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A GENERALIZATION OF THE FORELLI-RUDIN

CONSTRUCTION AND DEFLATION IDENTITIES

ATSUSHI YAMAMORI

(Communicated by Franc Forstneric)

Abstract. We establish a series representation formula of the Bergman kernel
of a certain class of domains, which generalizes the Forelli-Rudin construction
of the Hartogs domain. Our formula is applied to derive deflation type iden-
tities of the Bergman kernels for our domains.

1. Introduction

The main purpose of this paper is to generalize the Forelli-Rudin construction
[14], which has a direct application to the deflation identity initiated by Boas-Fu-
Straube [1]. We start this section with the motivational background.

1.1. Forelli-Rudin construction. Let D be a domain in Cn and ϕ a positive
continuous function on D. Then the Bergman kernel of D is defined as the repro-
ducing kernel of the space of square integrable holomorphic functions on D. As is
known from [14] for the Hartogs domain Dm,ϕ = {(z, ζ) ∈ D × Cm; ‖ζ‖2 < ϕ(z)},
the Bergman kernel KDm,ϕ

has the following series representation formula (see also
[18]):

KDm,ϕ
((z, ζ), (z′, ζ ′)) =

1

πm

∞∑
k=0

(k + 1)mKD,ϕk+m(z, z′)〈ζ, ζ ′〉k.(1.1)

Here KD,ϕk+m is the weighted Bergman kernel of D with respect to ϕk+m and (x)m
is the Pochhammer symbol. Since it was first proved by F. Forelli and W. Rudin
[7] for the unit disk D = D and ϕ(z) = 1 − |z|2, it is called the Forelli-Rudin
construction. This formula plays a critical role in establishing explicit formulas
of the Bergman kernels of some Hartogs domains (see [21], [22] and [23]). It is
also effective in the study of the presence or absence of zeroes of the Bergman
kernel, which is called the Lu Qi-Keng problem (see [3] and [24]). In [5], M. Englǐs
and G. Zhang obtained a generalization of the Forelli-Rudin construction for the
following domain:

DF
ϕ = {(z, ζ) ∈ D × C

m;ϕ(z)−1/2ζ ∈ F},

where F is an irreducible bounded symmetric domain.

Received by the editors April 29, 2013 and, in revised form, July 22, 2013.
2010 Mathematics Subject Classification. Primary 32A25.
The research of the author was supported in part by SRC-GaiA (Center for Geometry and its

Applications), the Grant 2011-0030044 from The Ministry of Education, The Republic of Korea.

c©2014 American Mathematical Society
Reverts to public domain 28 years from publication

1569

http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9939-2014-12317-3


1570 ATSUSHI YAMAMORI

In this paper we generalize this result. More precisely, the present paper gener-
alizes the Forelli-Rudin construction to the domains (Theorem 3.1)

Dϕ
P,m := {(z, ζ) ∈ D × C

m;P (|ζ1|2, · · · , |ζm|2) < ϕ(z)},
for every quasi-homogeneous function P .

1.2. Deflation identity. A generalization of the Forelli-Rudin construction is in-
teresting in its own right. Moreover, we emphasize that our formula enables us to
generalize the deflation identity initiated by Boas-Fu-Straube [1], and it provides
an additional motivation for our study.

Let Ω be a bounded domain in Cn which is given by an inequality ψ(z) < 1.
Consider the following two domains:

Ω1 := {(z, ζ) ∈ Ω× C; |ζ|2/(q1+q2) < 1− ψ(z)},
Ω2 := {(z, ζ) ∈ Ω× C

2; |ζ1|2/q1 + |ζ2|2/q2 < 1− ψ(z)},
where q1, q2 are positive real numbers. Then the following identity was proved in
[1]:

c1KΩ1
((z, 0), (z′, 0)) = c2KΩ2

((z, 0, 0), (z′, 0, 0)),(1.2)

where c1 and c2 are constants. This identity is called the deflation identity. The
proof is based on the fact that both sides of (1.2) represent the same weighted
Bergman kernel KΩ,(1−ψ)q1+q2 . The deflation identity is an effective tool in the
study of the Lu Qi-Keng problem (for details, see [1]).

In the case of the Hartogs domains, due to the Forelli-Rudin construction, the
restriction of KDm,ϕ

to the subspace {ζ, ζ ′ = 0} coincides with KD,ϕm(z, z′) (up to
a constant). This kind of property also holds for our domain Dϕ

P,m and it allows us

to study deflation identities for Dϕ
P,m.

The deflation identity (1.2) relates the Bergman kernels of domains in different
dimensions, while our deflation identity also relates those of domains in the same
dimension. For instance, the restrictions of the Bergman kernels KΩ1

,KΩ2
to the

subspace {ζ, ζ ′ = 0} coincides, up to a constant multiple, with those of the following
domains Ω3,Ω4:

Ω3 := {(z, ζ) ∈ Ω× C
2; |ζ1|2 + |ζ2|2/q2 < (1− ψ(z))

q1+q2
1+q2 },

Ω4 := {(z, ζ) ∈ Ω× C
2; |ζ1|2/q1 + |ζ2|2/q1 < (1− ψ(z))

q1+q2
2q1 }.

1.3. Organization of the paper. Subsequent to this introduction, Section 2 pro-
vides some basic properties of the Bergman kernel and the Reinhardt domain
Dm

P (r). Using the results given in Section 2, we prove our main result (Theo-
rem 3.1) in Section 3. In Section 4, by using our Forelli-Rudin type formula, we
study deflation identities for Dϕ

P,m.

2. Preliminaries

2.1. Bergman kernel. In this section, we collect some basic properties of the
Bergman kernel. Let D be a domain in C

n, ϕ a positive continuous function on
D and L2

a(D,ϕ) the Hilbert space of square integrable holomorphic functions with
respect to the weight function ϕ on D with the inner product

〈f, g〉 =
∫
D

f(z)g(z)ϕ(z)dV (z), for all f, g ∈ O(D).
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The weighted Bergman kernel KD,ϕ of D with respect to the weight ϕ is the re-
producing kernel of L2

a(D,ϕ). Namely, the weighted Bergman kernel KD,ϕ has the
following reproducing property:

f(z) =

∫
D

KD,ϕ(z, w)f(w)ϕ(w)dV (w), for all f ∈ L2
a(D,ϕ).

If ϕ ≡ 1, the reproducing kernel is called the (unweighted) Bergman kernel. Let
f : D1 → D2 be a biholomorphic map between two domains D1 and D2 in Cn.
Then the following transformation law is known:

KD1
(z, w) = det f ′(z)KD2

(f(z), f(w))det f ′(w),(2.1)

for all z, w ∈ D1, where f
′(z) is the complex Jacobian of f . Let {fα} be a complete

orthonormal basis for L2
a(D,ϕ); then the kernel KD,ϕ is computed by

KD,ϕ(z, w) =
∑
α

fα(z)fα(w),(2.2)

which is independent of the choice of basis. Further information about the Bergman
kernel can be found in [10, Chapter 3] and [13, Chapter 1].

2.2. Reinhardt domain Dm
P (r). In this section we study a certain Reinhardt

domain Dm
P (r). We start this section with basic definitions.

Definition 2.1. A domain D in Cm is called a Reinhardt domain if it is invariant
under the rotations:

(ζ1, · · · , ζm) �→ (eiθ1ζ1, · · · , eiθmζm), (θ1, · · · , θm) ∈ R
m.

Moreover a Reinhardt domain D is called complete if, whenever the point (ζ1, · · · ,
ζm) ∈ D, then (c1ζ1, · · · , cmζm) ∈ D for all complex constants cj satisfying |cj | ≤ 1
for all j = 1, · · · ,m.

Definition 2.2. Let P be a real continuous function on Rm. Assume that, for all
λ ≥ 0, there exist positive real numbers α1, · · · , αm such that

λP (x1, · · · , xm) = P (λα1x1, · · · , λαmxm),(2.3)

for all (x1, · · · , xm) ∈ Rm. A function P satisfying this condition is called quasi-
homogeneous with weight α. In particular, a quasi-homogeneous function is called
homogeneous if αi = 1 for all 1 ≤ i ≤ m.

In this section, we consider the following Reinhardt domain Dm
P (r):

Dm
P (r) := {ζ ∈ C

m;P (|ζ1|2, · · · , |ζm|2) < r2}, r > 0,

with the conditions

(i) P is quasi-homogeneous with weight α,
(ii) Dm

P (r) is bounded and complete.

The aim of this section is to give a relation between ‖ζk1
1 · · · ζkm

m ‖2L2
a(D

m
P (r)) and

‖ζk1
1 · · · ζkm

m ‖2L2
a(D

m
P (1)) (Proposition 2.1).

By condition (i), we know that (0, · · · , 0) ∈ Dm
P (r). This, together with (ii)

implies that the domain Dm
P (r) is a complete Reinhardt domain with center at the

origin. It is well known that for any complete Reinhardt domain D with center at
the origin, the set of (normalized) monomials forms a complete orthonormal basis
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of L2
a(D) (see [17, Exercise 8.8]). Thus the Bergman kernel KDm

P (r) of Dm
P (r) is

given by

KDm
P (r)(ζ, ζ

′) =
∑

k∈Nm

ak1···km
(r)(ζζ ′)k,(2.4)

where (ζζ ′)k = (ζ1ζ ′1)
k1 · · · (ζmζ ′m)km and the coefficient ak1···km

(r) is given by

ak1···km
(r) = ‖ζk1

1 · · · ζkm
m ‖−2

L2
a(D

m
P (r))

=

(∫
Dm

P (r)

|ζk1
1 · · · ζkm

m |2dζ
)−1

.

In the case of r = 1, for simplicity of notation, we put ak1···km
= ak1···km

(1). By
condition (i), we know that

Dm
P (r) = {ζ ∈ C

m;P (|ζ1|2, · · · , |ζm|2) < r2}

=

{
ζ ∈ C

m;P

(
|ζ1|2
r2α1

, · · · , |ζm|2
r2αm

)
< 1

}
.

It implies that there is a biholomorphic mapping F from Dm
P (r) to Dm

P (1):

F : Dm
P (r) → Dm

P (1), (ζ1, · · · , ζm) �→
(

ζ1
rα1

, · · · , ζm
rαm

)
.

By the transformation law of the Bergman kernel (2.1) and (2.4), it follows that

KDm
P (r)(ζ, ζ

′) =
1

r2|α|

∑
k∈Nm

ak1···km

(
ζ1ζ ′1
r2α1

)k1

· · ·
(
ζmζ ′m
r2αm

)km

.(2.5)

Comparing the above two expansions (2.4) and (2.5) ofKDm
P (r), we obtain a relation:

‖ζk1
1 · · · ζkm

m ‖2L2
a(D

m
P (r)) = r2|α(1+k)|‖ζk1

1 · · · ζkm
m ‖2L2

a(D
m
P (1)),(2.6)

where we put |α(1 + k)| =
∑m

i=1 αi(1 + ki). In summary, we showed the following
proposition:

Proposition 2.1. For any positive real number r, we have the following relation:

‖ζk1
1 · · · ζkm

m ‖2L2
a(D

m
P (r)) = r2|α(1+k)|‖ζk1

1 · · · ζkm
m ‖2L2

a(D
m
P (1)),

where |α(1 + k)| =
∑m

i=1 αi(1 + ki).

Now we give some examples.

Example 2.3. Let us consider the case P (x1, · · · , xm) = x1 + · · · + xm. In this
case, α1 = · · · = αm = 1 and the domain Dm

P (r) coincides with the unit ball of
radius r:

Dm
P (r) = {ζ ∈ C

m; ‖ζ‖2 < r2} =: Bm(r).

It follows that

‖ζk1
1 · · · ζkm

m ‖2L2
a(B

m(r)) = r2(m+|k|)‖ζk1
1 · · · ζkm

m ‖2L2
a(B

m(1)).

The coefficient ak1···km
has the following explicit form:

ak1···km
=

(|k|+m)!

πmk1! · · · km!
.
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Example 2.4. Let q1, · · · , qm be positive integers. We now consider the case
P (x1, · · · , xm) = xq1

1 + · · ·+ xqm
m . In this case, we know that αi = q−1

i and

Dm
P (r) = {ζ ∈ C

m; |ζ1|2q1 + · · ·+ |ζm|2qm < r2} =: Dq(r).

The domain Dq(r) is called a complex ellipsoid. Then we have

‖ζk1
1 · · · ζkm

m ‖2L2
a(Dq(r))

= r2|q
−1(1+k)|‖ζk1

1 · · · ζkm
m ‖2L2

a(Dq(1))
.

It is known that ak1···km
has the following expression (see [2]):

ak1···km
=

q1 · · · qmΓ
(
1 +

∑m
j=1(kj + 1)/qj

)
πm

∏m
j=1 Γ ((kj + 1)/qj)

.(2.7)

Example 2.5. Let q1, · · · , qm be positive real numbers. We consider the case

P (x1, · · · , xm) =
∑m

i=1 x
1/qi
i +

∏m
i=1 x

1
mqi
i . Then we have

Dm
P (r) =

{
ζ ∈ C

m;
m∑
i=1

|ζi|2/qi +
m∏
i=1

|ζi|
2

mqi < r2

}
.

In this case, we know that αi = qi and

‖ζk1
1 · · · ζkm

m ‖2L2
a(D

m
P (r)) = r2|q(1+k)|‖ζk1

1 · · · ζkm
m ‖2L2

a(D
m
P (1)).

Remark 2.6. It is known that the Bergman kernel of Dq(r) is expressed in terms
of hypergeometric functions (see [8]). In particular, J.-D. Park proved that the
Bergman kernel of the 2-dimensional complex ellipsoid

D(q1,q2) = {(z1, z2) ∈ C
2; |z1|2q1 + |z2|2q2 < 1}

is represented by means of elementary functions if and only if q=(1, q2), (q1, 1), (2, 2)
and obtained the Bergman kernel in explicit form when q = (2, 2) (see [15]). Re-
cently, J.-D. Park also obtained a closed form of the Bergman kernel of the 3-
dimensional complex ellipsoid [16]:

D(4,4,4) = {(z1, z2, z3) ∈ C
3; |z1|4 + |z2|4 + |z3|4 < 1}.

We note that condition (i) is closely related to bounded Reinhardt domains with
non-compact automorphism group and Ck-smooth boundary, k ≥ 1. Indeed, the
following result is known (cf. [11] and [12]):

Theorem 2.7. Let D ⊂ C
n be a bounded Reinhardt domain with Ck-smooth bound-

ary, and if Aut(D) is not compact, then, up to dilations and permutations of coor-
dinates, D is a domain of the form

{(z1, · · · , zn) ∈ C
n; |z1|2 + ψ(|z2|, ..., |zn|) < 1},(2.8)

where ψ is a non-negative Ck-smooth function in R
n−1 that is strictly positive in

Rn−1\{0} and such that ψ(|z2|, · · · , |zn|) is Ck-smooth in Cn−1, and

ψ(t
1

α1 x2, · · · , t
1

αn xn) = tψ(x2, · · · , xn),

in Rn−1 for all t ≥ 0. Here αj > 0, j = 2, · · · , n, and each αj is either an even
integer or αj > 2k.

We also remark that a classification of Reinhardt domains with a description of
their automorphism groups was obtained by Shimizu [19] and Sunada [20] (see also
[10, Chapter 8]). We close this section with one more remark on condition (i).
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Remark 2.8. Consider a function P on R2 with the following condition:

h(λ)P (x1, x2) = P (λα1x1, λ
α2x2),

for all x ∈ R2 and λ > 0. Here h is a given continuous function. Then h can be
written in the form h(λ) = λr for some r ∈ R. Indeed, it can be shown by checking
h(λ1λ2) = h(λ1)h(λ2) for all λ1, λ2 > 0.

3. Generalized Forelli-Rudin construction

Let D be a domain ∈ Cn and ϕ be a positive continuous function on D. In this
section, we consider the following domain:

Dϕ
P,m := {(z, ζ) ∈ D × C

m;P (|ζ1|2, · · · , |ζm|2) < ϕ(z)}
with the same assumptions (i), (ii). In the previous section, using condition (i), we
showed Proposition 2.1 for Dm

P (r). Proposition 2.1 gives us a relation between the
Bergman kernel of Dϕ

P,m and the weighted Bergman kernels of the base domain D.

3.1. Main result. As is shown in [18, Proposition 1.1], for the Hartogs domain

D̂ = {(z, ζ) ∈ D × C; |ζ|2 < ϕ(z)},
the set S = {(k + 1)1/2fj,k+1(z)ζ

k}k∈N,j∈Jk+1
is a complete orthonormal basis of

L2
a(D̂). Here {fj,k}j∈Jk

is a complete orthonormal basis of L2
a(D,ϕk). This fact,

together with (2.2), implies the Forelli-Rudin construction for D̂. Our proof of the
main theorem is based on the idea mentioned above.

Now we state the main theorem.

Theorem 3.1. The Bergman kernel KDϕ
P,m

of Dϕ
P,m has the following series rep-

resentation:

KDϕ
P,m

((z, ζ), (z′, ζ ′)) =
∑

k∈Nm

ak1···km
KD,ϕ|α(1+k)|(z, z′)(ζζ ′)k.

Here ak1···km
= ‖ζk1

1 · · · ζkm
m ‖−2

L2
a(D

m
P (1)).

Proof. Let f ∈ L2
a(D

ϕ
P,m). By the Taylor expansion, with respect to the variable ζ,

we have

f(z, ζ) =
∑

k∈Nm

bk(z)ζ
k1
1 · · · ζkm

m .(3.1)

Here the function bk(z) is holomorphic in z and the series converges uniformly on
compact subsets of Dϕ

p,m. Let us compute ‖f‖2L2
a(D

ϕ
P,m):

∞ > ‖f‖2L2
a(D

ϕ
P,m) = lim

ε→0

∫
Dϕ−ε

P,m

|f(z, ζ)|2dzdζ

= lim
ε→0

∑
k∈Nm

∫
z∈D

|bk(z)|2
(∫

Dm
P (
√

(ϕ−ε))

|ζk1
1 · · · ζkm

m |2dζ
)
dz

= lim
ε→0

∑
k∈Nm

a−1
k1···km

∫
z∈D

|bk(z)|2(ϕ(z)− ε)|α(1+k)|dz

=
∑
k∈Nm

a−1
k1···km

‖bk(z)‖2L2
a(D,ϕ|α(1+k)|).
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Here the third equality follows from Proposition 2.1. Thus if f ∈ L2
a(D

ϕ
P,m), then

bk(z) ∈ L2
a(D,ϕ|α(1+k)|). For all h ∈ L2

a(D,ϕ|α(1+k)|), we have

‖h(z)ζk1
1 · · · ζkm

m ‖2L2
a(D

ϕ
P,m) =

∫
z∈D

|h(z)|2
(∫

Dm
P (
√

ϕ(z))

|ζk1
1 · · · ζkm

m |2dζ
)
dz

= a−1
k1···km

‖h(z)‖2L2
a(D,ϕ|α(1+k)|)

< ∞.

Let {ejk}j∈Jk
be a complete orthonormal basis of L2

a(D,ϕ|α(1+k)|). Put ζk =

ζk1
1 · · · ζkm

m . Then ejkζ
k is an element of L2

a(D
ϕ
P,m) for all k ∈ N

m, j ∈ Jk. Now

we show that S = {a1/2k1···km
ejkζ

k}j∈Jk,k∈Nm is a complete orthonormal basis of

L2
a(D

ϕ
P,m). Put gjk = a

1/2
k1···km

ejkζ
k (resp. gj′k′ = a

1/2
k′

1···k′
m
ej′k′ζk

′
). Then it is easy

to see that

〈gjk, gj′k′〉Dϕ
P,m

=

∫
Dϕ

P,m

gjk(z, ζ)gj′k′(z, ζ)dzdζ

=

∫
z∈D

〈gjk(z, ·), gj′k′(z, ·)〉
Dm

P (
√

ϕ(z))
dz.

Thus gjk and gj′k′ are orthogonal in L2
a(D

ϕ
P,m) if k �= k′. Now assume that k = k′

and j �= j′. Then we have

〈gjk, gj′k〉Dϕ
P,m

=

∫
Dϕ

P,m

gjk(z, ζ)gj′k(z, ζ)dzdζ

= 〈ejk, ej′k〉L2
a(D,ϕ|α(1+k)|) = 0.

Since the normality is easily verified, we know the set S is an orthonormal set.
Assume that 〈f, gkj〉 = 0 for all j ∈ Jk and k ∈ N

m. Then we have

〈f, gjk〉Dϕ
P,m

=

∫
Dϕ

P,m

f(z, ζ)gjk(z, ζ)dzdζ

= a
−1/2
k1···km

〈bk(z), ejk〉L2
a(D,ϕ|α(1+k)|) = 0,

for all j ∈ Jk and k ∈ N
m. Since bk(z) is an element of L2

a(D,ϕ|α(1+k)|) and
{ejk}j∈Jk

is a complete orthonormal basis of L2
a(D,ϕ|α(1+k)|), the condition

〈f, gkj〉 = 0 implies that bk = 0 for all k ∈ N
m. Therefore the set S is a com-

plete orthonormal basis of L2
a(D

ϕ
P,m). Hence we finally obtain

KD,ϕ|α(1+k)|(z, z′) =
∑
j∈Jk

ejk(z)ejk(z′),

KDϕ
P,m

((z, ζ), (z′, ζ ′)) =
∑

j∈Jk,k∈Nm

ak1···km
ejk(z)ejk(z′)(ζζ ′)

k

=
∑

k∈Nm

ak1···km
KD,ϕ|α(1+k)|(z, z′)(ζζ ′)k.

This completes the proof of the theorem. �

Let us describe how to recover the Forelli-Rudin construction (1.1) of a Hartogs
domain. Recall that Dϕ

P,m is a Hartogs domain if P (x1, · · ·xm) = x1+ · · ·+xm. By
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Example 2.3, we know that ϕ|α(1+k)| = ϕm+|k|. Using Theorem 3.1, we have the
following series representation of the Bergman kernel K of the Hartogs domain:

K((z, ζ), (z′, ζ ′)) =
∑

k1,··· ,km≥0

(|k|+m)!

πmk1! · · · km!
KD,ϕ|k|+m(z, z′)(ζ1ζ ′1)

k1 · · · (ζmζ ′m)km

=
1

πm

∑
k≥0

(k + 1)mKD,ϕk+m(z, z′)〈ζ, ζ ′〉k.

Here the second equality follows from the following simple identity:

(x1 + · · ·+ xm)k

k!
=

∑
|α|=k

xα

α!
.

Thus the Forelli-Rudin construction (1.1) for the Hartogs domain is recovered.
We next consider the following case:

Dϕ
q,m = {(z, ζ) ∈ D × C

m; |ζ1|2q1 + · · ·+ |ζm|2qm < ϕ(z)}.
By Theorem 3.1 and Example 2.4, we have the following corollary:

Corollary 3.2. The Bergman kernel of Dϕ
q,m has the following series representa-

tion:

KDϕ
q,m

((z, ζ), (z′, ζ ′)) =
∞∑

k∈Nm

ak1···km
KD,ϕ|q−1(1+k)|(z, z

′)(ζζ ′)k,

where ak1···km
is given by (2.7).

3.2. Roos’ problem. Here we discuss further generalizations of Corollary 3.2 and
related results. Let qi be a positive integer and ϕi a positive continuous function
on D for 1 ≤ i ≤ m. Consider the following domain:

D̃ϕ
q,m :=

{
(z, ζ) ∈ D × C

m;

m∑
i=1

|ζi|2qi
ϕi(z)

< 1

}
.

The domain D̃ϕ
q,m includes as a special case the domain Dϕ

q,m. In a completely
analogous way to the proof of Theorem 3.1, we can prove a Forelli-Rudin type

formula for D̃ϕ
q,m. To avoid the repetition, we only formulate the theorem omitting

its proof.

Theorem 3.3. The Bergman kernel KD̃ϕ
q,m

of D̃ϕ
q,m has the following series rep-

resentation:

KD̃ϕ
q,m

((z, ζ), (z′, ζ ′)) =
∑
k∈Nm

ak1···km
Km,q,k(z, z

′)(ζζ ′)k,

where ak1···km
is given by (2.7) and the kernel function Km,q,k is the weighted

Bergman kernel of D with respect to a weight
∏m

i=1 ϕi(z)
1+ki
qi .

Recall that the Hartogs domain can be rewritten as

Dm,ϕ = {(z, ζ) ∈ D × C
m;ϕ(z)−1/2ζ ∈ B

m}.(3.2)

Moreover, the Forelli-Rudin construction (1.1) can be rewritten as

KDm,ϕ
((z, ζ), (z′, ζ ′)) =

1

πm

∂m

∂rm
LD,ϕ(z, z

′; r)

∣∣∣∣
r=〈ζ,ζ′〉

.(3.3)
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Here the function LD,ϕ(z, z
′; r) is given by

LD,ϕ(z, z
′; r) =

∞∑
k=0

KD,ϕk(z, z′)rk,

and it is called the virtual Bergman kernel of (D,ϕ). In [18], G. Roos introduced
the following domain DΩ

ϕ , which is a generalization of the right hand side of the
above expression (3.2):

DΩ
ϕ := {(z, ζ) ∈ D × C

m;ϕ(z)−1/2ζ ∈ Ω},
where Ω ⊂ Cm is a domain. Then he put forth the following problem [18, Problem
4.2]:

Problem 3.4. (1) If Ω is any circled domain in Cm, what can be said about the
Bergman kernel of DΩ

ϕ? (2) For some families {F} other than the family {Bm} of
Hermitian balls, is it possible to define an analogue of the virtual Bergman kernel
LΩ,ϕ and obtain an analogue of (3.3)?

M. Englǐs and G. Zhang [5] answered this problem when F is a bounded sym-
metric domain. Namely, they obtained a Forelli-Rudin type formula of DΩ

ϕ when
Ω is an irreducible bounded symmetric domain and also obtained an analogue of
(3.3) when Ω is an irreducible bounded symmetric domain of Type I or Type IV.
Recently, the domain DΩ

ϕ was also investigated by Z. Feng [6] in a different con-

text. Feng introduced invariant Hilbert spaces of holomorphic functions on DΩ
ϕ and

computed their reproducing kernels explicitly.
As an application of Theorem 3.3, we derive a Forelli-Rudin type formula for the

domain DΩ
ϕ when Ω is the complex ellipsoid Dq of radius 1, which is not bounded

symmetric in general:

Theorem 3.5. The Bergman kernel K of DΩ
ϕ has the following series representa-

tion when Ω is the complex ellipsoid Dq of radius 1:

K((z, ζ), (z′, ζ ′)) =
∑

k∈Nm

ak1···km
KD,ϕm+|k|(z, z′)(ζζ ′)k,

where ak1···km
is given by (2.7).

Proof. Put ϕi = ϕqi for any 1 ≤ i ≤ m. Then we know that

D̃ϕ
q,m =

{
(z, ζ) ∈ D × C

m;

m∑
i=1

|ζi|2qi
ϕ(z)qi

< 1

}
=

{
(z, ζ) ∈ D × C

m;ϕ(z)−
1
2 ζ ∈ Dq

}
.

Thus the domain D̃ϕ
q,m coincides with DΩ

ϕ . In this case, the weight function∏m
i=1 ϕi(z)

ki+1

qi is given by

m∏
i=1

ϕi(z)
ki+1

qi = ϕ
∑m

i=1 qi
(

ki+1

qi

)
= ϕ(z)m+|k|.

Thus the proof is complete. �

This answers Problem 3.4(1) when Ω is the complex ellipsoid Dq. However we
do not succeed in obtaining an analogue of (3.3).
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4. Deflation identity

Let Ω1,Ω2 be domains in Cm1 and in Cm2 respectively. In general, there is
no relation between the Bergman kernels KΩ1

and KΩ2
. However, as explained

in Section 1, if we consider two domain Ω1 and Ω2 as in Section 1.2, then the
restrictions of the Bergman kernels of Ω1 and Ω2 to the subspace {ζ, ζ ′ = 0}
coincide with each other (up to a constant multiple).

In this section, as an application of our results, we study deflation identities for
Dϕ

P,m. We start our study with the observation that the restriction of the Bergman

kernel of Dϕ
P,m to the subspace {ζ, ζ ′ = 0} represents the weighted Bergman kernel

KD,ϕ|α| . Indeed, as a consequence of Theorem 3.1, we have the following lemma.

Lemma 4.1. The restriction of the Bergman kernel of Dϕ
P,m to the subspace

{ζ, ζ ′ = 0} is given by

KDϕ
P,m

((z, 0), (z′, 0)) = a0KD,ϕ|α|(z, z′).

Before stating our result, it is convenient to introduce the following equivalence
relation:

Definition 4.2. Let ri be a positive real number for i = 1, 2. We say that the

domains Dϕr1

P,m and Dϕr2

P ′,m′ are equivalent if r1|α| = r2|α′|.

Let K1 (resp. K2) be the Bergman kernel of Dϕr1

P,m1
(resp. Dϕr2

P ′,m2
). We can now

prove the following deflation identity:

Theorem 4.3. Assume that the domains Dϕr1

P,m1
and Dϕr2

P ′,m2
are equivalent. Then

the restrictions of the Bergman kernels K1,K2 to the subspace {ζ, ζ ′ = 0} coincide
with each other (up to a constant multiple):

c1K1((z, 0), (z
′, 0)) = c2K2((z, 0), (z

′, 0)),

where c1 and c2 are constants.

Proof. By Lemma 4.1, we have

Ki((z, 0), (z
′, 0)) = a

(i)
0 KD,ϕri|α|(z, z′).

Since Dϕr1

P,m1
and Dϕr2

P ′,m2
are equivalent, we conclude that

K1((z, 0), (z
′, 0)) = a

(1)
0 KD,ϕr1|α|(z, z′)

= a
(1)
0 KD,ϕr2|α′|(z, z′) =

a
(1)
0

a
(2)
0

K2((z, 0), (z
′, 0)).

Thus the proof is complete. �

Now let us turn back to the original deflation identity (1.2) of the following
domains Ω1,Ω2:

Ω1 = {(z, ζ) ∈ Ω× C; |ζ|2 < (1− ψ(z))q1+q2},
Ω2 = {(z, ζ) ∈ Ω× C

2; |ζ1|2/q1 + |ζ2|2/q2 < 1− ψ(z)}.

To recover the deflation identity (1.2) from Theorem 4.3, it is enough to check that
Ω1 and Ω2 are equivalent. Actually the equivalence of Ω1 and Ω2 is obvious from
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the definitions. Moreover, the following domains are also equivalent to Ω1 and Ω2:

Ω3 = {(z, ζ) ∈ Ω× C
2; |ζ1|2 + |ζ2|2/q2 < (1− ψ(z))

q1+q2
1+q2 },

Ω4 = {(z, ζ) ∈ Ω× C
2; |ζ1|2/q1 + |ζ2|2/q1 < (1− ψ(z))

q1+q2
2q1 }.

In summary, we have

Corollary 4.4. The restrictions of the Bergman kernels KΩi
,KΩj

to the subspace
{ζ, ζ ′ = 0} coincide with each other (up to a constant multiple) for any 1 ≤ i, j ≤ 4.

Thus we have recovered the deflation identity (1.2). Next, we turn to studying
deflation identities in a more general setting. Consider the following domains:

Dϕr1

p,m1
: = {(z, ζ) ∈ D × C

m1 ; |ζ1|2/p1 + · · ·+ |ζm1
|2/pm1 < ϕ(z)r1},

Dϕr2

q,m2
: = {(z, ζ) ∈ D × C

m2 ; |ζ1|2/q1 + · · ·+ |ζm2
|2/qm2 < ϕ(z)r2}.

Then these domains Dϕr1

p,m1
, Dϕr2

q,m1
are equivalent if and only if r1|p| = r2|q|. Let

K1 (resp. K2) denote the Bergman kernel of Dϕr1

p,m1
(resp. Dϕr2

q,m1
). Consequently,

we obtain the following identity between K1 and K2.

Corollary 4.5. Assume that r1|p| = r2|q|. Then the restrictions of the Bergman
kernels K1,K2 to the subspace {ζ, ζ ′ = 0} coincide with each other (up to a constant
multiple).

Remark 4.6. We remark that in the case of the Hartogs domain, the condition
r1|p| = r2|q| is more restrictive. Consider two Hartogs domains:

Dmi,ϕri = {(z, ζ) ∈ D × C
mi ; ‖ζ‖2 < ϕ(z)ri}, i = 1, 2.

It is easily verified that Dm1,ϕr1 and Dm2,ϕr2 are equivalent if and only if r1m1 =
r2m2. Therefore if r1 = r2 and m1 �= m2, then Dm1,ϕr1 and Dm2,ϕr2 are not

equivalent. On the contrary, in the case of Dϕr1

p,m1
and Dϕr2

q,m2
, there is the possibility

Dϕr1

p,m1
∼ Dϕr2

q,m2
even if we assume that r1 = r2 and m1 �= m2.

Using Theorem 3.1 and Theorem 3.5, we also obtain deflation identities between
Dϕ

P,m and DΩ
ϕ in an analogous way. For instance, we have a deflation identity

between the Hartogs domain Dm,ϕ and DΩ
ϕ .

Theorem 4.7. Let Ω be a complex ellipsoid of radius 1. Then the restrictions of
the Bergman kernels KDm,ϕ

,KDΩ
ϕ

to the subspace {ζ, ζ ′ = 0} coincides with each

other (up to a constant multiple).

Since the proof proceeds along the same lines as that of Theorem 4.3, we omit
it.
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[3] Miroslav Englǐs, Zeroes of the Bergman kernel of Hartogs domains, Comment. Math. Univ.
Carolin. 41 (2000), no. 1, 199–202. MR1756941 (2001f:32002)
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