2(x) for d ≥ 1, and this derivative is uniformly bounded
for all x ≥ 0.

To prove (a), write∫ y

0

xg(x) dx =

∫ y

0

x dx

∫
R+

Ωd(xu)Gd(du)

=

∫
R+

Gd(du)

∫ y

0

xΩd(xu) dx (Fubini’s theorem)

=

∫
R+

u−2 Gd(du)

∫ yu

0

xuΩd(xu) d(xu) (put v = xu)

=

∫
R+

u−2 Gd(du)

∫ yu

0

[−(d− 2)Ω′
d−2(v)] dv (identity for Ω′

d)

= (d− 2)

∫
R+

[Ωd−2(0)− Ωd−2(yu)]u
−2Gd(du),(2.3)

and the last integrand is everywhere positive in y > 0. When H1(du) := u−2Gd(du)
is a totally bounded measure on R+, we can bound the difference in (2.3) by 2 and
use bounded convergence to justify taking the limit y → ∞ there. This proves that∫∞
0

xf(x) dx is well defined and equals (d − 2)H1(R+), which is positive. Then

Ĩf(y) =
∫
R+

Ωd−2(yu)Gd−2(du), with Gd−2(·) as stated.
Conversely, to show that H1(R+) < ∞, positivity of the integrand in (2.3) means

that it is enough to consider only
∫
yu≥xd

, where we can and do choose xd such that

Ωd−2(x) ≤ 1
2 for x ≥ xd, so the expression at (2.3) is bounded below by

(2.4) 1
2 (d− 2)H1

(
(xd/y,∞)

)
.

Since H1 is a measure, H1(R+) = limy→∞ H1

(
(xd/y,∞)

)
, finite or infinite. When

it is finite,
∫∞
0

x f(x) dx exists as before.
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For (c), differentiate f . This gives a well-defined integral, namely,

(2.5) f ′(x) =

∫
R+

uΩ′
d(xu)Gd(du) =

∫
R+

u
[
− xu

d
Ωd+2(xu)

]
Gd(du),

in which the integrability (with respect to Gd(·)) of u2 and fact (1) show first that
f ′(0+) = 0 and that f ′′(0+) = limx↓0 f

′(x)/x exists and equals −
∫
R+

u2 Gd(du)
/
d,

proving the asserted equivalence. Their finiteness means that the operator D̃ may

be applied to f . Finally, writing D̃f =
∫
R+

Ωd+2(xu) (u
2/d)Gd(du)/|f ′′(0+)| ex-

hibits D̃f as an element of Φd+2. Simple algebra proves the statements about
H2(·). �

Remark 2. Gneiting’s [6] proof that the integrability condition in (a) implies Ĩf ∈
Φd−2 when f ∈ Φd, proceeds via the subsidiary result (Lemma 2.1(2) of [13])

that fn(y) := f(y)e−t2/n ∈ Φd must have Ĩfn ∈ Φd−2, and hence also that Ĩf =

limn→∞ Ĩfn ∈ Φd−2. This smoothing technique, while common enough in proving
e.g. Bochner’s theorem (from which Theorem A is derived), is not needed any
further in Proposition 5 as we have shown.

Seemingly, one might expect that the operators Ĩ and D̃ should be applicable to
every function f ∈ Φ∞. The identification in parts (a) and (c) of Proposition 5 of
conditions on the Schoenberg measure Gd for functions f ∈ Φd for finite d has the
following analogue for Φ∞ and the negative result in Corollary 7.

Proposition 6. Let f : R+ �→ R satisfy f ∈ Φ∞, so f(x) =
∫
R+

e−x2u2

G∞(du)

for some Schoenberg measure G∞.

(a) If
∫
R+

u−2 G∞(du) < ∞, then Ĩf is well defined and Ĩf ∈ Φ∞.

(b) If
∫
R+

u2 G∞(du) < ∞, then D̃f is well defined and D̃f ∈ Φ∞.

Proof. This is exactly analogous to the proof of Proposition 5 and left to the reader.
Also, the equivalence conditions stated earlier hold here. �

Corollary 7. There exists f ∈ Φ∞ for which neither Ĩf nor D̃f is well defined.

Proof. Let f ∈ Φ∞ have Schoenberg measure G∞ for which both
∫
[1,∞)

u2 G∞(du)

and
∫
(0,1]

u−2 G∞(du) equal ∞. �

Remark 3. As noted below Definition 2, the class of Schoenberg measures for Φd

is the class of all probability measures on R+, no matter what d is; it is the kernel
function Ωd that restricts the nature of functions in Φd for given d. That said,

Proposition 5 and Corollary 7 show that the operators Ĩ and D̃ do not apply to
every f ∈ Φd: such applicability depends on the Schoenberg measure Gd having a
moment index of suitable order (and not at all on Ωd).

Conversely to Corollary 7, suppose f =
∫
R+

Ωd(ru)Gd(du) and Gd has no mass

in neighbourhoods of 0 and ∞. Then we can apply D̃ to f any finite number of

times, and when d ≥ 3 we can apply Ĩ to f � 1
2 (d− 1)� times.

Briefly, Ĩf is clearly ‘smoother’ (i.e. has a derivative of higher order) than f
itself; in the context of functions f ∈ Φd, this is bought at the cost of a lower order
of its isotropy index in Definition 1. To be precise, let f ∈ Φd and be differentiable
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of order 2k at zero and of order l at one. Then Ĩf is differentiable of order 2k + 2

at 0 and l + 1 at 1, while D̃f is differentiable at 0 and 1 of order 2k − 2 and l − 1
respectively.

The result in Proposition 5(a) is shown formally by the computations∫ ∞

y

xf(x) dx =

∫
R+

Gd(du)

∫ ∞

y

xΩd(xu) dx =

∫
R+

(d− 2)Ωd−2(yu) u
−2Gd(du),

but Fubini’s theorem cannot be used to justify the first equality, without which the
second equality is not available to argue that

∫
R+

u−2 Gd(du) < ∞.

Example (a). For any probability measure G on R+, the function f(x) =
∫
R+

(1−
|x|/y)+ G(dy), being convex on R+, is an element of Φ1 by virtue of Pólya’s cri-
terion (e.g. [9]), but f ′(0−) > 0 > f ′(0+) so f ′′(0+) cannot be finite. Hence,
these Pólya-type elements of Φ1 do not have elements in Φ3 based on the Descente
correspondence of Proposition 5(c)–(d). �
Example (b). Suppose that f ∈ Φd has |f ′′(0+)| < ∞. Note that f(0) = 1 and

f(x) → 0 for x → ∞. Then by Proposition 5(a) the function g := D̃f ∈ Φd+2.
Since g(x) = −f ′(x)/xf ′′(0+), we have

∫∞
y

xg(x) dx = f(y)/f ′′(0+), = 1/f ′′(0+)

for y = 0. Hence, Ĩ
(
D̃f

)
= g. Thus, when D̃f is well defined, Ĩ inverts D̃f to f .

Similarly, when f ∈ Φd for d ≥ 3 and Ĩf is well defined, we can show that

D̃(Ĩf) = f . �

The next simple results complete our picture of the operators Ĩ and D̃.

Proposition 8 (Dimension walk of isotropy index). Suppose that for some finite

d ≥ 3, f ∈ Φd \ Φd+1 and that g := Ĩf is well defined. Then g ∈ Φd−2 \ Φd−1.

Proof. Since g is well defined and f ∈ Φd, Proposition 5(a) implies that the d-
Schoenberg measure Gd for f satisfies

∫
R+

u−2 Gd(du) < ∞. Denote the Schoenberg

measure for g as in Proposition 5(a) by Gg. It follows that
∫
R+

u2 Gg(du) < ∞,

which is sufficient for D̃g to be well defined, and it equals f by Example (b).
If g ∈ Φd−1, then there exists G2 such that g(t) =

∫
R+

Ωd−1(ut)G2(du). Since by

the previous paragraph D̃g is well defined, Proposition 5(b) implies that D̃g ∈ Φd+1,
contradicting f /∈ Φd+1. So g ∈ Φd−2 \ Φd−1. �

The import of Proposition 8 (and hence of its explanatory name) is that if f

has finite isotropy index d̃f and if g = Ĩf is well defined, then g has finite isotropy

index d̃g and d̃g = d̃f − 2.

Lemma 9. If f ∈ Φd for d ≥ 3 and has compact support, f(t) = 0 for |t| ≥ 1, say,

then g := Ĩf is well defined, has the same compact support as for f , and g ∈ Φd−2.

Proof. Trivial(!). �

3. Recurrence relations for Ωd via projection

This section arose from seeking the characteristic function b̌d(t) of a random
vector X uniformly distributed throughout the unit ball Bd. Such a random vector
can be represented as X = ‖X‖ η, where the random variable ‖X‖, for which
Pr{‖X‖ ≤ r} = min(1, rd) for r ≥ 0, is independent of the random vector η
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uniformly distributed over the unit shell Sd−1 ⊂ R
d (indeed, Sd−1 is the ‘skin’ of

B
d). Then with e1 denoting the unit vector in the first coordinate,

b̌d(t) = E(ei〈θ,X〉)
∣∣
‖θ‖=t

= E(eit‖X‖〈e1,η〉)(3.1)

= E
(
E(eit‖X‖ 〈e1,η〉 | ‖X‖ )

)
= E

(
Ωd(t‖X‖)

)
=

∫ 1

0

Ωd(rt) d r
d−1 dr(3.2)

=

∫ 1

0

[ ∞∑
n=0

Γ( 12d) (−
1
4r

2t2)
n

Γ( 12d+ n)n!

]
d rd−1 dr

=

∞∑
n=0

Γ( 12d+ 1) (− 1
4 t

2)
n

Γ( 12d+ 1 + n)n!
= Ωd+2(t) by (1.5).(3.3)

The fact that (3.3) expresses Ωd+2 in terms of Ωd can be interpreted as a kind
of dimension walk; see the text below (3.5). The steps leading to (3.3) yield the
following result that relates the classes Φd and Φd+2 as in the next lemma.

Lemma 10. Given any f ∈ Φd, g(t) :=
∫ 1

0
f(rt) d rd−1 dr ∈ Φd+2.

Proof. Let f ∈ Φd have Schoenberg measure Gd. Then for g as defined and from
Theorem A and (3.3),

g(t) =

∫ 1

0

d rd−1 dr

∫
R+

Ωd(rtu)Gd(du) =

∫
R+

Ωd+2(ru)Gd(du),

where because |Ωd(x)| ≤ 1 and Gd is a probability measure, Fubini’s theorem is
applicable. �

We stress here that the d-Schoenberg measure of f ∈ Φd is the same as the
(d+ 2)-Schoenberg measure of the particular scale-mixture g of f in Lemma 10.

The first integral in the chain leading to (3.3) in fact shows more. Recall the
inclusion relations at (1.1), and that Ωd+2 ∈ Φd+2 ⊂ Φd. Applying Theorem A
to Ωd+2 as an element of Φd, (3.2) and (3.3) show that the d-Schoenberg measure
of Ωd+2 = b̌d has density d rd−1 on 0 < r < 1 and zero elsewhere. Iterating, but
writing the representation as one for Ωd, we have

Φd � Ωd(t) =

∫ 1

0

Ωd−2(tu) (d− 2) ud−3 du

=

∫ 1

0

(d− 2) ud−3 du

∫ 1

0

Ωd−4(tus) (d− 4) sd−5 ds

=

∫ 1

0

(d− 2)ud−3 du

∫ u

0

Ωd−4(tv) (d− 4)
(v
u

)d−5 v.
u

=

∫ 1

0

Ωd−4(tv)
2 Γ( 12d)

Γ( 12d− 2)
(1− v2) (v2)

1
2 (d−1)−2

dv on simplification.(3.4)

Equation (3.4) shows that the (d−4)-Schoenberg measure of Ωd again has a density
function. Repeated use of this substitution device leads via a simple induction
argument for 2k < d to

(3.5) Ωd(t) =

∫ 1

0

Ωd−2k(tv)
2 Γ( 12d)

Γ(k) Γ( 12d− k)
(1− v2)

k−1
(v2)

1
2 (d−1)−k

dv.
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Recall from (1.1) that the spaces Φd are nested and that the operators Ĩ and D̃

allow us to ‘walk’ from f ∈ Φd to related functions Ĩf or D̃f located in spaces Φd′

for different dimensions d′. Similarly, the mapping of Lemma 10 is a simple ‘walk’
from f ∈ Φd to g ∈ Φd+2, and by (3.5) it allows us to ‘walk’ from any f ∈ Φd to
some g ∈ Φd+2k. Is there a natural extension that will enable us to ‘walk’ from
f ∈ Φd to g ∈ Φd+j for any integer j ≥ −d+ 1? We shall show that there is only
a partial answer: all positive integers j are readily attainable (the restriction in
(3.5) to even integers is not necessary), but that negative integers j do not occur
‘naturally’.

The latter statement is almost trivial. Around (1.1) we have foreshadowed the
result in Lemma 12 below that Ωd /∈ Φd+1, i.e. that there does not exist any measure
σ such that Ωd =

∫
R+

Ωd+1(tu) σ(du). Theorem 4 is a positive complementary

result. It has the valuable consequence of enabling us to display the relationship
between the d- and d′-Schoenberg measures Gd and Gd′ for a function f with
isotropy index d̃f ≥ max(d, d′) (see Proposition 11).

Proof of Theorem 4. We start from the representation for a unit random d-vector
η uniformly distributed on S

d−1 in terms of the d-dimensional vector Y whose
components are independent identically distributed (i.i.d.) standard normal r.v.s
Yi with zero mean and unit variance, namely Y = ‖Y‖η, in which ‖Y‖ and η are
independent. Write Y = (Yd1

, Yd−d1
) for a partition of Y into its first d1 and last

d − d1 components, for which ‖Y‖2 = ‖Yd1
‖2 + ‖Yd−d1

‖2. Let η = (ηd1
, ηd−d1

)
denote the corresponding partition of η, so ‖ηd1

‖2 + ‖ηd−d1
‖2 = 1. Define

η̃d1
= ηd1

/‖ηd1
‖ = Yd1

/‖Yd1
‖

so that η̃d1
is uniformly distributed on S

d1−1, independent of ‖Yd1
‖ (equivalently,

of ‖Yd−d1
‖).

Because 〈e1, (0d1
, ηd−d1

)〉 = 0 when e1 is as above (3.1), Ωd(t) = E
(
eit〈e1,η〉

)
=

E
(
eit〈e1,ηd1

〉), where the last inner product is of elements in R
d1 but the expectations

E(·) are still on the space defining Y. Hence

Ωd(t) = E
[
E
(
eit〈e1,ηd1

〉 | ‖ηd−d1
‖
) ]

= E
[
E
(
eit

√
1−‖ηd−d1

‖2 〈e1,η̃d1
〉 | ηd−d1

) ]
= E

[
Ωd1

(t
√
1− ‖ηd−d1

‖2 )
]

=

∫
(0,1)

Ωd1
(t u)Fd1|d(du),(3.6)

where Fd1|d is the probability measure for ‖ηd1
‖ on the space where Y is defined.

Now it is a standard result in classical statistical theory that, up to the same scalar
factor, the two quantities ‖Yd1

‖2 and ‖Yd−d1
‖2 are independently distributed as

chi-squared r.v.s with d1 and d − d1 degrees of freedom respectively, and that the
ratio ‖Yd1

‖2/‖Y‖2 is a beta-distributed r.v. with indices 1
2d1 and 1

2 (d − d1) (e.g.
Chapter 25 of [7], notably equation (25.2)). This leads to equation (1.4), which, in
turn, is consistent with (3.5). �
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Let f ∈ Φd for finite d. Then for any positive d′ < d, f ∈ Φd′ and the repre-
sentation at (1.2) holds for d- and d′-Schoenberg measures Gd and Gd′ , say with
kernels Ωd and Ωd′ respectively. From (1.4) we have

f(t) =

∫
R+

Ωd′(tw)Gd′(dw) =

∫
R+

Ωd(tu)Gd(du)

=

∫
R+

Gd(du)

∫
v∈(0,1)

Ωd′(tuv) fd′|d(v) dv =

∫
R+

Ωd′(tw)H(dw),(3.7)

where because Gd is a probability measure and fd′|d is a probability density func-
tion, H is well defined as a probability measure via its distribution function given
by

(3.8) H
(
(0, w]

)
=

∫
v∈(0,1)

fd′|d(v)Gd

(
(0, w/v]

)
dv (w > 0).

But by Theorem A, Gd′ is uniquely defined so H = Gd′ . We have established the
following.

Proposition 11. Given f ∈ Φd with d-Schoenberg measure Gd, for any positive
integer d′ < d, f has d′-Schoenberg measure Gd′ = H as in (3.8).

When Gd has density g with respect to Lebesgue measure, Gd′ also has a density,

and the density form of (3.8), that H(dw) = dw
∫ 1

v=0
fd′|d(v) g(w/v) v

−1 dv, follows
directly from (3.7) and Fubini’s theorem via

f(t) =

∫ ∞

u=0

g(u) du

∫ 1

v=0

Ωd′(tuv) fd′|d(v) dv

=

∫ ∞

u=0

du

∫ u

w=0

g(u) Ωd′(tw) fd′|d(w/u)
dw

u

=

∫ ∞

w=0

Ωd′(tw) dw

∫ ∞

u=w

g(u) fd′|d(w/u)
du

u

=

∫ ∞

0

Ωd′(tw) dw

∫ 1

z=0

g(w/z)fd′|d(z)
dz

z
.

We note that Eaton [1] discusses general questions concerning projections of
isotropic distributions into subspaces, but without giving explicit formulae as in
(3.5). Also, analogously to Lemma 10 and its straightforward proof, g(t) :=∫
R+

f(tu) fd|d+j(u) du ∈ Φd+j whenever f ∈ Φd, and the d-Schoenberg measure

of f is the same as the (d+ j)-Schoenberg measure for g.

4. Euclid hat functions

In this section we revisit the Euclid hat function, whose illustrative name is
due to Schaback [10]. These functions are given an extended exposition for our
purposes in [4], whose terminology we follow, but our notation varies a little from
earlier writing, including that of [13] (see also historical remarks in [14, §9.6]).

Given any positive integer d define the function hd : R+ �→ [0, 1] by

(4.1) hd(t) = Hd

∫ 1

t

(1− v2)
1
2 (d−1) dv (0 ≤ t ≤ 1),

hd(t) = 0 for t ≥ 1 (and define hd(t) = hd(−t) for t < 0 if it is wanted), with Hd

a normalizing constant, 1/Hd =
∫ 1

0
(1− v2)

1
2 (d−1) dv. Then hd(0) = 1 and hd is an
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element of Φd. Since the integrand in the expression for 1/Hd decreases for each v
with increasing d ≥ 1, it is trivial that Hd < Hd+1 for d ≥ 1. Gneiting [4] discusses
several properties of the functions hd and the class Hd of functions obtained as
mixtures

∫
R+

hd(ut)F (du) of the function hd for given d.

Amongst other results, Gneiting shows that hd ∈ Φd\Φd+1 using an argument in
Theorem 2.10 of Fang et al. [2]. This property of the functions hd shows immediately
that the inclusion relations at (1.1) are strict and produces an all but trivial proof
of the non-decomposability of Ωd as follows. Suppose that for some d we have
Ωd ∈ Φd+1 so that Ωd(t) =

∫
R+

Ωd+1(tv)F (dv) for some measure F . Then because

hd(t) =
∫
R+

Ωd(tu)Gd(du) for some d-Schoenberg measure Gd,

hd(t) =

∫
R+

Gd(du)

∫
R+

Ωd+1(tuv)F (dv) =

∫
R+

Ωd+1(tw)Hd(dw),

where Hd(dw) =
∫
R+∩{w=uv} F ( du)Gd(dv). Since F and Gd are probability mea-

sures, so is Hd, and therefore we have exhibited hd as an element of Φd+1. But we
know that hd /∈ Φd+1, so Ωd /∈ Φd+1 also. We record this result formally.

Lemma 12. For every d = 1, 2, . . . , Ωd ∈ Φd \ Φd+1.

Each hd is the standardized second convolution power of the indicator function
of the unit ball Bd in R

d, so to deduce the form at (4.1), start by computing the
integral

(4.2) h̃d(t) :=

∫
Rd

IBd(x− y) IBd(y) dy, ‖x‖ = 2t,

where our notation on the left-hand side reflects the fact that this convolution
power is a radial function (because it depends on x only via the norm ‖x‖), and
we have so chosen the range of the function h̃d that it is zero outside the interval
(−1, 1). Now h̃d(t) equals the R

d-volume of two hemispherical caps, each of height
1− t. This volume is obtained as the integral of scaled versions of Bd−1, the scaling
factors being the diameters of the segments of hyperplanes orthogonal to the axis
of symmetry of the cap and thus parallel to the base of the cap, so the diameter is
of length 2

√
1− (1− x)2 for 0 < x < 1− t. Then the total volume (in R

d) of each
cap equals[ ∫ 1−t

0

[1− (1− x)2]
1
2 (d−1) dv

]
vol(Bd−1) =

∫ 1

t

(1− y2)
1
2 (d−1) dy vol(Bd−1).

Normalizing h̃d(t) so that hd(0) = 1 yields
(4.3)

hd(
1
2‖x‖) =

Γ( 12d+ 1)

Γ
(
1
2

)
Γ
(
1
2d+

1
2

) ∫ 1

1
2‖x‖

(1− v2)
1
2 (d−1)
+ dv, x ∈ R

d, d = 1, 2, . . . ,

where 1/Hd :=
∫ 1

0
(1− v2)

1
2 (d−1) dv =

∫ 1
2π

0
cosd θ dθ can be evaluated recursively.

Because hd(t) is the second convolution power of an r.v. X uniformly distributed

over Bd, its Fourier transform is just
[
b̌(t)

]2
=

[
Ωd+2(t)

]2
, using (3.1) above. Know-

ing the Fourier transform of hd, we can appeal to Theorem A and conclude that



DIMENSION WALKS AND SCHOENBERG SPECTRAL MEASURES 1823

there exists a Schoenberg measure γEH
d such that the characteristic function we

have just displayed must be expressible,

(4.4) [Ωd+2(t)]
2 =

∫
R+

Ωd(tu) γ
EH
d (du),

but we have not been able to deduce a simple expression for γEH
d (·) from the extant

literature.
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Valparáıso, 2390123, Chile

E-mail address: emilio.porcu@usm.cl

http://www.ams.org/mathscinet-getitem?mr=2131724
http://www.ams.org/mathscinet-getitem?mr=2131724
http://www.ams.org/mathscinet-getitem?mr=0893393
http://www.ams.org/mathscinet-getitem?mr=0893393
http://www.ams.org/mathscinet-getitem?mr=0915557
http://www.ams.org/mathscinet-getitem?mr=0915557

	1. Introduction
	2. Montée and Descente
	3. Recurrence relations for d via projection
	4. Euclid hat functions
	Acknowledgements
	References

