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ON ATKIN AND SWINNERTON-DYER CONGRUENCES

FOR NONCONGRUENCE MODULAR FORMS

JONAS KIBELBEK

(Communicated by Kathrin Bringmann)

Abstract. In 1985, Scholl showed that Fourier coefficients of noncongruence
cusp forms satisfy an infinite family of congruences modulo powers of p, pro-
viding a framework for understanding the Atkin and Swinnerton-Dyer con-
gruences. We show that solutions to the weight-k Scholl congruences can
be rewritten, modulo the appropriate powers of p, as p-adic solutions of the
corresponding linear recurrence relation. Finally, we show that there are

spaces of cusp forms that do not admit any basis satisfying 3-term Atkin and
Swinnerton-Dyer type congruences at supersingular places, settling a question
raised by Atkin and Swinnerton-Dyer.

1. Introduction

For a finite-index congruence subgroup Γ ⊂ SL2(Z) and integer k ≥ 1, any space
Sk(Γ) of weight k cusp forms admits a basis consisting of common eigenforms of
the Hecke operators Tp for almost all primes p. A normalized Hecke newform has

q-expansion f =
∑∞

n=1 anq
n/M , where q = e2πiz and a1 = 1. All an are algebraic

integers, the sequence {an} is multiplicative, and for each p � M and any m,

(1.1) apm −Apam +Bpam/p = 0,

where Ap = ap satisfies the Ramanujan conjecture |Ap| ≤ 2p(k−1)/2 and Bp =
pk−1ζ, where ζ is a root of unity [1], [7]. As is conventional, we define am/p to be
0 if m/p is not an integer.

In other words, the Dirichlet series L(s, f) =
∑∞

n=1 ann
−s has an Euler product

L(s, f) =
∏
p�M

1

1−App−s +Bpp−2s

∏
p|M

1

1− app−s
.

Most subgroups of SL2(Z), however, are noncongruence; i.e., they do not contain
any principle congruence subgroup Γ(N). For each nonnegative integer g, there are
only finitely many congruence subgroups with genus g, but there are infinitely
many genus g noncongruence subgroups [5], [11]. While Hecke operators give us
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the rich theory of newforms in the congruence case, Hecke operators defined using
double cosets yield no new information about noncongruence cusp forms, sending
all genuinely noncongruence cusp forms to 0 [3].

For any finite-index noncongruence subgroup Γ of SL2(Z), the modular curveXΓ

has a model over a number field K with the cusp at infinity K-rational; we denote
by μ the cusp width of i∞. There are algebraic integers M and γ∞, with M , γ∞

μ,
and (M/γ∞)μ in A, the ring of integers of K, such that for any k, the d-dimensional
space of noncongruence cusp forms Sk(Γ) has a basis {fi =

∑
ai,nq

n/μ}1≤i≤d where
each Fourier coefficient, for any n and i, satisfies ai,nγ∞

−n ∈ A[1/M ]. In other
words, the coefficients ai,n are integral at all places p not dividing the principal
ideal (M), since the denominators involve only factors of M . In computed examples
of noncongruence forms, the denominators of ai,n grow exponentially with n. (See
examples in [8].) A folklore conjecture states that any cusp form f with algebraic
Fourier coefficients is a cusp form for a congruence subgroup Γ if and only if its
Fourier coefficients have bounded denominators.

In 1971, Atkin and Swinnerton-Dyer computed q-expansions for bases of several
spaces of noncongruence cusp forms Sk(Γ), with k even and with XΓ defined over Q
[2]. In their examples, they noted a remarkable fact reminiscent of equation (1.1).
For each prime p � M , they found a p-adic basis of forms such that for each basis
form fi =

∑∞
n=1 anq

n/μ there is an algebriac integer Ap such that for all m ≥ 1
and n ≥ 0,

(1.2) ampn+1 −Apampn + pk−1ampn−1 ≡ 0 (mod p(n+1)(k−1)),

where |Ap| ≤ 2p(k−1)/2.
The most significant progress towards understanding these congruences was

Scholl’s proof in [10] of long congruence relations for cusp forms in Sk(Γ) for even
k ≥ 4; the case k = 2 was done by Katz in [6]. These proofs assume that XΓ is
defined over Q, but similar arguments should apply to the general case.

Scholl defines a compatible family of 2d-dimensional �-adic Galois representations
ρ� attached to Sk(Γ), where each ρ� is unramified outside �M . For primes p � M ,
the characteristic polynomial Hp(T ) ∈ Z[T ] of the Frobenius at p is independent of

� and has integral coefficients. Further, it can be factored as Hp(T ) =
∏2d

i=1(T−αi),

where all roots have absolute value p(k−1)/2. We label the coefficients ofHp(T ) from

C−d to Cd by the equation Hp(T ) =
∑d

i=−d CiT
d+i to make Scholl’s congruences

easier to state and work with.
Scholl showed that any form f =

∑
anq

n/μ ∈ Sk(Γ) with algebraic Fourier
coefficients integral at p satisfies, for all n ≥ 0 and m ≥ 1,

Sf,m,n :=
d∑

i=−d

Ciampn+i ≡ 0 (mod p(n+1)(k−1)).(1.3)

(We denote by Sf,m,n the expression on the left side in congruence (1.3).) If d = 1,
this is precisely the 3-term ASD congruence (1.2). As above, we define an to be 0
if n is not an integer. Since the Fourier coefficients ampn+i are algebraic numbers,
the congruence (1.3) is interpreted to mean

Sf,m,n ∈ p(n+1)(k−1)A[1/M ],

where A denotes the ring of all algebraic integers.
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For fixed f and m, the Scholl congruence (1.3) describes an infinite family of
congruences on the sequence {ampn}n≥0. If instead of a family of congruences, we
consider the linear recurrence relation corresponding to Sf,m,n = 0,

d∑
i=−d

Cibn+i = 0 for n ≥ d,(1.4)

then it is well-known which sequences {bn}n≥0 satisfy this linear recursion. Writing

Hp(T ) =
∏2d

i=1(T −αi) and letting mi count the number of αj = αi with j < i, the

general solution is bn =
∑2d

i=1 κin
miαi

n for some constants κi. This motivates the
following theorem describing solutions to the Scholl congruence.

Theorem 1.1 (Main Theorem). Suppose all roots of

Hp(T ) =

2d∏
i=1

(T − αi) =

d∑
i=−d

CiT
i+d ∈ Z[T ]

have size p(k−1)/2, and let {bn}n≥0 be a sequence in some extension Kp of Qp.
Denote by Qp the splitting field of Hp(T ) over Kp. Let s be the number of roots
of Hp(T ) with p-adic valuation less than k − 1, and label these roots α1, . . . , αs.

(So d ≤ s ≤ 2d, since the constant term C−d of Hp(T ) is ±pd(k−1).) We count
multiplicities by defining mi to be the number of αj = αi with j < i. Then the
following are equivalent:

• The sequence {bn}n≥0 satisfies, for all n ≥ 0,

Sn :=

d∑
i=−d

Cibn+i ≡ 0 (mod p(n+1)(k−1)).

• The congruences Sn ≡ 0 (mod p(n+1)(k−1)) hold for 0 ≤ n < s, and there
exist constants κi ∈ Qp such that

bn ≡
s∑

i=1

κin
miαi

n (mod p(n+1)(k−1)).

Our primary interest is to apply this theorem to sequences bn = ampn of cusp
form Fourier coefficients.

The p-adic valuations of the roots of Hp(T ) can be read directly from the Newton
polygon of Hp(T ). This theorem shows that when we view the ASD or Scholl
congruences p-adically, the roots of Hp(T ) with valuation k − 1 have no effect on
the congruences. Typically, half of the roots will be p-adic units and the other half
will have valuation k − 1; this is called the ordinary case (with s = d). If all roots
are also distinct, we call the case strongly ordinary. Otherwise (for s > d), we have
the supersingular case.

In the strongly ordinary case, Scholl notes ([10], Theorem 5.6) that by diagonal-
izing the action of the Frobenius, we obtain a p-adic basis of forms which satisfy
the 3-term ASD congruences (1.2) and which actually satisfy two-term congru-
ences; this corresponds precisely to the change of basis given by a matrix of the
κ-coefficients of Theorem 1.1.1 However, no method for constructing such a basis

1While Theorem 1.1 applies directly only to the mpn-th Fourier coefficients for fixed m, nu-
merical evidence suggests that the matrices of κ-coefficients are compatible for different m, so that
in the strongly ordinary case, the same basis satisfies 3-term ASD congruences independent of m.
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has been found in general. In fact, we give an example (developed in the final
section) for which no 3-term congruences exist at supersingular places; this appears
to be typical for the supersingular case.

Theorem 1.2. For the (unique, up to conjugacy) finite index subgroup Γ ⊂ SL2(Z)
with model XΓ : y2 = x5+2, there is no basis of forms in S2(Γ) satisfying three-term
ASD congruences at any odd prime p ≡ 2, 3 (mod 5).

Theorem 1.1 also has implications for the unbounded denominator conjecture
(that every genuinely noncongruence cusp form with algebraic Fourier coefficients
has unbounded denominators):

Proposition 1.3. If f is a cusp form with algebraic Fourier coefficients an whose
denominators are bounded, then the κ-coefficients described in Theorem 1.1 corre-
sponding to the sequence {bn}, where bn = ampn , are algebraic over Q.

Proof. Given any cusp form f with algebraic Fourier coefficients coming from a
degree d Galois extension K of Q and having bounded denominators, we can obtain
d cusp forms with integer Fourier coefficients whose span contains f . (Take an
algebraically integral basis for K as a vector space over Q and write f in terms of
this basis. By taking linear combinations of f and its Galois conjugates, we can
obtain the d cusp forms which are the components of f with respect to the basis
of K over Q. Multiplying by a sufficiently large integer clears all denominators,
giving us forms with integer Fourier coefficients.)

These cusp forms with integer Fourier coefficients will satisfy a long Scholl con-
gruence (1.3), and they also must satisfy the Rankin bound an = O(nk/2−1/5) [9].
Thus, for sufficiently large n, the Scholl congruence on Fourier coefficients ampn

becomes a linear recurrence (just as is the case for congruence cusp forms) because
it determines ampn modulo pnk−C for some fixed integer C, while the Rankin bound
will eventually leave room for only one integer solution ampn to this congruence.
Solving this linear recurrence yields algebraic κ-coefficients; the κ-coefficients for
our original form f will just be an algebraic linear combination of the κ-coefficients
from its component forms, and thus are also algebraic numbers. �

Thus, if it can be shown that some κ-coefficient for a sequence of Fourier coeffi-
cients ampn is transcendental over Q, the corresponding cusp form must have un-
bounded denominators. Indeed, we expect the κ-coefficients coming from genuinely
noncongruence forms to be transcendental, but new ideas or information would be
needed for a proof. Even the knowledge that a cusp form f has unbounded de-
nominators is by itself not enough to conclude that any of its κ-coefficients are
transcendental.

2. Proof of the Main Theorem

Given a polynomial Hp(T ) =
∏2d

i=1(T − αi) =
∑d

i=−dCiT
d+i ∈ Z[T ] with each

root αi having size p(k−1)/2, we consider sequences {bi}i≥0 in an extension Kp of
Qp that satisfy Scholl congruences for all n ≥ 0:

Sn :=
d∑

i=−d

Cibn+i ≡ 0 (mod p(n+1)(k−1)).

This independence of m would be implied by the integrality at p of a formal group law associated
to Sk(Γ), as is discussed briefly in section 3.
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We begin with the simple observation that the Scholl congruences are only sen-
sitive to bi modulo p(i+1)(k−1).

Proposition 2.1. If the sequence {bi} satisfies the Scholl congruences, then so
does any sequence {ci} with ci ≡ bi (mod p(i+1)(k−1)).

Proof. Since all coefficients Ci are in Z and all roots of Hp(T ) have absolute value

p(k−1)/2, we must have C−i ≡ 0 (mod pi(k−1)) for 1 ≤ i ≤ d. The proposition
immediately follows. �

We denote by Qp the splitting field of Hp(T ) over Kp and write Hp(T ) =∏2d
i=1(T − αi) ∈ Qp[T ], where the first s roots have p-adic valuation less than

k− 1. We have d ≤ s ≤ 2d because there are at most d roots with valuation k− 1.
Let H∗

p (T ) =
∏s

i=1(T − αi); we label the coefficients of H∗
p (T ) by

H∗
p (T ) =

d∑
i=d−s

C∗
i T

s−d+i

and define linear combinations of entries in the sequence {bi}:

(2.1) S∗
n :=

d∑
i=d−s

C∗
i bn+i.

Lemma 2.2. If a sequence {bi} is integral at p and satisfies all congruences Sn ≡
0 (mod p(n+1)(k−1)), then it also satisfies all congruences S∗

n≡0 (mod p(n+1)(k−1)).

Proof. The proof is by induction on n.

Define coefficients Bi by Hp(T )/H
∗
p (T ) =

∏2d
i=s+1(T − αi) =

∑2d−s
i=0 BiT

2d−s−i.

Since the roots of this polynomial are precisely those αi such that pk−1|αi, we have
pi(k−1) | Bi. In particular, B0 = 1 and Hp(T ) ≡ T 2d−sH∗

p (T ) (mod pk−1), which

implies Ci ≡ C∗
i (mod pk−1) for 0 ≤ i ≤ d, establishing the base case of induction

S∗
0 ≡ S0 ≡ 0 (mod pk−1).
Now we suppose that S∗

n ≡ 0 (mod p(n+1)(k−1)) for all n < N . Then SN ≡
0 (mod p(N+1)(k−1)) implies that S∗

N ≡ 0 (mod p(N+1)(k−1)) because

SN ≡
2d−s∑
j=0

BjS
∗
N−j ≡ S∗

N (mod p(N+1)(k−1)). �

We can now prove the main result.

Proof of the Main Theorem. It is clear by Proposition 2.1 that if

bn ≡
s∑

i=1

κin
miαi

n (mod p(n+1)(k−1))

for some constants κi ∈ Qp, and Sn ≡ 0 (mod p(n+1)(k−1)) for 0 ≤ n < s, then

Sn ≡ 0 (mod p(n+1)(k−1)) for all n.
To show the converse, we consider the linear recursion relation over Qp given by

cn+d = −
d−1∑

i=d−s

C∗
i cn+i.
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For any s initial conditions, this determines a unique sequence {cn}; the vector
space of such sequences is s-dimensional over Qp. It is well-known that a basis
of the space is given by {nmiαi

n}1≤i≤s. (This can be seen by taking the partial
fraction decomposition of the generating function of this linear recursion, which has

the form
∑∞

n=0 cnx
n = f(x)

H∗
p (x)

, with f(x) a polynomial of degree < s determined by

the initial conditions.)
The confluent Vandermonde matrix associated with this linear recurrence isA :=

((i− 1)mjαj
i−1)1≤i,j≤s. We denote by α the upper-triangular matrix with (i, j)-th

entry
(
mj

mi

)
αi if αi = αj with i < j, and 0 otherwise. So a typical example, with

α1 = α2 = α3 and m4,ms = 0 (i.e., α4 and αs are not repeated roots), is

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 1 · · · 1
α1 α1 α1 α4 · · · αs

α1
2 2α1

2 4α1
2 α4

2 · · · αs
2

α1
3 3α1

3 9α1
3 α4

3 · · · αs
3

...
...

...
...

. . .
...

α1
s−1 (s− 1)α1

s−1 (s− 1)2α1
s−1 α4

s−1 · · · αs
s−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

and

α =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

α1 α1 α1 0 · · · 0
0 α1 2α1 0 · · · 0
0 0 α1 0 · · · 0
0 0 0 α4 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · αs

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

These matrices allow us to concisely describe solutions to the linear recurrence
above because

Aαn = ((n+ i− 1)mjαj
n+i−1)1≤i,j≤s.

We will use this to find the solution to the linear recurrence that matches the
sequence {bj}j≥0 in s consecutive terms, starting with the n-th term bn, and we
compare these solutions for different values of n. We must find the unique constants
κi,n such that

(2.2) bn+j =
s∑

i=1

κi,n(n+ j)miαi
n+j

for 0 ≤ j ≤ s− 1.

If we define the column vectors �κn := 〈κi,n〉1≤i≤s and �bn := 〈bn+j〉0≤j≤s−1, then

the system of equations can be rewritten in matrix form as

�bn = Aαn�κn.

Since A and α are invertible, we have �κn = α−nA−1�bn.

This gives us the unique vector �kn such that equation (2.2) is satisfied for
0 ≤ j ≤ s − 1. If we compare the following term bn+s from our Scholl congru-
ence sequence with the corresponding term

∑s
i=1 κi,n(n + s)miαn+s in the linear

recurrence sequence defined by �κn, then the congruence S∗
n+s−d is precisely the
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statement that these terms are congruent modulo p(n+s−d+1)(k−1). In fact, work-
ing modulo p(n+s−d+1)(k−1), we see from S∗

N+s−d for each N ≥ n that

bN+s ≡
s∑

i=1

κi,n(N + s)miαN+s (mod p(n+s−d+1)(k−1)).

In particular, this shows that

�bn+1 = Aαn+1�κn+1 ≡ Aαn+1�κn (mod p(n−d+1)(k−1)).

From this congruence, we will see that the vectors �κn converge p-adically as n → ∞.
Denote the p-adic valuation of the determinant of A by δ := vp(det(A)). If we
multiply the congruence on the left by A−1, we get

αn+1�κn+1 ≡ αn+1�κn (mod p(n−d+1)(k−1)−δ).

If all roots are distinct, this immediately gives us

αn+1
i κi,n+1 ≡ αn+1

i κi,n (mod p(n−d+1)(k−1)−δ).

If there are repeated roots, we get the same result after some straightforward row
reduction. In any case, we have

(2.3) κi,n+1 ≡ κi,n (mod p(n−d+1)(k−1)−(n+1)vp(αi)−δ).

Recall that for 1 ≤ i ≤ s, we have vp(αi) < k − 1. The power of congruence in
(2.3) is, up to constant terms, just n(k− 1− vp(αi)), which grows arbitrarily large
as n approaches infinity; thus the sequence κi,n converges p-adically. We define
κi := limn→∞ κi,n and �κ := 〈κi〉1≤i≤s.

We now claim that for all n,

bn ≡
s∑

i=1

κin
miαn

i (mod p(n+1)(k−1)).

To show this for any particular n, we first choose Nn large enough so that �κNn
≡

�κ (mod p(n+1)(k−1)); then it suffices to show that�bn ≡ Aαn�κNn
(mod p(n+1)(k−1)).

Notice that C∗
d−s has valuation vp(C

∗
d−s) = (s− d)(k − 1) since

C∗
d−s

(
2d−s∏
i=1

αs+i

)
= pd(k−1),

and each of the αs+i appearing in the product has valuation vp(αs+i) = k − 1.
If we solve the congruence S∗

n for the lowest term, bn+d−s, we get

bn+d−s ≡
−
(
bn+d + . . .+ C∗

d−s−1bn+d−s+1

)
C∗

d−s

(mod p(n+1)(k−1)),

which determines bn−d+s modulo p(n−d+s+1)(k−1); and it suffices to know bi modulo
p(i+1)(k−1) for n+ d− s+ 1 ≤ i ≤ n+ d to solve this congruence.

Since we know that �bNn
= AαNn�κNn

, the congruence S∗
Nn+s−d−1 is precisely

the statement that

bNn−1 ≡
s∑

i=1

κNn
(Nn − 1)miαNn−1

i (mod p(Nn)(k−1)).
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Using the congruence S∗
j+s−d, we obtain bj ≡

∑s
i=1 κNn

jmiαj
i (mod p(j+1)(k−1))

for all 0 ≤ j < Nn by descending induction. In particular,

�bn ≡ Aαn�κNn
≡ Aαn�κ (mod p(n+1)(k−1)),

which completes the proof of the theorem. �

3. Three-term congruences

For a d-dimensional space Sk(Γ) of weight k forms, whereXΓ has a model defined
over Q with the cusp at infinity Q-rational, we choose a basis of d forms fi with
rational Fourier coefficients. For almost all primes p, the Fourier coefficients of
each fi satisfy 2d+1-term Scholl congruences. We consider the sequence of mpn-th
Fourier coefficients ai,mpn of fi, where m is coprime to p. In the strongly ordinary
case there are d distinct unit roots αj of Hp(T ). The remaining d roots are divisible
by pk−1 and play no role in the Scholl congruences, and so we can find p-adic
numbers κm,i,j giving the coefficient of αj

n in ai,mpn modulo p(n+1)(k−1). Thus,
in the strongly ordinary case we have a d × d matrix κm := (κm,i,j)1≤i,j≤d of p-
adic numbers, and the j-th row of κ−1

m gives precisely the linear combination of our
original basis {fi} such that thempn-th Fourier coefficient of the linear combination
is simply αj

n modulo p(n+1)(k−1).2

Consequently, considering only thempn-th Fourier coefficients, the basis of Sk(Γ)
given by the rows of κ−1

m satisfies the 3-term ASD congruences associated with the
polynomials (T−αj)(T−pk−1/αj).

3 To show that this basis satisfying 3-term ASD
congruences at mpn-th coefficients is independent of m, we would need to check
that corresponding columns of κm for varying m are scalar multiples of each other,
i.e., that there is some p-adic matrix κ such that for each m coprime to p, we have
κm = κDm for some diagonal matrix Dm. Numerical evidence suggests this is
indeed the case at all strongly ordinary primes, and this can be proved for certain
examples by constructing a formal group law out of Fourier coefficients for a basis
of Sk(Γ) that is integral at p (see Corollary 2.5 in [4]). In the case that k = 2,
this is just the formal group of the Jacobian of XΓ. The existence of these formal
groups is hinted at by Scholl (note ii on p. 51 in [10]), and the author expects that
such integral formal group laws can be constructed for any such Sk(Γ), though this
construction has never been carried out in general.

Outside the strongly ordinary case, we have two potential obstacles to obtaining
a basis of 3-term congruences: repeated roots and supersingular reduction. Terms
of the form nmjαn

j with mj > 0 coming from repeated roots of Hp(T ) will obstruct
3-term congruences, but these terms cannot be present if the action of the Frobenius
on the corresponding Galois representation is semi-simple. It is expected that the
action of the Frobenius is always semi-simple; for weight k = 2 forms, the semi-
simplicity of the Frobenius operator follows from the theory of abelian varieties
[6].

2If κm is not invertible, the situation is actually simpler; we can find forms whose mpn-th
Fourier coefficients are 0 modulo p(n+1)(k−1).

3In fact, they satisfy the 2-term congruences associated with the polynomial (T − αj) or the

3-term congruences associated with (T − αj)(T − βj), where βj is any number divisible by pk−1,
because as we have seen, these congruences are independent of any roots with p-adic valuation
k − 1.
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If the reduction at p is supersingular (s > d), then we have s roots αj that affect
the congruences. For a basis of d forms, this gives us a d× s matrix (κi,j), and we
have no guarantee that row reduction of this matrix can yield rows with only one
or two nonzero entries, as 3-term congruences require.

In the following example, there are no 3-term ASD congruences at supersingular
primes. From computations on other examples, this appears to be typical; at places
of supersingular reduction, we often do not find 3-term congruences.

We denote by qμ the standard variable q1/μ = e
2πiz
μ at the cusp i∞ of width μ.

The modular function λ = θ2
4

θ34 = 16q2 − 128q2
2 + 704q2

3 + . . . is a Hauptmodul of

the genus 0 congruence subgroup Γ(2).4 We define Hauptmoduln x := − 5
√
2λ and

y :=
√
2− 2λ, which determine finite index genus 0 subgroups Γx and Γy. Then

Γ := Γx∩Γy is a genus 2 subgroup with model XΓ : y2 = x5+2. A basis for S2(Γ),

corresponding to holomorphic differential forms ω1 = xdx
2y and ω2 = dx

2y , is

f1 =
∞∑

n=1

a1,nq10
n = q10 −

8

5
q10

6 − 108

52
q10

11 +
768

53
q10

16 +
3374

54
q10

21 + . . . ,

f2 =
∞∑

n=1

a2,nq10
n = q10

2 − 16

5
q10

7 +
48

52
q10

12 +
64

53
q10

17 +
724

54
q10

22 + . . . .

The powers of q10 present in the expansions of x and y dictate that f1 only
has powers of q10 congruent to 1 (mod 5) and f2 only has powers congruent to
2 (mod 5). The curve XΓ has supersingular reduction at odd primes p ≡ 2,
3 (mod 5) with Hp(T ) = T 4 + p2, so the Scholl congruence on S2(Γ) at these
places is

ai,mpn+2 + p2ai,mpn−2 ≡ 0 (mod pn+1).

However, there is no linear combination of f1 and f2 that will satisfy a 3-term
congruence, since there are not enough nonzero terms in the q-expansions of f1 and
f2.

Theorem 3.1. For the finite index subgroup Γ ⊂ SL2(Z) defined above, there is
no basis of forms in S2(Γ) satisfying three-term ASD congruences at any odd prime
p ≡ 2, 3 (mod 5).

Proof. Let p be any odd prime congruent to 2 or 3 modulo 5. Since a1,1 = 1 and
Hp(T ) = T 4+p2, we have vp(a1,p4n) = 2n. For any basis of forms satisfying 3-term
congruences at p, at least one of the forms must be c1f1 + c2f2 with c1 nonzero;
the pn-th Fourier coefficient of this form is apn = c1a1,pn + c2a2,pn .

Then ap4n = c1a1,p4n , since a2,p4n = 0. If p ≡ 2 (mod 5), we have ap4n+2 =
ap4n+3 = 0. For p ≡ 3 (mod 5), we have ap4n+1 = ap4n+2 = 0. In both cases,
there is no possibility of 3-term congruences; vp(ap4n) = 2n + vp(c1) while 3-term
congruences involving ap4n depend on ap4n modulo at least p4n. So, if n is chosen
large enough, ap4n is nonzero modulo the relevant power of p, but the two adjacent
terms, ap4n±1 and ap4n±2 (± depending on p (mod 5)), are both 0. Thus, there is
no possibility of finding a basis of S2(Γ) satisfying 3-term congruences. �

4That is, it is invariant under the action of Γ(2) by fractional linear transformation and
parametrizes the genus 0 modular surface XΓ(2) = Γ(2)\H ∪ {0, 1, i∞}.
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