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EINSTEIN HERMITIAN METRICS

OF POSITIVE SECTIONAL CURVATURE

CANER KOCA

(Communicated by Lei Ni)

Abstract. It is shown that, up to scaling and isometry, the only complete
4-manifold with an Einstein metric of positive sectional curvature which is also
Hermitian with respect to some complex structure is the complex projective
plane CP2, equipped with its Fubini-Study metric.

1. Introduction

Let M be a smooth n-manifold. A Riemannian metric g on M is called Einstein
if the Ricci tensor is a constant multiple of the metric tensor, i.e.

r = λg

for some constant λ ∈ R, called the Einstein constant [5]. If λ > 0 and g is complete,
M is compact by Myer’s Theorem.

This paper will investigate the existence of positive sectional curvature Einstein
metrics on 4-manifolds. Since the Ricci tensor is, by definition, the pointwise av-
erage of all sectional curvatures, the positivity of λ is guaranteed for any Einstein
manifold of positive sectional curvature. Examples of such manifolds are the 4-
sphere S4 with its standard round metric (which has sectional curvature K ≡ 1)
and the complex projective plane CP2 with the Fubini-Study metric gFS (which has
1 ≤ K ≤ 4). Notice that these examples have strictly positive sectional curvature.
By contrast, while the product metric on S2 × S2 is Einstein with λ > 0 too, its
sectional curvatures are merely non-negative. They are actually 0 for the tangent
planes which have 1-dimensional projections to each factor. In fact, the so-called
Hopf Conjecture asks whether or not there are any metrics on S2 × S2 of positive
sectional curvature (see [18]).

One fruitful source of Einstein metrics is provided by Kähler geometry. For a
compact complex surface (M,J),

a. There is a unique Kähler-Einstein metric with λ < 0 if c1(M) < 0 (see [20],
[2]).

b. There is a unique Kähler-Einstein metric with λ = 0 (i.e. Ricci-flat) in each
Kähler class if c1(M) = 0 (see [19]).

c. In the λ > 0 case, Tian [17] showed thatM admits a Kähler-Einstein metric
with λ > 0 iff M has c1(M) > 0 and its automorphism group Aut(M) is
a reductive Lie group. The diffeomorphism types of such complex surfaces
are CP2, CP1 × CP1 and CP2�kCP2 with k = 3, 4, . . . , 8.

Received by the editors June 29, 2012.
2010 Mathematics Subject Classification. Primary 53C25, 53C55.

c©2014 American Mathematical Society
Reverts to public domain 28 years from publication

2119

http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9939-2014-11929-0


2120 CANER KOCA

Among these Kähler-Einstein metrics, only the one on CP2 has positive sectional
curvature. This follows, for example, by Frankel’s Theorem [8], which says that any
compact complex surface M with a Kähler metric of positive sectional curvature
must be CP2.

† This result, which was proved using a result of Andreotti [1], is a
special case of the Frankel conjecture [8], proved by Siu and Yau [15], which asserts
that the generalization of the statement is true for all complex dimensions n.

Remarkably, if we relax the Kähler condition on the Einstein metric g and merely
assume that g is Hermitian, i.e. that g(J ·, J ·) = g(·, ·) for a complex structure J
on the manifold M , only two additional exceptional metrics appear:

Theorem 1.1 (LeBrun [12]). Let (M4, J) be a compact complex surface. If g is
Einstein and Hermitian, then exactly one of the following holds:

(1) g is Kähler-Einstein with λ > 0.
(2) (M,J) is biholomorphic to CP2�CP2 and g is the Page metric gPage (up to

rescaling and isometry).
(3) (M,J) is biholomorphic to CP2�2CP2 and g is the Chen-LeBrun-Weber

metric gCLW (up to rescaling and isometry).

If we furthermore assume that g has positive sectional curvature, we have already
seen that the first case of the above theorem is only possible when M is CP2, by
Frankel’s Theorem. On the other hand, by a theorem of Berger [4], the Fubini-Study
metric is the only Kähler-Einstein metric with positive holomorphic bisectional∗

curvature on CP2 (up to rescaling and isometry). Therefore, it remains to prove
that gPage and gCLW are not of positive sectional curvature either. This will conclude
the proof of our main theorem:

Theorem 1.2. Let M be a smooth 4-manifold, and let g be a complete Einstein met-
ric of positive sectional curvature. If g is Hermitian with respect to some complex
structure J on M , then (M,J) is biholomorphic to CP2 and g is the Fubini-Study
metric (up to rescaling and isometry).

The key fact we use in the proof of Theorem 1.2 is a result due to Frankel
[8] which says that totally geodesic submanifolds of complementary dimensions on
positively curved manifolds necessarily intersect. The strategy of our proof is to
obtain a pair of disjoint totally geodesic surfaces for each of the exceptional metrics
of Theorem 1.1.

2. Proof of the main theorem

Let (M4, J, g) be an Einstein Hermitian manifold of positive sectional curvature.
If the metric is Kähler, by our discussion in the Introduction, (M,J, g) is CP2 with
the Fubini-Study metric (up to rescaling and isometry).

If g is not Kähler, it follows from LeBrun’s Theorem that it is either CP2�CP2

with gPage or CP2�2CP2 with gCLW. Both of these metrics are conformally equiv-
alent to extremal Kähler metrics [13]. On the other hand, Calabi showed [6] that

†Gursky and LeBrun have proved a stronger result which applies to more general Einstein
metrics. See [10], Theorem B.

∗For a Hermitian metric, the holomorphic bisectional curvature of a pair of orthogonal unit
tangent vectors X,Y is defined as H(X,Y ) = Rm(X,JX, Y, JY ). Moreover, if the metric is
Kähler, then H(X,Y ) = K(X,Y ) + K(X, JY ), where K(·, ·) stands for the sectional curvature.
Therefore, positivity of sectional curvature implies that of bisectional curvature.
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the identity component of the isometry group of an extremal Kähler metric neces-
sarily lies in the identity component of the group of biholomorphisms as a maximal
compact subgroup. The crucial point is that for the two metrics in question, the
isometry group contains a torus‡ (see [3], [7]). The images of the moment maps
(see [9], [7]) of these torus actions are as follows:

x

y

x

y

CP2�CP2 CP2�2CP2

where x and y are the Hamiltonians of the torus action. The two vertical edges
of each of these moment map profiles correspond to a pair of disjoint 2-spheres
in the respective manifolds,§ which are fixed by the circle action generated by
the Hamiltonian vector field corresponding to the Hamiltonian x. Note that this
Hamiltonian action preserves the Kähler form and the complex structure. As a
consequence, we obtain an S1-family of isometries of both the Kähler metric and
the conformally equivalent Einstein metric which fixes the two disjoint 2-spheres.
Because the common fixed point set of a family of isometries is totally geodesic (see
[11]), these submanifolds are moreover totally geodesic.

On the other hand, using a variational argument due to Synge [16], Frankel
proved the following theorem about totally geodesic submanifolds of positively
curved spaces:

Theorem 2.1 (Frankel [8]). Let M be a smooth n-manifold, and let g be a complete
Riemannian metric of positive sectional curvature. If X and Y are two compact
totally geodesic submanifolds of dimensions d1 and d2 such that d1 + d2 ≥ n, then
X and Y intersect.

Since we have found two disjoint totally geodesic submanifolds of dimension 2,
neither gPage nor gCLW have positive sectional curvature. This completes the proof
of Theorem 1.2.

Also note that one can choose an orthonormal co-frame for the Page metric,
given as in [14], and compute the sectional curvatures explicitly in Mathematica to
verify directly that some of the sectional curvatures are negative at some points of
the manifold.
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