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A NOTE ON GROUPS GENERATED BY INVOLUTIONS

AND SHARPLY 2-TRANSITIVE GROUPS

GEORGE GLAUBERMAN, AVINOAM MANN, AND YOAV SEGEV

(Communicated by Pham Huu Tiep)

Abstract. Let G be a group generated by a set C of involutions which is
closed under conjugation. Let π be a set of odd primes. Assume that either
(1) G is solvable, or (2) G is a linear group.

We show that if the product of any two involutions in C is a π-element,
then G is solvable in both cases and G = Oπ(G)〈t〉, where t ∈ C.

If (2) holds and the product of any two involutions in C is a unipotent
element, then G is solvable.

Finally we deduce that if G is a sharply 2-transitive (infinite) group of odd
(permutational) characteristic, such that every 3 involutions in G generate a
solvable or a linear group; or if G is linear of (permutational) characteristic 0,
then G contains a regular normal abelian subgroup.

1. Introduction

The purpose of this note is to make some observations about infinite groups G
generated by a set of involutions C closed under conjugation in G, such that either

(1) G is linear or solvable and uv is a π-element, for any u, v ∈ C (see Definition
2.1), where π is a set of primes, or

(2) G is linear and uv is a unipotent element, for all u, v ∈ C.

Let us recall that we say that a group G is linear if it is contained in GL(n, F ), for
some n, which we call the degree of G, and some field F . Recall further that an
element u ∈ GL(n, F ) is unipotent if (u − 1)n = 0, where 1 is the identity matrix
in GL(n, F ).

We draw the attention of the reader to the fact that if π is a set of odd primes
and G is a finite group generated by a conjugacy class of involutions C such that
uv is a π-element, for all u, v ∈ C, then the Z∗-theorem of Glauberman [6] (see
Theorem 2.2 and its corollaries in §2 below) implies that G = O(G)〈t〉, with t ∈ C.
Then the Feit-Thompson Odd Order Theorem and Theorem 1.1(b1) below imply
that G = Oπ(G)〈t〉. Our results can be viewed as extensions of the Z∗-theorem to
certain infinite groups.

We use some of our observations to prove a result about sharply 2-transitive
infinite groups (Theorem 1.3 below) that slightly extends the main result of [5],
and is proven using very different techniques.

Our notation is standard. We recall it in the beginning of §2.
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Theorem 1.1. Let π be a set of primes, let G be a group and let C be a set of
involutions in G that generates G and is closed under conjugation.

(a) If G is a linear group and either
(a1) 2 /∈ π and uv is a π-element, for all u, v ∈ C; or
(a2) uv is a unipotent element, for all u, v ∈ C,
then G is solvable.

(b) If G is solvable and uv is a π-element, for all u, v ∈ C, then
(b1) if 2 /∈ π, then G = Oπ(G)〈t〉, where t ∈ C;
(b2) if 2 ∈ π, then G is a π-group.

Theorem 1.1 is proven in §3. We note that the proof of Theorem 1.1(a1) in
the case where π = {p}, the proof of Theorem 1.1(a2) and of course the proof of
Theorem 1.1(b), do not require the Odd Order Theorem; see Remark 2.4.

Remark 1.2. In fact we show that the result of Theorem 1.1(b) holds for a class
of groups larger than the class of solvable groups: the class of hyperabelian groups
(recall that G is hyperabelian if any non-trivial quotient of G contains a non-trivial
abelian normal subgroup). See §3 below.

We now turn to our result about sharply 2-transitive infinite groups. As is
well known, if G is a finite sharply 2-transitive group, then G contains a regular
abelian normal subgroup (see, e.g. [9, pp. 384-385] and see also the Introduction
in [11] for additional background). Whether the same holds for infinite groups is a
long standing open problem1. We refer the reader to Theorem 2.8 below for basic
terminology and facts about sharply 2-transitive groups. In particular the notation
char(G), the permutational characteristic of G, is defined there. In §4 we prove:

Theorem 1.3. Let G be an infinite sharply 2-transitive group on a set X. Suppose
that char(G) �= 2 (i.e. involutions in G fix a (unique) point). Suppose further that
either

(1) char(G) is an odd prime, and for every set S consisting of 3 involutions in
G, the subgroup 〈S〉 is either a linear or a solvable group; or

(2) char(G) = 0 and G is a linear group.

Then G contains a regular normal abelian subgroup.

We note that our proof of Theorem 1.3 does not rely on the Odd Order Theorem.
See also Remark 4.4 below for a few more details regarding Theorem 3.

Remark 1.4. Let G be a sharply 2-transitive permutation group on a set X. In [5],
Glasner and Gulko proved that if G is linear, then G contains a regular abelian
normal subgroup. They excluded the case where the characteristic of the field
involved is 2 and the case where char(G) = 2. Our Theorem 1.3 is independent of
the characteristic of the field involved. Furthermore, in the case where char(G) is
an odd prime, we only assume that any 3 involutions generate either a solvable or
a linear group and not that G is linear.

The techniques used in [5] are very different from those employed in this paper.

1Added in proofs: Recently it was shown in [13] that there are sharply 2-transitive groups of
characteristic 2 that do not contain a non-trivial abelian normal subgroup.
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We conclude the introduction with the following:

Question 1.5. Let p be a fixed odd prime. For which classes of infinite groups G

can we deduce structural information on G ∈ G, once we know that G is generated
by a class C of involutions such that |uv| = p, for all distinct u, v ∈ C?

Let H be an infinite group of an odd prime exponent p (e.g. a Burnside group
or a Tarski Monster), and let K be the wreath product of H by C2, where C2

is generated by the involution t. Take C = tK and G = 〈C〉. Then G satisfies
the assumptions of Question 1.5. This shows that without further restrictions, the
structure of G can be very complicated.

2. Notation and preliminaries

Let G be a group and let S ⊆ G be a subset of G. For x, y ∈ G, we let |x| be
the order of x in G; we define xy = y−1xy and [x, y] = x−1y−1xy. We denote by
〈S〉 the subgroup of G generated by S. If G = 〈S〉 and S is finite we say that G is
finitely generated. We let S2 := {s1s2 | s1, s2 ∈ S}. For a subset T ⊆ G, we define
[S, T ] := 〈[s, t] | s ∈ S and t ∈ T 〉. We let SG := {sg | s ∈ S}.

We denote by Inv(G) the set of involutions in G, so Inv(G) := {s ∈ G | s2 =
1 and s �= 1}.

Definitions 2.1. Let G be any group and let π be a set of primes.

(1) A positive integer m is a π-number if either m = 1 or m is divisible only by
primes from π.

(2) An element g ∈ G of finite order is a π-element if |g| is a π-number.
(3) We say that a subgroup H ≤ G is a π-subgroup if each element h ∈ H is a

π-element.
(4) We denote by Oπ(G) the unique maximal normal π-subgroup of G (this

normal subgroup exists inside any group).

We now turn to the Z∗-theorem of Glauberman. We briefly recall the definitions,
the theorem and its consequences.

For a finite group G, let O(G) be the largest normal subgroup of G of odd order,
and let Z∗(G) be the subgroup of G containing O(G) for which Z∗(G)/O(G) =
Z(G/O(G)). In this paper we use the following version of the Z∗-theorem:

Theorem 2.2 ([6, Theorem 1, p. 404]). Let G be a finite group and let t ∈ Inv(G).
Let C = tG. Then t ∈ Z∗(G) iff for all u, v ∈ C, |uv| is odd.

Corollary 2.3. Let G be a finite group and let C ⊆ Inv(G). Suppose that C is
closed under conjugation in G and that G = 〈C〉. Assume that |uv| is odd, for all
distinct u, v ∈ C. Then

(1) C is a conjugacy class in G and C ⊆ Z∗(G);
(2) G = O(G)〈t〉 where t ∈ C, so G is solvable.

Proof. Since |uv| is odd, for all distinct u, v ∈ C, the involutions u, v are conjugate
in 〈u, v〉, so C is a conjugacy class in G, and then (1) holds by Theorem 2.2. Then,
since C ⊆ Z∗(G) and G = 〈C〉, it follows that G = O(G)〈t〉, with t ∈ C. By the
Odd Order Theorem, G is solvable. �

Remark 2.4. Let G and C be as in Corollary 2.3. Assume there exists an odd prime
p such that for all u, v ∈ C, the order of uv is a power of p. Then G = Op(G)〈t〉,
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where t ∈ C. In particular, G is solvable. This version of Corollary 2.3, which we
require for the proof of Theorem 1.3, was proved by Fischer, and does not use the
Odd Order Theorem in its proof. See [4, Satz 4.1, p. 298] and the remark of Feit
in the review of [4] in MathSciNet. An excellent streamlined version of Fischer’s
original proof is given in [8, Section 5.3, pp. 94–98].

Next we recall some well-known facts about linear groups.

Theorem 2.5 ([14, Theorem 4.2, p. 51]). Let L ⊆ GL(n, F ) be a finitely generated
linear group. Then there exists a collection {Ni | i ∈ I} of finite index normal
subgroups of L such that

(1)
⋂

i∈I Ni = 1;
(2) for each i, there exists a homomorphism φi : L → GL(n,Ki), with kernel

Ni, where Ki is a finite field;
(3) if u ∈ L is a unipotent element in GL(n, F ), then φi(u) is unipotent in

GL(n,Ki), for all i ∈ I.

Proof. By the discussion in the beginning of §4 of [14] (p. 50), there exists a finitely
generated integral domain R (i.e. R is finitely generated over its subring generated
by 1) such that L ≤ GL(n,R). By a theorem of Wehrfritz [14, Theorem 4.2, p. 51],
given 1 �= g ∈ L, there exists a homomorphism φg : L → GL(n,Kg), such that Kg

is a finite field, φg(g) �= φg(1) = 1, and φg(g) is unipotent, if g is unipotent. So
take I = L� {1} and Ng = kerφg. �
Theorem 2.6 ([14, Theorem 3.7, p. 46]). There exists an integer-valued function
f(n) of n such that every solvable linear group of degree n has derived length at
most f(n).

Corollary 2.7. Let G be a group. Assume that G is residually P, where P is the
group theoretic property of being solvable and linear of degree n. Then G is solvable
of derived length bounded by an integer-valued function f(n) of n.

Proof. Let {Ni | i ∈ I} be a collection of normal subgroups of G such that⋂
i∈I Ni = 1, and such that G/Ni is solvable and linear of degree n, for all i ∈ I.
By Theorem 2.6, there exists an integer-valued function f(n) of n, such that

G/Ni has derived length at most f(n). It follows that the f(n) term in the derived
series of G is contained in

⋂
i∈I Ni = 1. �

We now turn to properties of sharply 2-transitive groups.

Theorem 2.8. Let G be a sharply 2-transitive permutation group on a set X. Let
I := Inv(G). Then the following holds:

(1) I is a conjugacy class in G;
(2) either no element of I fixes a point in X (in which case we say that the

characteristic of G is 2, and we write char(G) = 2), or each element of I
fixes a unique point in X.

(3) Suppose each element of I fixes a unique point in X. Then I2 � {1} is a
conjugacy class in G and either
(a) |uv| = ∞, for all distinct u, v ∈ I, in which case we say that the

characteristic of G is 0 and we write char(G) = 0; or
(b) there exists an odd prime p such that |uv| = p, for all distinct u, v ∈ I,

in which case we say that the characteristic of G is p and we write
char(G) = p.
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Proof. This is elementary and well known; see, e.g., [3, beginning of Subsection
11.4.1, pp. 222–224]. (These facts are also embedded in [11].) �

3. The proof of Theorem 1.1

We first recall the following lemma.

Lemma 3.1. Let p be a prime and let H be a nilpotent group. Suppose H contains
an element of order p. Then Z(H) contains an element of order p.

Proof. This is a well-known fact. We proceed by induction on the nilpotency class
of H. If H is abelian, there is nothing to prove. Also, if Z(H) contains an element
of order p, then we are done. So we may assume that for all b ∈ Z(H), we have
|b| �= p.

By induction, Z(H/Z(H)) contains an element, say ā, of order p. Let Z2(H) be
the second center of H, so Z(H) ≤ Z2(H) and Z2(H)/Z(H) = Z(H/Z(H)).

Let g ∈ H, and consider the map αg : Z2(H)/Z(H) → Z(H) defined by αg(h̄) =
[g, h]. This is a well-defined homomorphism from Z2(H)/Z(H) to Z(H). Of course
the order of αg(ā) is p or 1, and, by our hypothesis on Z(H), the order of αg(ā)
is 1. This means that g centralizes a. Since this holds for all g ∈ H, we see that
a ∈ Z(H). This contradicts the fact that ā has order p in Z2(H)/Z(H). �

Proof of Theorem 1.1.
Proof of part (a). Let S be a finite subset of C. We show that 〈S〉 is solvable.
This implies that G is locally solvable, and hence G is solvable, by [14, Corollary
3.8, p. 46].

Set L = 〈S〉 and let T := SL. We use Theorem 2.5. Let {Ni | i ∈ I} be the
collection of normal subgroups as in Theorem 2.5. Let φi : L → GL(n,Ki) be as in
Theorem 2.5(2).

Pick i ∈ I, and set N := Ni and K := Ki. We identify L/N with φi(L) ≤
GL(n,K). We claim that L/N is solvable. Write T for the image of T in L/N .

Notice that L/N is generated by T . If T = {1̄}, then L/N = {1̄}. Otherwise

T � {1̄} is a set of involutions in L/N closed under conjugation and satisfying one
of the following:

(a1) uv is a π-element, for all u, v ∈ C,
(a2) uv is a unipotent element, for all u, v ∈ C.

If case (a1) holds, then ūv̄ is a π-element, for all ū, v̄ ∈ T . If case (a2) holds, then

by Theorem 2.5(3), ūv̄ is a unipotent element in GL(n,K), for all ū, v̄ ∈ T . Note
that if case (a2) holds, and char(K) = p ≥ 2, then ūv̄ is a {p}-element, for all

ū, v̄ ∈ T .

Since T generates L/N, Corollary 2.3 implies that L/N is solvable, in case (a1)
holds, or in the case where (a2) holds and char(K) > 2. In the case where (a2)
holds and char(K) = 2, then, by the Baer-Suzuki theorem (see, e.g., [1] or [2, (39.6),
p. 204]), L/N is a 2-group, which is again solvable.

We have shown that L is residually P, where P is the group theoretic property
of being solvable and linear of degree n. By Corollary 2.7, L is solvable. Hence G
is solvable. This completes the proof of part (a).
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Proof of part (b). We assume that G is hyperabelian. After factoring out Oπ(G)
we may assume that Oπ(G) = 1. Notice that in the case where (b1) holds, C is a
conjugacy class in G, because u, v are conjugate in 〈u, v〉, for all u, v ∈ C.

Assume first that G is abelian. Then in the case where (b1) holds, G = 〈t〉, with
t ∈ C, and we are done. In the case where (b2) holds, if G �= Oπ(G), then G is a
non-trivial elementary abelian 2-group (possibly infinite), since G is generated by
C. But then Oπ(G) �= 1, a contradiction. So G = Oπ(G) is a π-group.

So assume that G is not abelian. Let H ≤ G be defined by the property that
H/Z(G) is a non-trivial abelian normal subgroup of G/Z(G). Then H is nilpotent
of class at most 2. Let t ∈ C and consider the subgroup [t,H] := 〈[t, h] | h ∈ H〉.
Suppose first that [t,H] �= 1. Then H contains an element of order p for some p ∈ π
(since for h ∈ H with [t, h] �= 1, we get that [t, h] is a non-trivial π-element inH). By
Lemma 3.1, Z(H) contains an element of order p. Hence 1 �= Oπ(Z(H)) ≤ Oπ(G),
a contradiction.

It follows that [t,H] = 1. As this holds for all t ∈ C, and since C generates G
we see that H ≤ Z(G), which contradicts the definition of H. �

Remark 3.2. Suppose G satisfies the hypotheses of Theorem 1.1(a1) and π = {p}.
Then, by Remark 2.4 and Theorem 1.1(b1), we obtain that G is solvable and G =
Op(G)〈t〉, for some t ∈ C, without using the Odd Order Theorem. Furthermore,
since G is solvable and periodic, if G is finitely generated, then G is finite by
[10, Lemma 2.3.2, p. 64]. Similarly, the proof of Theorem 1.1(a2) does not require
the Odd Order Theorem.

4. The proof of Theorem 1.3

In this section we prove Theorem 1.3 of the introduction. We first need the
following:

Lemma 4.1 ([7, Proof of Proposition 2.22]). Let 1 �= g ∈ GL(n, F ). Suppose that
g is conjugate in GL(n, F ) to gk, for all positive integers k. Then g is unipotent
(and |g| = ∞). In particular char(F ) = 0.

Proof. Without loss we may assume that F is algebraically closed. Let λ be an
eigenvalue of g. Of course λ �= 0, because g is invertible. Since g is conjugate to gk,
for all positive integers k, we get that λk is also an eigenvalue of g, for all positive
integers k. This forces the existence of mλ such that λmλ = 1.

Now let λ1, . . . , λk be all the distinct eigenvalues of g. Setm := mλ1
·mλ2

· · ·mλk
.

Then all the eigenvalues of gm are {λm
1 , λm

2 , . . . , λm
k } = {1}. But gm is conjugate

to g, so the unique eigenvalue of g is 1 and g is unipotent. Clearly |g| = ∞, since g
is conjugate to gk, for all positive integers k, and g �= 1. Since g is unipotent and
|g| = ∞ the characteristic of F must be 0. �

Now we can show:

Corollary 4.2. Let H ≤ GL(n, F ). Assume that C ⊆ Inv(H) is such that

(1) |C| > 1, CH = C and H = 〈C〉;
(2) if s, t ∈ C are distinct, then g := st is conjugate in GL(n, F ) to gk, for all

positive integers k.

Then char(F ) = 0 and H is solvable.
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Proof. By (2) and by Lemma 4.1, char(F ) = 0, and st is unipotent, for all distinct
s, t ∈ C. Hence, by Theorem 1.1(a2), H is solvable (see also Remark 3.2). �

Proposition 4.3. Let G be a sharply 2-transitive group with char(G) = 0. Suppose
G ≤ GL(n, F ) is a linear group of degree n. Then char(F ) = 0 and G contains a
regular normal abelian subgroup.

Proof. By Theorem 2.8(3a), the group H := 〈Inv(G)〉 and the set C = Inv(G)
satisfy the hypotheses of Corollary 4.2. Indeed, setting I := Inv(G), Theorem
2.8(3) shows that I2 � {1} is a conjugacy class in G, and it is easy to check that
gk ∈ I2 � {1}, for any g ∈ I2 � {1} and any integer k ≥ 1. Hence char(F ) = 0 and
H is solvable. It follows that the penultimate (next to last) term of the derived
series of H is the required regular normal abelian subgroup. �

Proof of Theorem 1.3. Suppose first that char(G) = 0 and that G is linear. Then
the theorem holds by Proposition 4.3.

So assume that char(G) is an odd prime p. Now by [12, Theorem 1(2), p. 95] if

(*) every 3 involutions in G generate a finite group,

then G has a regular normal abelian subgroup.
We claim that (*) holds for G. Indeed, let S ⊂ I be a set of 3 involutions. Let

L = 〈S〉. Then, since the characteristic of G is p, we get that C = SL is a conjugacy
class of involutions in L such that |uv| = p, for all distinct u, v ∈ C. If L is solvable,
then by Theorem 1.1(b1), L = Op(L)〈t〉, where t ∈ C, hence L is periodic. Since L
is finitely generated, L is finite (see, e.g., [10, Lemma 2.3.2, p. 64]) and (*) holds.
If L is linear, then, by Remark 3.2 (not using the Odd Order Theorem), (*) holds.
This completes the proof of Theorem 1.3. �

Remark 4.4. Let G be an infinite sharply 2-transitive group on a set X. Set
I := Inv(G). The purpose of this remark is to note the following facts (part (1) is
well known):

(1) If G contains a regular normal abelian subgroup, say A, then
(i) if char(G) �= 2, then A = I2. In particular, if char(G) = p > 2, then

A is an elementary abelian p-group;
(ii) if char(G) = 2, then A = I ∪ {1} is an elementary abelian 2-group.

(2) If G ≤ GL(n, F ), for some n and some field F, and char(G) �= 2, then
char(G) = char(F ).

We start with the proof of (1). Let t ∈ I. Assume first that char(G) �= 2.
Then, since t fixes a point in X, and since A is regular, CA(t) = {1}. It follows
that [t, A] �= {1}. Let a ∈ A, with [t, a] �= 1 and set s := ta. Then s �= t and
[t, a] = ts. Since G is transitive (via conjugation) on I2 � {1}, we conclude that
I2 ⊆ A. Notice that I2 is a transitive subset of G. Indeed let x, y ∈ X be distinct
points. Let r be an involution in Gx and s ∈ I with s(x) = y. Then (sr)(x) = y.
Since I2 is a transitive subset of G, and I2 ⊆ A, it follows that A = I2. Of course
if char(G)= p> 2, then A is an elementary abelian (infinite) p-group. This shows
1(i).

Assume now that char(G) = 2, let x ∈ X and let H be the stabilizer of x in G.
Since A is regular on X, we have G = HA. Let t ∈ I and write t = ha, with h ∈ H
and a ∈ A. Then 1 = t2 = haha = h2h−1aha. Since H ∩ A = 1, and h−1aha ∈ A,
we see that h2 = 1. But H∩I = ∅, since char(G) = 2, so h = 1. Hence t ∈ A. Since
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all involutions in G are conjugate, I ⊂ A. But the set I ∪ {1} ⊆ A is a transitive
subset of G. This forces the equality A = I ∪ {1}. Hence 1(ii) holds.

Suppose now that G≤GL(n, F ), for some n and some field F, and that char(G) �=
2. By Theorem 1.3, G contains a regular normal abelian subgroup A. If char(G) =
0, we just saw in Proposition 4.3 that char(F )=0. So assume char(G)= p>2. Since
A is an infinite elementary abelian p-group, we must have char(F ) = char(G) =
p, otherwise G cannot contain an infinite elementary abelian p-group (see, e.g.,
[14, Theorem 2.2, p. 17]).
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