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A REMARK ON CENTRAL SEQUENCE ALGEBRAS

OF THE TENSOR PRODUCT OF II1 FACTORS

WENMING WU AND WEI YUAN

(Communicated by Marius Junge)

Abstract. Let M and N be two type II1 factors with separable predual

and ω a free ultrafilter on N. If the central sequence algebra Nω is abelian
and there is a non-atomic abelian subalgebra A in M such that any central
sequence of M⊗N is contained in the ultrapower (A⊗N )ω, then (M⊗N )ω
is abelian. It is also shown that there is an action α of the free group F2 on
the group von Neumann algebra LZ such that the central sequence algebra of
M = LZ �α F2 is abelian and non-trivial and any central sequence in M⊗N
is in the ultrapower (LZ⊗N )ω .

1. Introduction and preliminaries

Von Neumann algebras are strong-operator closed self-adjoint subalgebras of the
algebra of all bounded linear operators acting on a Hilbert space. Factors are
von Neumann algebras whose center consists of the scalar multiples of the identity
operator. Every von Neumann algebra is the direct sum or direct integral of factors.
Thus factors are the building blocks for all von Neumann algebras. Murray and
von Neumann classified factors by means of a relative dimension function. Finite
factors are those for which this dimension function has a bounded range. The
infinite dimensional finite factors are referred to as the type II1 factors. By using
the ideas of central sequences, Murray and von Neumann gave examples of non-
isomorphic factors of type II1.

Let M be a II1 factor with the unique faithful normal tracial state τ . The 2-
norm on M is given by ‖T‖2 = τ (T ∗T )1/2, ∀ T ∈ M. A uniform bounded sequence
{Tn} in M is said to be a central sequence if limn→∞ ‖TnA−ATn‖2 = 0 for any A
in M. It is easy to see that any subsequence of a central sequence is also central.
A central sequence {Tn} is said to be non-trivial if ‖Tn − τ (Tn)I||2 � 0 as n tends
to infinity.

Suppose ω is a free ultrafilter of N. Let l∞(M) be the set of all uniform bounded
sequences in M. Then l∞(M) is a von Neumann algebra (with pointwise multi-
plication) and Iω = {{Tn} ∈ l∞(M) : limn→ω ‖Tn‖2 = 0} is a maximal ideal in
l∞(M). The ultrapower Mω of M, which is defined by Mω = l∞(M)/Iω, is a
II1 factor [9]. M is canonically embedded in Mω as constant sequences given by
elements in M. Therefore, the algebra formed by central sequences of M can be
viewed as the relative commutant of M in Mω and denoted by Mω.
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Dixmier [2] proved that Mω is either trivial or non-atomic. In [5], McDuff
showed that Mω is non-commutative if and only if M ∼= M⊗R, where R is the
hyperfinite II1 factor. Such a factor is thus called a McDuff factor. McDuff also
proved in the same paper that the central sequence algebra of a McDuff factor is
type II1.

Suppose that M and N are two II1 factors. It is clear that if Mω or Nω is non-
commutative, then (M⊗N )ω is also non-commutative. However, if both Mω and
Nω are abelian, it is not known whether (M⊗N )ω is still abelian. The full factor is
the factor which does not have property Γ, i.e., the central sequence algebra of the
factor is trivial. A. Connes proved that the tensor product of two II1 factors is full
if and only if both the two factors are full ([1]). In [3], Fang, Ge and Li showed that
Rω is prime, which implies that the central sequence algebra of the tensor product
of two factors may not be the tensor product of the central sequence algebras of
the factors respectively.

In this paper, we will try to shed more light on the question of whether (M⊗N )ω
is abelian if both Mω or Nω are abelian. More precisely, we will prove in section 2
that ifNω is abelian and there exists a non-atomic abelian von Neumann subalgebra
A of M such that (M⊗N )ω ⊂ (A⊗N )ω, then (M⊗N )ω is abelian. In the last
section, we will construct a II1 factor M with a non-trivial abelian central sequence
algebra such that any central sequence of M⊗N is contained in (A⊗N )ω, where
A is a non-atomic abelian von Neumann subalgebra of M and N is any other II1
factor.

2. Main result

Throughout this section, we let ω be a free ultrafilter on N and let Mω, Nω be
the central sequence algebras of II1 factors M and N . For simplicity of notation,
we use the same letter τ to denote the faithful normal tracial state on M, N and
M⊗N .

Theorem 2.1. With notation as above, if Nω is abelian and there is a non-atomic
abelian von Neumann subalgebra A of M such that any central sequence in M⊗N
is contained in the ultrapower (A⊗N )ω, then (M⊗N )ω is abelian.

We will prove this fact by showing that any two central sequences in M⊗N are
commuting [5].

Assume that M and N act on the separable Hilbert spaces H and K respectively.
Since A is a non-atomic abelian von Neumann subalgebra ofM, there is a separable
Hilbert space H2 and a unitary operator W from H onto H2 ⊗ L2([0, 1], μ) such
that WAW ∗ = I ⊗ L∞([0, 1], μ), where μ is the Lebesgue measure on the inter-
val [0, 1] ([4]). Moreover, if A ∈ A and WAW ∗ = I ⊗ ϕ(A), we have τ (A) =∫
[0,1]

ϕ(A)(x)dμ(x). We will therefore assume in the rest of this section that

H⊗K = H2 ⊗ L2([0, 1], μ)⊗K and A = I ⊗ L∞([0, 1], μ).
Note that L2([0, 1], μ)⊗ K can be identified with L2([0, 1],K) ([10]). The inner

product on L2([0, 1],K) is given by

〈ξ, η〉 =
∫
[0,1]

〈ξ(x), η(x)〉dμ(x), ξ, η ∈ L2([0, 1],K).

Lemma 2.2. If a sequence {ξn} converges to ξ in L2([0, 1],K), then there exists a
subsequence {ξnk

} of {ξn} such that {ξnk
(x)} converges to ξ(x) for almost every x

in [0, 1].
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Proof. If {ξn} converges to ξ, we have∫
[0,1]

||ξ(x)− ξn(x)||2dμ(x) → 0, n → ∞.(2.1)

It is easy to see that (2.1) implies the lemma ([11]). �

Before we proceed further, let us recall the following fact about operators in
L∞([0, 1])⊗N . For any T ∈ L∞([0, 1])⊗N , there exists a N -valued bounded func-
tion T (·) on [0, 1] such that, for any K-valued measurable function ξ(·), the functions
x ∈ [0, 1] → T (x)ξ(x) ∈ K and x ∈ [0, 1] → T (x)∗ξ(x) ∈ K are measurable and
(Tξ)(x) = T (x)ξ(x) for almost every x ∈ [0, 1]. Moreover, we have

‖T‖2 = τ (T ∗T )
1
2 = (

∫
[0,1]

τ (T (x)∗T (x))dμ(x))
1
2

= (

∫
[0,1]

‖T (x)‖22dμ(x))
1
2 .

It follows immediately that for almost every x ∈ [0, 1],

((I ⊗ T )ξ)(x) = Tξ(x), T ∈ N ,

((f ⊗ I)ξ)(x) = f(x)ξ(x), f ∈ L∞([0, 1]).

We refer the reader to [10] and [4] for a more detailed discussion on the direct
integral of Hilbert spaces and von Neumann algebras.

To prove Theorem 2.1, we will need the following technical lemma.

Lemma 2.3. If {I⊗Tn} ∈ (I⊗L∞([0, 1], μ)⊗N )ω is a central sequence of M⊗N ,
then there is a subsequence {Rn} of {Tn} such that {Rn(x)} ∈ Nω for almost every
x ∈ [0, 1].

Proof. The proof is an easy application of the diagonal argument. Without loss of
generality, we could assume that ‖Tn‖ = 1, ∀ n ∈ N. Since {I ⊗ Tn} is a central
sequence, for any A ∈ N we have

‖Tn(I ⊗A)− (I ⊗A)Tn‖22 =

∫
[0,1]

‖Tn(x)A−ATn(x)‖22dμ(x) → 0, n → ∞.(2.2)

Since N has separable predual, we can pick a ‖ · ‖2−dense sequence {Ak} in the
unit ball of N .

By (2.2) and a straightforward inductive argument, we find subsequences

{{T (k)
n }}k of {Tn} such that {T (k+1)

n } is a subsequence of {T (k)
n }, and for almost

every x ∈ [0, 1] we have

‖T (k)
n (x)Ai −AiT

(k)
n (x)‖22 → 0, n → ∞, i = 1, 2, · · · , k.

Let Rn = T
(n)
n for n = 1, 2, . . . . Then for almost every x ∈ [0, 1] we have

‖Rn(x)Ak −AkRn(x)‖22 → 0, n → ∞, k = 1, 2, . . . .

This implies that {Rn(x)} is in Nω a.e. �

We are now ready to prove Theorem 2.1.
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Proof of Theorem 2.1. Recall that we identified A with I ⊗ L∞([0, 1], μ), and all
central sequences of M⊗N are contained in (I ⊗ L∞([0, 1], μ) ⊗ N )ω. Suppose
now that {I ⊗ Tn} and {I ⊗ Sn} are two such central sequences. Then {an =
‖TnSn − SnTn‖2}∞n=1 is a bounded sequence since 0 ≤ an ≤ 2‖{Tn}‖‖{Sn}‖.

We claim that for any subsequence {nk}∞k=1 of N, there is a subsequence {mk}∞k=1

of {nk}∞k=1 such that amk
→ 0 as k → ∞. It is clear that the claim implies the

theorem.
To prove the claim, let {nk}∞k=1 be a subsequence of N. Note that every subse-

quence of a central sequence is still a central sequence. Hence, by Lemma 2.3, there
exists a subsequence {mk} of {nk} such that both {Tmk

(x)} and {Smk
(x)} are in

Nω almost everywhere.
Let fk be the function defined by

fk(x) = ‖Tmk
(x)Smk

(x)− Smk
(x)Tmk

(x)‖2, x ∈ [0, 1], k = 1, 2, . . . .

The functions {fk} are measurable since the N -valued functions Tn(x) and Sn(x)
are μ-measurable. Moreover, {fk} are bounded by the boundedness of {Tn} and
{Sn}.

Since Nω is abelian and {Smk
(x)} and {Tmk

(x)} are in Nω almost everywhere,
then fk(x) → 0 (k → ∞) almost everywhere. Hence, by the Lesbegue dominated
converge theorem, we have

lim
k→∞

amk
= lim

k→∞
(

∫
[0,1]

|fk(x)|2dμ(x))
1
2 = (

∫
[0,1]

lim
k→∞

|fk(x)|2dμ(x))
1
2 = 0,

and the claim holds. �

Remark 2.4. Under the conditions of Theorem 2.1, if the II1 factors M and N have
the property Γ and are not McDuff factors, then their tensor product M⊗N also
has the property Γ and is not a McDuff factor.

3. The crossed product LZ �α F2

To construct the II1 factor mentioned in the introduction, we need to first fix
some notation. Let F2 be the free group with two generators a and b. The group
factor LF2

is constructed by completing the left regular representation of F2 on the
Hilbert space l2(F2) in the weak operator topology. We use Lg, g ∈ F2, to denote
the unitary operator corresponding to the group element g in LF2

. It is clear that
La and Lb generate LF2

.
Let {en}n∈Z be the canonical orthonormal basis of l2(Z), i.e., en(m) = δn,m. We

use En to denote the orthogonal projection from l2(Z) onto the one dimensional
subspace spanned by en. The bilateral shift operator U on l2(Z) is given by Uen =
en+1. It is well known that U is a Haar unitary with respect to the vector state ωe0

associated with e0 (which is defined on all of B(l2(Z))), i.e., ωe0(A) = 〈Ae0, e0〉.
Let LZ be the von Neumann algebra generated by the operator U .

Since every unitary pair determines a representation of F2, we now construct a
unitary representation π of F2 by giving such a pair of unitaries on l2(Z):

Vaen = en, Vben = e−inθen, n ∈ Z,

where θ
2π ∈ [0, 1) \ Q. For the rest of this section, we will use Vg to denote π(g).

It is easy to see that VbEn = e−inθEn and VbUV −1
b = e−iθU . Thus π induces an

automorphic representation α of F2 on LZ: αg(A) = VgAV ∗
g , g ∈ F2, A ∈ LZ.
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Remember that every element in LZ �α F2 can be written as
∑

g∈F2
xgVg ⊗ Lg,

where xg ∈ {U}′′ and
∑

g∈F2
ωe0(x

∗
gxg) < ∞. Let τ0(

∑
g∈F2

xgVg ⊗ Lg) � ωe0(xe).
It is routine to check that τ0 is a faithful normal tracial state of LZ �α F2. Thus
LZ �α F2 is finite. Note that the action is ergodic but not free. So the first thing
we need to show is that LZ �α F2(= {U ⊗ I, Vg ⊗ Lg}′′) is a factor of type II1.
More specifically, we have LZ �α F2 is a semi-solid II1 factor. Recall that a (finite)
von Neumann algebra M is called solid (semi-solid) [6] if the relative commutant
A′∩M of any diffuse von Neumann subalgebra (type II1 von Neumann subalgebra)
A is injective.

Proposition 3.1. With the above notation, LZ �α F2 is a type II1 factor and is
semi-solid but not solid. In particular, LZ�α F2 is prime, i.e., it is not isomorphic
to the tensor product of any two factors of type II1.

Proof. To prove LZ �α F2 is a factor, let
∑

g∈F2
xgVg ⊗ Lg be an element in the

center. Then∑
g∈F2

xgVg ⊗ Lg = (Va ⊗ La)(
∑
g∈F2

xgVg ⊗ Lg)(Va ⊗ La)
∗ =

∑
g∈F2

xa−1gaVg ⊗ Lg.

This implies that for any g ∈ F2, we have xg = xa−1ga . If b
±1 appears in the reduced

form of h, then xh must be 0. Otherwise,
∑

g∈F2
ωe0(x

∗
gxg) = ∞. Therefore, we

now assume that the central element has the form
∑

n∈Z
xanVan ⊗ Lan . Similarly,

by considering the equations∑
n∈Z

xanVan ⊗ Lan = (Vb ⊗ Lb)(
∑
n∈Z

xanVan ⊗ Lan)(Vb ⊗ Lb)
∗

=
∑
n∈Z

αb(xan)Vbanb−1 ⊗ Lbanb−1 ,

we have xg = 0 for all g ∈ F2 \ {e}, where e is the group unit of F2. Hence LZ �F2

is a factor since (Vb ⊗ Lb)
′ ∩ (LZ ⊗ I) is trivial.

LZ �α F2 is semi-solid because F2 is a word-hyperbolic group and the action α
on LZ is trace-preserving (Theorem 4.6. in [7]). However, it is clear that Va ⊗ La

and Vbab−1 ⊗ Lbab−1(= I ⊗ Lbab−1) are in (LZ ⊗ I)′ ∩ (LZ �α F2) and that the
von Neumann algebra generated by these two operators is isomorphic to the free
group factor LF2

, thus not injective. Therefore, LZ �α F2 is not solid. Because any
semi-solid II1 factor is prime, LZ �α F2 is prime. �

The proof of the last proposition implies that the subalgebra A generated by
U ⊗ I and Va ⊗ La is a maximal abelian von Neumann subalgebra of LZ �α F2.
Next we will show that A is actually a singular M.A.S.A, i.e., N (A)(:= {W : W is
a unitary in M such that WAW ∗ = A}) is in A.

Proposition 3.2. A = {U ⊗ I, Va ⊗ La}′′ is a singular maximal abelian von Neu-
mann subalgebra of LZ �α F2.

Proof. Let A0 be the von Neumann subalgebra of A generated by the operator
Va ⊗ La. A0 is non-atomic since Va ⊗ La is a Haar unitary. For any element
g ∈ F2 whose reduced form contains the letter b, it is not hard to check that
(UnVgU

m ⊗ Lg)A0(U
nVgU

m ⊗ Lg)
∗ ⊥ A, i.e., τ0(N1N2) = τ0(N1)τ0(N2) for any

N1 ∈ (UnVgU
m ⊗ Lg)A0(U

nVgU
m ⊗ Lg)

∗ and N2 ∈ A, where τ is the faithful
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normal trace defined in the discussion before Proposition 3.1 and n, m ∈ Z. Thus
τ0((U

nVgU
m ⊗ Lg)T ) = τ0(U

nVgU
m ⊗ Lg)τ0(T ) = 0 for any T ∈ N (A)′′ ([8]).

We claim that N (A)′′ ⊆ A. Indeed, if T =
∑

g∈F2
tgVg ⊗ Lg ∈ N (A)′′ \ A,

then there is an element g0 ∈ F2 with the letter b in its reduced form and tg0 �= 0.
As tg0 is in LZ, there is an integer k such that ωe0(U

ktg0) �= 0. Thus we have a
contradiction:

0 = τ0(T )τ0(Vg−1
0
Uk ⊗ Lg−1

0
) = τ0(T (Vg−1

0
Uk ⊗ Lg−1

0
)) = ωe0(tg0U

k) �= 0,

and the proposition is proved. �

Proposition 3.3. The central sequence algebra (LZ �α F2)ω is abelian and non-
trivial, where ω is a free ultrafilter on N.

Proof. Suppose that {tn =
∑

g∈F2
x
(n)
g Vg ⊗ Lg} ∈ (LZ �α F2)

ω is a non-trivial

central sequence, where x
(n)
g ∈ LZ. Without loss of generality, we can assume that

‖tn‖ = 1 and τ (tn) = 0.
Let S = {g ∈ F2 : the reduced form of g beginning with b±1}. If ‖tn|S‖2 � 0,

then there is a subsequence {tnk
} of {tn} such that

lim
k→∞

∑
g∈S

‖x(nk)
g ‖22 = c > 0.

Since any subsequence of a central sequence is also a central sequence, we might

as well assume that
∑

g∈S ‖x(n)
g ‖22 → c. Let n0 be an integer such that ‖tn|S‖22 =∑

g∈S ‖x(n)
g ‖22 > c

2 whenever n > n0.

Let δ = c
8 and N be a positive integer satisfying cN

4 > 1. Since {tn} is a central
sequence, there is an integer n1 ≥ n0 such that

‖(Va ⊗ La)
itn(Va ⊗ La)

−i − tn‖2 < δ, i = 1, 2, . . . , N, n > n1.

Because ‖((Va ⊗ La)
itn(Va ⊗ La)

−i)|S‖22 =
∑

g∈a−iSai ‖x(n)
g ‖22 = ‖tn|a−iSai‖22, we

have

|‖tn|a−iSai‖22 − ‖tn|S‖22| � 2‖((Va ⊗ La)
itn(Va ⊗ La)

−i)|S − tn|S‖2 < 2δ.

This implies ‖tn|a−iSai‖22 > ‖tn|S‖22 − 2δ, i = 1, 2, . . . , N .
Note that the sets a−iSai(i = 1, 2, . . . , N) are pairwise disjoint. Thus we have

1 = ‖tn‖ � ‖tn‖22 �
N∑
i=1

‖tn|a−iSai‖22 � N(‖tn|S‖22 − 2δ) � cN

4
> 1.

It is obviously a contradiction. Hence ‖tn|S‖2 → 0. By substituting (tn − (tn|S))
for (tn), we could assume that all tn vanish at the set S.

Now let S0 = {g ∈ F2: the reduced form of g beginning with a±1}. Then for
any 0 �= i ∈ Z, we have tn|biS0b−i = 0 and

‖(Vb ⊗ Lb)
itn(Vb ⊗ Lb)

−i − tn‖22 ≥ ‖[(Vb ⊗ Lb)
itn(Vb ⊗ Lb)

−i − tn]|S0
‖22 = ‖tn|S0

‖22,
since {tn} vanishes on S. Because {tn} is a central sequence, we have ‖tn|S0

‖2 → 0
as n → ∞.

Note that F2 is the disjoint union of S, S0 and {e}, and the above argument

implies that {tn =
∑

g∈F2
x
(n)
g Vg ⊗ Lg} is equivalent to {x(n)

e Ve ⊗ Le} in (LZ �α

F2)
ω. It follows that all the centralizing sequences are contained in (LZ)

ω and that
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(LZ �α F2)ω is abelian. To finish the proof, we will construct a non-trival central
sequence of LZ �α F2.

Since θ
2π ∈ [0, 1) is an irrational number, there is a sequence {nk} of natural

numbers such that nkθ
2π − [nkθ

2π ] → 0 as k → ∞, where [x] is the integer part of x.
Let {nk} be such a sequence and tk = Unk ⊗ I. Then ‖tk‖ = 1, τ (tk) = 0 and
‖tk‖2 = 1. It is obvious that {tk} commutes with U ⊗ I and Va ⊗La. For Vb ⊗Lb,
we have

‖(Vb ⊗ Lb)tk(Vb ⊗ Lb)
−1 − tk‖2 = ‖(e−inkθ − 1)Unk‖2 → 0, k → ∞.

Therefore, {tk} is a non-trivial central sequence of LZ �α F2. �
Remark 3.4. The first part of the above argument is still valid for θ

2π = q
p , where p

and q are mutually-prime integers. It is, however, easy to see that Up ⊗ I is in the
center of LZ �α F2; thus LZ �α F2 is not a factor anymore.

The following theorem can be proved by the same argument as in the proof of
Proposition 3.3, so we omit its proof.

Theorem 3.5. Suppose that N is a factor of type II1 and ω is a free filter for
N. Let M = LZ �α F2 and A = LZ ⊗ I. Then any central sequence of M⊗N is
contained in (A⊗N )ω.
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