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A CRITERION FOR COMPLETENESS

PETER SCHENZEL

(Communicated by Irena Peeva)

Abstract. Let (R,m) denote a local ring with E = ER(k) the injective hull
of k = R/m, its residue field. Let M denote a finitely generated R-module.
By Jensen’s result it follows that Ext1R(F,M) = 0 for any flat R-module F if
and only if M is complete. Let x = x1, . . . , xr be a system of elements of R
such that RadxR = m. In the main result it is shown that the vanishing of
Ext1R(F,M), F =

⊕r
i=1 Rxi , implies that M is complete. It is known from

work of Enochs and Jenda that HomR(ER(R/p), E) � R̂
μp

p for a certain finite
or infinite number μp. We discuss which μp might occur for certain primes
with dimR/p = 1.

1. Introduction

Let (R,m) denote a local ring and M a finitely generated R-module. In his
paper (see [6, Proposition 3]) C. U. Jensen proved that M is complete if and only
if Ext1R(F,M) = 0 for all flat (resp. countably generated flat) R-modules F . A
different proof for the vanishing of ExtiR(F,M) for all i ≥ 1 and all flat R-modules
follows by results of R.-O. Buchweitz and H. Flenner (see [2, Theorem 2]).

Let I ⊂ R denote an ideal in a commutative Noetherian ring R. In their paper
(see [4]) A. Frankild and S. Sather-Wagstaff proved that M is I-adically complete if

and only if ExtiR(R̂
I ,M) = 0 for all 1 ≤ i ≤ dimR M , where R̂I denotes the I-adic

completion of R.
The main result of the paper is the construction of a simple flat test module F

for the completeness of M in terms of the vanishing of Ext1R(F,M). More precisely,
we prove the following result:

Theorem 1.1. Let M denote a finitely generated R-module. Let xi ∈ m, i =
1, . . . , r, be elements such that (x1, . . . , xr)R is an m-primary ideal. Then the fol-
lowing conditions are equivalent:

(i) M is m-complete.

(ii) ExtiR(F,M) = 0 for any flat R-module F and all i ≥ 1.
(iii) Ext1R(

⊕r
i=1 Rxi

,M) = 0.

For the proof of the implication (i) =⇒ (ii) we use an argument on Matlis Duality
different from Jensen’s approach. Moreover, note that

⊕r
i=1 Rxi

is a countably
generated flat R-module.

Let ER(R/p) denote the injective hull of R/p for some p ∈ SpecR. Then for

its Matlis dual it is known that HomR(ER(R/p), E) � R̂
μp

p (see [3, 3.3.10]), where
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μp = dimk(p)HomR(k(p), E). Under certain additional assumptions on R/p the
following numbers of μp occur:

Theorem 1.2. Let p denote a one-dimensional prime ideal of a local ring (R,m).
Let μp be defined as above. Suppose that R/p is a Gorenstein ring and analytically
unramified. The cardinal numbers μp that occur are exactly

(1) any infinite cardinal number,
(2) among the finite cardinal numbers exactly those of the form pt, p being a

prime number and t a non-negative integer.

When μp is finite and not equal to 1 R/p is necessarily of prime characteristic.

Let p ⊂ R denote an arbitrary one-dimensional prime ideal. In [12] it was shown
that μp = 1 if and only if R/p is complete. See also Proposition 4.3. In the case of
a one-dimensional local domain A with its quotient field Q = Ax, x ∈ m \ {0}, the
A-module Ext1A(Q,A) is (by Theorem 1.1) the obstruction for A being complete.
Clearly, it is a Q-vector space. Its dimension was investigated by C. U. Jensen (see
[7]). These results apply in order get the information on μp above.

2. Preliminary results

In the following (R,m) denotes a local ring. We begin with the definition of the
global transform.

Definition 2.1. Let M denote a finitely generated R-module. Then

T (M) = lim−→ α HomR(m
α,M)

is called the global transform of M . In the case of M = R we also write T = T (R).

Let M denote an R-module. In the following we shall consider the local coho-
mology modules Hi

m(M), i ∈ Z (see e.g. [5] for definitions and basic results). There
is an exact sequence

0 → H0
m(M) → M → T (M) → H1

m(M) → 0

relating the global transform to the local cohomology.
Let E = ER(k) denote the injective hull of the residue field k = R/m. Then

DR(·) = HomR(·, E) denotes the Matlis Duality functor. Moreover ·̂ denotes the

completion functor. In particular R̂ is the completion of R. In the case of a local
ring (R,m) completion means always completion with respect to the maximal ideal
m. In all other cases the ideal will be specified.

Remark 2.2. (A) Let X be an arbitrary R-module. There is a natural homomor-
phism

X → DR(DR(X))

that is always injective. If (R,m) is complete it is an isomorphism whenever X
is an Artinian R-module resp. a finitely generated R-module (see [8, p. 528] and
[8, Corollary 4.3]). Moreover, it follows that the map is an isomorphism if and only
if there is a finitely generated R-submodule Y ⊂ X such that X/Y is an Artinian
R-module. For the proof we refer to [14] and also to [1] for a generalization.
(B) Let M denote a finitely generated R-module. Then there is a natural isomor-

phism M ⊗R R̂ � DR(DR(M)). That is, M is Matlis reflexive if and only if it is
complete.
(C) LetX denote anR-module with SuppR X ⊆ {m}. ThenM admits the structure
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of an R̂-module compatible with its R-module structure such that X ⊗R R̂ → X
is an isomorphism (see e.g. [14, (2.1)]). Let M denote an R-module and N an R̂

module. Then ExtiR(M,N), i ∈ Z, has the structure of an R̂-module. Moreover,
there are natural isomorphisms

ExtiR(M,N) � Exti
R̂
(M ⊗R R̂,N)

for all i ∈ Z since R̂ is a flat R-module.

The following lemma is of some interest in general.

Lemma 2.3. Let M denote a finitely generated R-module. Then there is a short
exact sequence

0 → T (M) → T (M̂) → M̂/M → 0.

Moreover, DR̂(DR(T (M))) � T (M)⊗R R̂ � T (M̂).

Proof. The above exact sequence of the global transform induces a commutative
diagram with exact rows

0 −→ H0
m(M) −→ M −→ T (M) −→ H1

m(M) −→ 0
↓ ↓ ↓ ↓

0 → H0
m(M)⊗R R̂ → M ⊗R R̂ → T (M)⊗R R̂ → H1

m(M)⊗R R̂ → 0.

All the vertical maps are injective. Now recall that Hi
m(M), i ∈ Z, is an Artinian

R-module. Therefore, by view of Remark 2.2 (C) the vertical homomorphisms at
the left and right end are isomorphisms. This implies a short exact sequence

0 → T (M) → T (M)⊗R R̂ → M̂/M → 0.

Since R̂ is a flat R-module it commutates with the global transform. This completes
the proof of the exact sequence of the statement.

Again by Remark 2.2 (C) there is an isomorphism DR(T (M)) � DR̂(T (M)⊗R

R̂). Now T (M)⊗R R̂ is Matlis reflexive as follows by the second row of the above
commutative diagram. This finishes the proof. �

Let M denote a finitely generated R-module. We define the multiplicatively
closed set

S = S(M) =
⋂

p∈AsshM

(R \ p) where AsshM = {p ∈ SuppM | dimR/p = dimM}.

In the following proposition we assume that dimR M = 1.

Proposition 2.4. Let (R,m) denote a local ring. Let M be a finitely generated
R-module and dimR M = 1. Then there are isomorphisms

T (M) � MS � Mx and (MS ⊗R R̂)/MS � M̂/M

where x ∈ m denotes a parameter of M and M̂ is the completion of M .

Proof. The proof of the first isomorphisms is well known and easy to see by the
exact sequence in the proof of the previous statement. The second isomorphism is
true by Lemma 2.3. �

The next result is a consequence of [10, Corollary 4.7]. Moreover, it seems to be
well known. Here we include a simple direct argument.
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Proposition 2.5. Let (x1, . . . , xr)R denote an ideal of a local ring (R,m) and
I = Rad(x1, . . . , xr)R. Let M be a finitely generated R-module such that M is
complete in the (xi)R-adic topology for i = 1, . . . , r. Then M is I-adically complete.

Proof. Let M̂ I denote the I-adic completion of M . Because the I-adic topology
and the topology defined by {(xα

1 , . . . , x
α
r )R}α≥0 are equivalent it follows M̂ I �

lim←− αM/(xα
1 , . . . , x

α
r )M . Therefore an element m ∈ M̂ I has the form m =∑

α≥0

∑r
i=1 x

α
i mα,i with mα,i ∈ M . Since M is (xi)R-adically complete M �

lim←− αM/xα
i M and mi =

∑
α xα

i mα,i for some mi ∈ M . Then m =
∑r

i=1 mi ∈ M
and M is I-adically complete. �

The following result is helpful in order to compute projective limits of Ext-
modules. Here lim←−

1 denotes the first right derived functor of the projective limit

(see [13]).

Theorem 2.6 ([11, Lemma 2.6]). Let {Mα}α∈N be a direct system of R-modules.
Let N denote an arbitrary R-module. Then there is a short exact sequence

0 → lim←−
1 Exti−1

R (Mα, N) → ExtiR(lim−→Mα, N) → lim←−ExtiR(Mα, N) → 0

for all i ∈ Z.

Let M denote an R-module and x ∈ R. As an application we consider the
following projective system {M,x}, where Mα = M for all α ∈ N and the transition

map Mα+1
x→ Mα is the multiplication by x.

Lemma 2.7. With the previous notation it follows that

lim←−
1{M,x} � Ext1R(Rx,M) and ExtiR(Rx,M) = 0 for all i ≥ 2.

Moreover, HomR(Rx,M) � lim←−{M,x}. If M is finitely generated and x ∈ m, then

lim←−{M,x} = 0.

Proof. Let {R, x} denote the direct system with Rα = R for all α ∈ N and the

transition map Rα
x→ Rα+1 is the multiplication by x. Then Rx � lim−→ α{R, x} as

it is well known. Therefore, HomR({R, x},M) � {M,x} and the results of the first
part are consequences of Theorem 2.6. If M is a finitely generated R-module and
x ∈ m the vanishing of HomR(Rx,M) is an easy consequence of Krull’s Intersection
Theorem. �

3. Completion

In this section let (R,m) denote a local ring. The following result is part of
Jensen’s result (see [6, Proposition 3]) for local rings. In a particular situation it
provides a slightly stronger vanishing statement.

Proposition 3.1. Let M denote a finitely generated R-module with M̂ its comple-
tion. Let F denote a flat R-module. Then ExtiR(F, M̂) = 0 for all i > 0. Moreover,

HomR(F, M̂) = 0 provided F ⊗R k = 0.

Proof. Put N = HomR(M,E). Then N is an Artinian R-module and in particular

SuppR N ⊆ {m}. Moreover, by Remark 2.2 it follows that M̂ � DR(N). Therefore
there are isomorphisms

ExtiR(F, M̂) � ExtiR(F,HomR(N,E)) � HomR(Tor
R
i (F,N), E).
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Whence it will be enough to show the vanishing of TorRi (F,N). This is clear for
i > 0 since F is a flat R-module.

Now suppose in addition that F⊗Rk = 0. Then induction implies that F⊗RX =
0 for any R-module X of finite length. To this end use the short exact sequence
0 → k = R/m → X → X ′ → 0 and the fact �R(X

′) < �R(X), where �R(·) denotes
the length.

Now suppose that X is an R-module with SuppR X ⊆ V (m). Then X is the
direct limit of its finitely generated submodules. Since the tensor product commutes
with direct limits it implies that F ⊗R X = 0. Because of SuppR N ⊆ {m} this
finishes the proof of the second part of the statement. �

Corollary 3.2. Let M be a finitely generated R-module. Let F denote a flat R-
module. Then there are an exact sequence

0 → HomR(F,M) → HomR(F, M̂) → HomR(F, M̂/M) → Ext1R(F,M) → 0

and isomorphisms ExtiR(F, M̂/M) � Exti+1
R (F,M) for all i ≥ 1.

Proof. We have the following short exact sequence of R-modules 0 → M → M̂ →
M̂/M → 0. Then apply the functor HomR(F, ·). The long exact cohomology

sequence yields the statements by view of the vanishing of ExtiR(F, M̂) for all i > 0
as shown in Proposition 3.1. �

We will continue with a result on the vanishing of certain Ext-modules. As a
step towards our main result we shall prove a partial result in order to characterize
the completion.

Theorem 3.3. Let (R,m) denote a local ring. Let M denote a finitely generated
R-module. For an element x ∈ R the following conditions are equivalent:

(i) M is (x)R-adically complete.
(ii) Ext1R(Rx,M) = 0.

Proof. Let N =
⋃

α≥1 0 :M xα. Then N = 0 :M xβ for a β � 0 since M is finitely

generated. In both of the statements we may replace x by xβ. That is, without
loss of generality we may assume xN = 0. Then there is a commutative diagram
with exact rows:

0 → M/N
xα+1

−→ M → M/xα+1M → 0
↓ x ‖ ↓

0 → M/N
xα

−→ M → M/xαM → 0.

By passing to the inverse limit it provides an exact sequence

0 → lim←−{M/N, x} → M → M̂x → lim←−
1{M/N, x} → 0.

By view of Lemma 2.7 it yields that lim←−
i{M/N, x} � ExtiR(Rx,M/N) for i =

0, 1. Therefore lim←−{M/N, x} = 0 since M/N is a finitely generated R-module.

Furthermore, the short exact sequence 0 → N → M → M/N → 0 induces an
isomorphism Ext1R(Rx,M) � Ext1R(Rx,M/N). This follows by the long exact

cohomology sequence and ExtiR(Rx, N) = 0 for all i ∈ Z. For this vanishing, note
that the multiplication by x acts on Rx as an isomorphism and on N as the zero
map.
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That is, if the natural homomorphism M → M̂x is an isomorphism, then
Ext1R(Rx,M) = 0 which proves (i) =⇒ (ii). The converse holds by similar ar-
guments. �
Proof of Theorem 1.1. The implication (i) =⇒ (ii) is a consequence of Proposition
3.1. Moreover, the implication (ii) =⇒ (iii) is trivial. In order to prove (iii) =⇒ (i)
we first note that Ext1R(Rxi

,M) = 0 for all i = 1, . . . , r. By Theorem 3.3 this implies
that M is (xi)R-adically complete for i = 1, . . . , r. Since x = x1, . . . , xr generates
an m-primary ideal it follows that M is m-adically complete by Proposition 2.5.
This completes the proof. �

4. Applications

Let (R,m) denote a domain and dimR = 1. Let Q = Q(R) denote its quotient
field. Then there is the following consequence of our previous investigations.

Proposition 4.1. Let (R,m) denote a one-dimensional domain. There are the
following isomorphisms

R̂/R � (Q⊗R R̂)/Q � Ext1R(Q,R).

In particular, R̂/R admits the structure of a Q-vector space.

Proof. The first isomorphism is as a particular case a consequence of Proposition
2.4. In the proof of Theorem 3.3 there is the short exact sequence

0 → R → R̂x → lim←−
1{R, x} � Ext1R(Q,R) → 0,

where x ∈ m denotes a parameter and Rx � Q. Since (x)R is m-primary it follows

R̂x = R̂ which finishes the proof. �
Remark 4.2. Let (R,m) denote a local domain and dimR = 1. Let Q = Q(R) its

field of quotients. Then R̂/R may be viewed as a Q-vector space (see Proposition

4.1). That is, R̂/R � Ext1R(Q,R) � Qd for some finite or infinite cardinal number.

Suppose that R is analytically unramified, i.e. R̂ is reduced. In his paper (see
[7, Theorem 1]) C. U. Jensen has shown:

The cardinal numbers d which appear above are

(1) any infinite cardinal number,
(2) among the finite cardinal numbers exactly those of the form pt − 1, p being

a prime number and t ≥ 0 an integer.

When d is finite and not zero, R is necessarily of prime characteristic. Moreover,
any d from (1) and (2) can occur for principal ideal domains; in fact, even for
valuation rings. In his construction C. U. Jensen used modifications of Nagata’s
“bad” local rings (see [9]).

Let p denote a prime ideal in a local ring (R,m). Let ER(R/p) denote the
injective hull of R/p. Then for its Matlis dual it follows that HomR(ER(R/p), E) �
R̂

μp

p (see [3, 3.3.10]), where μp = dimk(p)HomR(k(p), E) = dimk(p)HomR/p(k(p),
ER/p(k)) (see [12, Lemma 4.1]).

As a main result in [12] it is shown that μp = 1 if and only if R/p is complete.
First we want to add a proof in the frame of this paper.

Proposition 4.3. Let (R,m) be a local ring. Let p denote a prime ideal and
dimR/p = 1. Then R/p is complete if and only if μp = 1.
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Proof. Let A = R/p and Q = Q(A) be its quotient field. Then Q � EA(A), the
injective hull of A. By view of [12, Lemma 4.1] it will be enough to investigate
dimQ HomA(Q,E), where E denotes the injective hull of the residue field of A.
Now note that Q = T (A) since A is a one-dimensional domain. Then A is complete

if and only if dimQ Q⊗A Â = 1 as follows by view of Lemma 2.3.
There is the following short exact sequence 0 → A → Q → H1

m(A) → 0. If
A is complete, then Q � HomR(HomR(Q,E), E) (see Remark 2.2) and therefore

dimQ HomR(Q,E) = 1. Conversely, if dimQ(Q ⊗A Â) = 1, then 0 = Â/A =

(Q⊗A Â)/Q and A = Â. �

Corollary 4.4. Let p denote a one-dimensional prime ideal of a local ring (R,m).
Suppose in addition that R/p is analytically unramified and 1 < μp < ∞. Then
R/p is necessarily of prime characteristic.

Proof. By virtue of [12, Lemma 4.1] it is known that μp = dimk(p)HomR/p(k(p),
ER/p(k)). But A = R/p. Then μp = dimQ HomA(Q,E). By applying the functor
DA(DA(·)) to the short exact sequence 0 → A → Q → Q/A → 0 it induces an
injection

0 → Â/A → DA(DA(Q))/Q

by the snake lemma. Suppose that 1 < μp < ∞. Then HomA(Q,E) and also

DA(DA(Q)) is of finite Q-dimension. Whence 0 �= Â/A � Ext1A(Q,A) is also of
finite Q-dimension. So the statement is a consequence of C. U. Jensen’s result (see
Remark 4.2). �

An explicit description of the possible values of μp can be obtained in the case
where R/p is a one-dimensional analytically unramified Gorenstein ring.

Proof of Theorem 1.2. As above we use the reduction to A = R/p with Q = Q(A)
its quotient field. Then μp = dimQ HomR(Q,E), where E denotes the injective hull
of the residue field. Since A is a Gorenstein ring there is a short exact sequence
0 → A → Q → E → 0 since H1

m(A) � E. By applying the Matlis Duality functor

HomA(·, E) and the tensor product Â⊗A · it induces a commutative diagram with
exact rows

0 → Â → HomA(Q,E) → E → 0
‖ ↓ ‖

0 → Â → Q⊗A Â → E → 0.

By the snake lemma it follows that HomA(Q,E) � Q⊗A Â. By view of Proposition

4.1, Ext1A(Q,A) � (Q ⊗A Â)/Q and C. U. Jensen’s result (see Remark 4.2), this
completes the proof. �

Note added in proof

See also the author’s paper in Arch. Math. 102, no 1. (2014), 25-33, for an
extension of Theorem 1.1.
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