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CONDENSER CAPACITY, EXPONENTIAL BLASCHKE

PRODUCTS AND UNIVERSAL COVERING MAPS

JAVAD MASHREGHI AND STAMATIS POULIASIS

(Communicated by Pamela Gorkin)

Abstract. Let B be an exponential Blaschke product, let C be a compact
subset of the unit disc D with positive logarithmic capacity and let Kn =
B−1(C) ∩ {z ∈ D : |z| ≤ 1 − 2−n}. We give a sharp estimate for the rate of
growth of the capacity of the condensers (D, Kn). Also, we examine a similar
problem for universal covering maps of multiply connected Greenian domains
and we give a precise formula in the case of doubly connected domains.

1. Introduction

A classical object of study in the geometric theory of functions is the distortion
of sets, with respect to several geometric quantities (e.g. length, area, harmonic
measure, Hausdorff measure, logarithmic capacity), under holomorphic functions.
There are several well-known distortion results, expressed as monotonicity or invari-
ance principles, that have important applications in complex analysis and potential
theory; see e.g. [1, 17, 21]. We mention here some results about inverse images
under holomorphic functions.

Let D = {z ∈ C : |z| < 1} be the unit disk in the complex plane and let ϕ be
an inner function on D; that is, ϕ is a bounded holomorphic function such that
its radial boundary values have modulus 1 almost everywhere with respect to arc
length measure m on ∂D. The monograph [14] contains several basic facts about
these objects. The following old result of Löwner concerns the arc length measure
on the unit circle. If A ⊂ ∂D is a Borel set, ϕ is an inner function with ϕ(0) = 0
and

ϕ−1(A) = {eiθ ∈ ∂D : lim
r→1

ϕ(reiθ) exists and belongs to A},

then m(ϕ−1(A)) = m(A). To prove this, let u be the harmonic measure of A and
let v be the harmonic measure of ϕ−1(A) on D. Then, from the definition of inner
functions, the bounded harmonic function u(ϕ(z))− v(z), z ∈ D, has radial limits
equal to zero almost everywhere on ∂D. Therefore, u(ϕ(z)) = v(z), z ∈ D, and the
equality m(ϕ−1(A)) = m(A) follows from the relations m(A) = u(0), m(ϕ−1(A)) =
v(0) and the assumption ϕ(0) = 0. More generally, if f is holomorphic on D with
|f(z)| < 1 and f(0) = 0, and if E is a Borel subset of

{eiθ ∈ ∂D : lim
r→1

f(reiθ) exists and has modulus 1},
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then m(E) ≤ m(f(E)); see [1, p. 12], [21, p. 322]. Moreover, if f is univalent,
Pommerenke proved that

c(E) ≤ c(E)√
|f ′(0)|

≤ c(f(E)),

where c denotes the logarithmic capacity; see [17, pp. 341–350] for the proof and
for more results about boundary behavior and logarithmic capacity. Also, the
above results have been extended by several authors for Hausdorff measures, Riesz
capacities and Hausdorff dimension; see [9] and references therein.

In the present article we consider condenser capacity. A condenser in the complex
plane C is a pair (D,K) where D is a proper subdomain of C, and K is a compact
subset of D. Let h be the solution of the generalized Dirichlet problem on D \K
with boundary values 0 on ∂D and 1 on ∂K. The function h is the equilibrium
potential of the condenser (D,K). The capacity of (D,K) is

Cap(D,K) =

∫
D\K

|∇h(z)|2dm2(z),

where m2 is the two-dimensional Lebesgue measure. The problem of determining
the asymptotic behavior of the capacity of a condenser when its plates C \D and
K approach each other has been studied by many authors and for several types of
condensers; see [4, 8, 11, 20] and references therein.

In this article we examine the asymptotic behavior of the capacity of inverse
images of condensers under Blaschke products and universal covering maps. Let f
be a holomorphic function on D such that the condenser (f(D), f(K)) has positive
capacity. We have the following inequality: if Vf (K) is the number of preimages of
f(K) in K (see Section 2 for the precise definition), then (see [16, Theorem 3.1])

Cap(f(D), f(K)) ≤ Cap(D,K)

Vf (K)
.

In particular, let ϕ be an inner function on D and let (D, C) be a condenser with
positive capacity. Suppose that every point of C has infinitely many preimages with
respect to ϕ and let ϕ−1(C) = ∪∞

n=1Kn, where {Kn} is an increasing sequence of
compact subsets of D. Then limn→+∞ Vϕ(Kn) = +∞ and from the above inequality
we obtain

(1.1) lim
n→+∞

Cap(D,Kn) ≥ lim
n→+∞

Vϕ(Kn)Cap(D, C) = +∞.

Our purpose is to examine the asymptotic behavior of the capacity of the condensers
(D,Kn).

A Blaschke product B is called an exponential Blaschke product if there exists a
constant M ∈ N such that for every n ∈ N the set

B−1(0) ∩Rn,

where Rn = {z ∈ D : 2−n−1 < 1 − |z| ≤ 2−n}, counting multiplicities contains at
most M points; see [5] for an equivalent characterization of exponential Blaschke
products. For this class of inner functions our first result is as follows: if B is
an exponential Blaschke product, (D, C) is a condenser with positive capacity and
Kn = B−1(C) ∩ Tn where Tn = {z ∈ D : |z| ≤ 1− 2−n}, then (see Theorem 3.3)

Cap(D,Kn) = O(n), as n → +∞.
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Note that limn→+∞ Cap(D,Kn) = +∞ by (1.1). Moreover, we give an explicit
example of an exponential Blaschke product to show that the growth estimate O(n)
is sharp. We also provide counterexamples with interpolating Blaschke products to
show that the above growth estimate is not true in general without the assumption
that B is exponential.

We will also consider a similar problem for universal covering maps. Let D be a
doubly connected Greenian domain in the complex plane and let f : D �→ D be a
universal covering map of D; see e.g. [7, 15]. Suppose that E is a connected com-
pact subset of a fundamental neighborhood of D such that the condenser (D,E)
has positive capacity. Then, if E0, E1, . . . is a certain enumeration of the connected

components of f−1(E) and Kn =
⋃n−1

i=0 Ei, our second result is the following pre-
cise formula for the rate of growth of the capacity of the condensers (D,Kn) (see
Theorem 4.4):

Cap(D,E) = lim
n→∞

Cap(D,Kn)

n
.

For general multiply connected Greenian domains D we give an upper and a lower

bound for the ratio Cap(D,Kn)
n , for every n ∈ N.

2. Background material

2.1. Green energy and equilibrium measure. Let (D,K) be a condenser. If
D is a Greenian domain, the Green equilibrium energy of (D,K) is defined by

I(D,K) = inf
μ

∫∫
GD(z, w)dμ(z)dμ(w),

where GD(x, y) is the Green function of D and the infimum is taken over all prob-
ability Borel measures μ supported on K. When I(D,K) < +∞, the unique
probability Borel measure μK for which the above infimum is attained is the Green
equilibrium measure. The function

UD
μK

(z) =

∫
GD(z, w)dμK(w), z ∈ D,

is the Green equilibrium potential of (D,K). It is true that UD
μK

= I(D,K) on K
except on a set of zero logarithmic capacity and

(2.1) UD
μK

≤ I(D,K)

on D; see e.g. [12, p. 174]. From the formula (see [12, p. 97])∫∫
GD(z, w)dμ(z)dμ(w) =

1

2π

∫
D

|∇UD
μ (z)|2dm2(z),

we obtain that

(2.2) Cap(D,K) =
2π

I(D,K)
.

Finally, condenser capacity satisfies the strong subadditivity property (see [2, p. 136]):
if (D,K1) and (D,K2) are two condensers, then

Cap(D,K1 ∪K2) + Cap(D,K1 ∩K2) ≤ Cap(D,K1) + Cap(D,K2).

For more information about potential theory see e.g. [2, 12, 18, 21].
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2.2. BL1 holomorphic functions. Let f be a non-constant holomorphic function
on a Greenian domain D such that f(D) is Greenian. We denote by m(a) the
multiplicity of the zero of f(z)− f(a) at a ∈ D and by

v(y) =
∑

f(a)=y

m(a)

the valency of f at y ∈ f(D). The following inequality is known as the Lindelöf
Principle (see e.g. [10]):

(2.3) Gf(D)(y0, f(z)) ≥
∑

f(a)=y0

m(a)GD(a, z),

where z ∈ D and y0 ∈ f(D). For fixed y0 ∈ f(D), if equality holds in (2.3) for
a point z ∈ D with f(z) �= y0, then it holds for every point in D. Following
[10, p. 447], we will denote by BL1 the class of holomorphic functions for which
equality holds in (2.3) for a point y0 ∈ f(D) and for every z ∈ D. If

sup
y∈f(D)

v(y) = +∞

and f ∈ BL1, we will say that f is an infinite BL1 function.

Theorem 2.1 ([10, p. 470]). Let f be an infinite BL1 function on a Greenian
domain D. Then equality holds in (2.3) and v(y0) = +∞ for every y0 ∈ f(D)
except on an Fσ set of zero logarithmic capacity.

Theorem 2.1 is a generalization of Frostman’s theorem (see [14, Theorem 2.5,
p. 35]) about inner functions on the unit disc to BL1 functions on general Greenian
domains. There is more on this in Section 3. From the definition of Blaschke
products, it follows that they are BL1 functions for y0 = 0. Also, universal covering
maps of Greenian domains are examples of BL1 functions. We note that, for
universal covering maps, the exceptional set of zero logarithmic capacity in Theorem
2.1 is empty (see [13, Lemma 3]). For a characterization of the equality cases in
Lindelöf’s Principle see [3, Theorem 3].

2.3. A condenser capacity inequality. Let (D,K) be a condenser, let f be
a non-constant holomorphic function on the domain D such that the condenser
(f(D), f(K)) has positive capacity, let ν be the Green equilibrium measure of
(f(D), f(K)) and let E := supp(ν) \ f({a ∈ K : m(a) ≥ 2}). For every y ∈ E,
let Nf (y,K) be the cardinality of the set {x ∈ K : f(x) = y}. If Vf (K) :=
miny∈E Nf (y,K), then

(2.4) Cap(f(D), f(K)) ≤ Cap(D,K)

Vf (K)
;

see [16, Theorem 3.1].

3. Exponential Blaschke products and condenser capacity

Let ϕ be an inner function and let a ∈ D. The function ϕa := ϕ−a
1−āϕ is called a

Frostman shift of ϕ. According to Frostman’s theorem, ϕa is a Blaschke product for
every a ∈ D except on a set of zero logarithmic capacity. The following result says
that exponential Blaschke products are Frostman shift invariant and the exceptional
set in Frostman’s theorem for an exponential Blaschke product is empty.
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Theorem 3.1 ([5]). If B is an exponential Blaschke product, then Ba = B−a
1−āB is

an exponential Blaschke product for every a ∈ D.

Let B be a Blaschke product. For every a ∈ D and n ∈ N, let AB(a, n) denote
the number of the points in the set

B−1(a) ∩ {z ∈ D : 2−n−1 ≤ 1− |z| ≤ 2−n},
counting multiplicities. From Theorem 3.1 it follows that for every exponential
Blaschke product B and for every a ∈ D,

M(a) := sup
n∈N

AB(a, n) < +∞.

We will need the following strengthened version.

Lemma 3.2. Let B be an exponential Blaschke product and let M(a), a ∈ D, be
as above. Then for every compact subset K of D,

(3.1) sup
a∈K

M(a) < +∞.

Proof. We will use the following characterization of exponential Blaschke products
(see [5, Theorem 1]). If B is a Blaschke product, then B is an exponential Blaschke
product if and only if B′ belongs to the weak Hardy space H1

w, that is, if and only
if there exists C < +∞ such that for every r ∈ (0, 1) and for every λ > 0,

m({eiθ : |B′(reiθ)| > λ}) ≤ C

λ
.

From Theorem 3.1 it follows that for every a ∈ D

C(a) = inf{t ∈ R : m({eiθ : |B′
a(re

iθ)| > λ}) ≤ t

λ
, ∀r ∈ (0, 1), λ > 0}

is finite. Then, from the proof of [5, Theorem 1], we obtain that the inequality (3.1)
follows from the inequality

(3.2) sup
a∈K

C(a) < +∞.

To prove (3.2), let ρ < 1 such that K ⊂ {z ∈ D : |z| < ρ}. For a ∈ D we have

B′
a(z) =

( B(z)− a

1− āB(z)

)′
=

1− |a|2
(1− āB(z))2

B′(z).

Therefore, for |a| < ρ, we have

(3.3) |B′
a(z)| ≤

1 + ρ

1− ρ
|B′(z)|.

From inequality (3.3) it follows that for every r ∈ (0, 1) and for every λ > 0,

{eiθ : |B′
a(re

iθ)| > λ} ⊂
{
eiθ : |B′(reiθ)| > λ(1− ρ)

(1 + ρ)

}

and

m({eiθ : |B′
a(re

iθ)| > λ}) ≤ m
({

eiθ : |B′(reiθ)| > λ(1− ρ)

(1 + ρ)

})

≤ (C(0) + 1)(1 + ρ)

λ(1− ρ)
.

Therefore, C(a) ≤ (C(0)+1)(1+ρ)
1−ρ for every a ∈ K and (3.2) follows. �
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Also, we will need the following inequality. If {zn} are the zeroes of an exponen-
tial Blaschke product B, then (see [5]) there exists a constant A = A(M(0)) such
that for every r ∈ (0, 1)

(3.4)
∑

|zn|≥r

log
1

|zn|
≤ A log

1

r
.

In the following result we study the asymptotic behavior of the capacity of the
inverse image of a condenser under an exponential Blaschke product.

Theorem 3.3. Let B be an exponential Blaschke product, let (D, C) be a condenser
with positive capacity and let Kn = B−1(C)∩Tn where Tn = {z ∈ D : |z| ≤ 1−2−n}.
Then

Cap(D,Kn) = O(n), as n → +∞.

Proof. From Lemma 3.2 we have

M = sup
y∈C

M(y) < +∞.

For every n ∈ N, let μn be the equilibrium measure of the condenser (D,Kn)
and consider the measure

νn(A) = μn(B
−1(A)), A ⊂ C Borel measurable.

Then νn is a probability Borel measure on C, for every n ∈ N. Therefore,

I(D, C) ≤
∫∫

GD(x, y)dνn(x)dνn(y), for every n ∈ N.

Let Nn(y) = B−1(y)∩ Tn, y ∈ C, n ∈ N. Fix k0 ∈ N. Since B is a BL1 function
and B(D) = D,∫∫

GD(x, y)dνn(x)dνn(y) =

∫∫
GD(B(z), y)dμn(z)dνn(y)

=

∫∫ ∑
a∈Nn+k0

(y)

GD(z, a)dμn(z)dνn(y)

+

∫∫ ∑
a∈B−1(y)\Nn+k0

(y)

GD(z, a)dμn(z)dνn(y).

For the first integral, from inequality (2.1) and the definition of M , we have∫∫ ∑
a∈Nn+k0

(y)

GD(z, a)dμn(z)dνn(y) =

∫ ∑
a∈Nn+k0

(y)

∫
GD(z, a)dμn(z)dνn(y)

=

∫ ∑
a∈Nn+k0

(y)

UD

μn
(a)dνn(y)

≤
∫ ∑

a∈Nn+k0
(y)

I(D,Kn)dνn(y)

≤ M(n+ k0)I(D,Kn).(3.5)
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For the second integral, we note that for every a ∈ B−1(y) \ Nn+k0
(y), y ∈ C,

the function z �→ GD(z, a) is a positive harmonic function on the disc {z ∈ D : |z| <
1− 2−n−k0}. From Harnack’s inequality (see [18, p. 14]),

GD(z, a) ≤
1− 2−n−k0 + |z|
1− 2−n−k0 − |z|GD(0, a).

So, for z ∈ Kn,

(3.6) GD(z, a) ≤
2

2−n(1− 2−k0)
GD(0, a).

From the inequalities (3.4) and (3.6), we obtain that∫∫ ∑
a∈B−1(y)\Nn+k0

(y)

GD(z, a)dμn(z)dνn(y)

≤
∫∫

2

2−n(1− 2−k0)

∑
a∈B−1(y)\Nn+k0

(y)

GD(0, a)dμn(z)dνn(y)

≤ 2A

2−n(1− 2−k0)
log

( 1

1− 2−n−k0

)
.(3.7)

From the inequalities (3.5) and (3.7), we obtain

I(D, C) ≤ MnI(D,Kn) +Mk0I(D,Kn) +
2A

2−n(1− 2−k0)
log

( 1

1− 2−n−k0

)
.

By (1.1) it follows that limn→+∞ I(D,Kn) = 0. Therefore, letting n → +∞,

I(D, C) ≤ lim inf
n→+∞

MnI(D,Kn) +
2A

(1− 2−k0)
2−k0 .

Since k0 was arbitrary, letting k0 → +∞, we obtain

I(D, C) ≤ lim inf
n→+∞

MnI(D,Kn)

or

lim sup
n→+∞

Cap(D,Kn)

n
≤ MCap(D, C),

and the conclusion follows. �

Remark 3.4. Let B be an exponential Blaschke product, let (D, C) be a condenser
with positive capacity and let Kn and M be as above. Suppose that every point of
C has at least one pre-image in {z ∈ D : 2−n−1 ≤ 1−|z| ≤ 2−n}. Then VB(Kn) ≥ n
and from inequality (2.4) we obtain

0 < Cap(D, C) ≤ lim inf
n→+∞

Cap(D,Kn)

VB(Kn)

≤ lim sup
n→+∞

Cap(D,Kn)

n
(3.8)

≤ MCap(D, C).

Consider, for example, the exponential Blaschke product with zeroes zn = 1 − 3 ·
2−n−2 and let C be a closed disk with center at the origin and sufficiently small
radius. Inequality (3.8) shows that, in general, we cannot replace O(n) in Theorem
3.3 by O(nt) for some t < 1.
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We now give an example of an interpolating Blaschke product which is not an
exponential Blaschke product, for which the conclusion of Theorem 3.3 is not valid.
Let E be a compact subset of D with zero logarithmic capacity which contains at
least two points and let f : D �→ D \E be a universal covering map of D \E. Then
f is an inner function (see [6, p. 37]); in fact, if 0 �∈ E, then f−1(0) is a uniformly
separated sequence and f is an interpolating Blaschke product. For example, take
E = {− 1

2 ,
1
2}. Let C be a connected compact subset of a fundamental neighborhood

of D\E with positive logarithmic capacity and let Kn = f−1(C)∩Tn. Then Vf (Kn)
equals the number of connected components of f−1(C) that are contained in Kn.
It is well known that the rate of growth of the number of connected components of

f−1(C) is exponential; in particular, for every p ∈ N, we have limn→+∞
Vf (Kn)

np =
+∞. Therefore,

lim
n→+∞

Cap(D,Kn)

np
= lim

n→+∞

Cap(D,Kn)

Vf (Kn)

Vf (Kn)

np

≥ lim
n→+∞

Cap(D, C)
Vf(Kn)

np
= +∞.

4. Universal covering maps and condenser capacity

We will need some notation from the theory of universal covering maps. Let D
be a multiply connected Greenian domain in the complex plane and let f : D �→ D
be a universal covering map of D. We refer to [7] and [15] for information about
universal covering mappings and other related notions that we will use. Let u0 ∈ D
and let V ⊂ D be a fundamental neighborhood of u0; that is,

f−1(V ) =
⋃
i

Ai,

where Ai are disjoint connected open subsets of D such that the restriction of f
to Ai is one to one and onto V . Also, E will be a connected compact subset
of V and we will denote by Ei the connected components of f−1(E). We make
the connectedness assumption on E only for simplicity in the statements of the
following results; otherwise, one can define Ei = f−1(E) ∩ Ai for a disconnected
compact set E. We will denote by Deck(f) the group of covering transformations
of f , that is, the conformal automorphisms T of D such that f ◦ T = f .

Theorem 4.1. Let D, E and f be as above, let E1, E2, . . . , be an enumeration of
the connected components of f−1(E) and let Kn =

⋃n
i=1 Ei. Then, for every n ∈ N,

(4.1) Cap(D,E) ≤ Cap(D,Kn)

n
≤ Cap(D, E1).

Proof. We have Vf (Kn) = n and from inequality (2.4)

Cap(D,E) ≤ Cap(D,Kn)

n
,

for every n ∈ N.
Let m ∈ N. There exists a covering transformation T such that T (E1) = Em.

From the conformal invariance of condenser capacity,

Cap(D, E1) = Cap(T (D), T (E1)) = Cap(D, Em).
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Therefore, from the strong subadditivity property of condenser capacity,

Cap(D,Kn)

n
≤

∑n
i=1 Cap(D, Ei)

n
=

nCap(D, E1)

n
= Cap(D, E1),

for every n ∈ N. �

Suppose that the Greenian domain D is doubly connected. Let γ1 be a simple
closed curve in D with initial point in E which is not null-homotopic. For every
n ≥ 1, let γn be the curve obtained by tracing the curve γ a number n times and
let γ−n be the curve obtained by tracing the curve γ a number n times in the
opposite direction. Let E0 ⊂ D be a connected component of f−1(E). For every
k ∈ Z \ {0}, let γ̃k be the unique lifting of γk with initial point in E0 and let Ek

be the unique connected component of f−1(E) which contains the end point of γ̃k.
Then the components Ek, k ∈ Z, are mutually disjoint and f−1(E) =

⋃
k∈Z

Ek,
since the fundamental group of D has one generator. We will need the following
lemma.

Lemma 4.2. Let D, E, f and Ek be as above and let hk be the restriction of f to
Ek, k ∈ Z. Then the sequence of functions

gn(z, y) = GD(f(z), y)−
n∑

k=−n

GD(z, h
−1
k (y)), n ∈ N,

converges uniformly to the zero function on E0 × E.

Proof. Let GD(x, y) = log 1
|x−y| +HD(x, y). Then

gn(z, y) = log
1

|f(z)− y| +HD(f(z), y)−
n∑

k=−n

log
|1− z̄h−1

k (y)|
|z − h−1

k (y)|

= log
|z − h−1

0 (y)|
|f(z)− y| +HD(f(z), y)− log |1− z̄h−1

0 (y)|

−
n∑

0�=k=−n

log
|1− z̄h−1

k (y)|
|z − h−1

k (y)|
.

Since f has non-vanishing derivative on D, the function (z, y) �→ log
|z−h−1

0 (y)|
|f(z)−y| is

locally bounded on an open neighborhood Ω of E0×E. Therefore, (z, y) �→ gn(z, y)
is locally bounded on Ω and is harmonic as a function of each variable separately.
From [2, Corollary 3.3.7, p. 72] we obtain that gn is harmonic on Ω. Therefore, gn
is a monotone sequence of positive harmonic functions which converges to the zero
function on Ω. From [2, Theorem 1.5.8, p. 17] we obtain that gn converges locally
uniformly on Ω and the conclusion follows. �

We will consider the sequence Fn of compact subsets of D, defined in the following
manner:

F0 = E0, F1 = E1, F2 = E−1, F3 = E2, F4 = E−2, . . . .

More precisely, Fn = Eφ−1(n), n ∈ N, where

φ(k) =

{
2k − 1, k > 0;
−2k, k ≤ 0.

Also, we will consider the compact sets Kn =
⋃n

i=0 Fi, n ∈ N.
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Lemma 4.3. Let D, E, f , Fn and Kn be as above and let fn be the restriction of
f to Fn, n ∈ N. Then for every ε > 0 there exist m0 ∈ N such that for every n ∈ N

(4.2) sup
{
GD(f(z), u)−

n+m0∑
i=0

GD(z, f
−1
i (u)) : z ∈ Kn, u ∈ E

}
≤ ε.

Proof. Let Ek, k ∈ Z, be the connected components of f−1(E) defined as above
and let hk be the restriction of f to Ek, k ∈ Z. Note that hk = fφ(k).

Fix ε > 0. From Lemma 4.2, there exists m ∈ N such that

(4.3) sup
{
GD(f(z), y)−

m∑
k=−m

GD(z, h
−1
k (y)) : z ∈ E0, y ∈ E

}
≤ ε.

For every k ∈ Z, let Tk ∈ Deck(f) be the covering transformation such that
Tk(E0) = Ek. Then, Tk(Eλ) = Eλ+k for every λ ∈ Z (see [15, Theorem 10.4.2,
p. 492]). Let m0 = 2m and n0 ∈ N. Then, from the conformal invariance of the
Green function and the fiber preserving property of covering transformations, we
obtain that if n ≤ n0 and k = φ−1(n),

sup
{
GD(f(z), y)−

n0+m0∑
i=0

GD(z, f
−1
i (y)) : z ∈ Fn, y ∈ E

}

= sup
{
GD(f(z), y)−

n0+m0∑
i=0

GD(z, f
−1
i (y)) : z ∈ Ek, y ∈ E

}

≤ sup
{
GD(f(z), y)−

k+m∑
j=k−m

GD(z, h
−1
j (y)) : z ∈ Ek, y ∈ E

}

= sup
{
GD(f(Tk(z)), y)−

k+m∑
j=k−m

GD(Tk(z), h
−1
j (y)) : z ∈ E0, y ∈ E

}

= sup
{
GD(f(z), y)−

k+m∑
j=k−m

GD(z, h
−1
−k+j(y)) : z ∈ E0, y ∈ E

}

= sup
{
GD(f(z), y)−

m∑
j=−m

GD(z, h
−1
j (y)) : z ∈ E0, y ∈ E

} (4.3)
≤ ε.

Since the above inequality is true for every n ≤ n0, we obtain

sup
{
GD(f(z), y)−

n0+m0∑
i=0

GD(z, f
−1
i (y)) : z ∈ Kn0

, y ∈ E
}
≤ ε.

Since n0 was arbitrary, (4.2) follows. �

We continue with the following result which gives the precise rate of growth
of condenser capacity under inverse images of universal covering maps of doubly
connected domains.

Theorem 4.4. Let D, E, f and Kn be as above, n ∈ N. Then

(4.4) Cap(D,E) = lim
n→∞

Cap(D,Kn)

n+ 1
.
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Proof. Let Fn be as above and let fn be the restriction of f to Fn, n ∈ N.
We have Vf (Kn) = n+ 1 and from inequality (2.4)

Cap(D,E) ≤ Cap(D,Kn)

n+ 1
,

for every n ∈ N. Equivalently, (n+ 1)I(D,Kn) ≤ I(D,E). Therefore,

(4.5) lim sup
n→∞

(n+ 1)I(D,Kn) ≤ I(D,E)

and limn→∞ I(D,Kn) = 0.
For every n ∈ N, let μn be the Green equilibrium measure of (D,Kn) and consider

the measure

νn(A) = μn(f
−1(A)), A ⊂ E Borel measurable.

Then νn is a probability Borel measure with support in E for every n ∈ N. Let
νnk

be a subsequence of νn which converges weak star to a measure ν. Then ν is a
probability Borel measure with support in E.

Fix ε > 0. From Lemma 4.3, there exist m0 ∈ N such that for every n ∈ N

sup
{
GD(f(z), u)−

n+m0∑
i=0

GD(z, f
−1
i (u)) : z ∈ Kn, u ∈ E

}
≤ ε.

From the definition of Green equilibrium energy and the lower-semicontinuity of
energy in measure (see [12, pp. 78–79]) we obtain

I(D,E) ≤
∫∫

GD(v, u)dν(v)dν(u)

≤ lim inf
k→∞

∫∫
GD(v, u)dνnk

(v)dνnk
(u)

= lim inf
k→∞

∫∫
GD(f(z), u)dμnk

(z)dνnk
(u)

≤ lim inf
k→∞

∫∫ ( nk+m0∑
i=0

GD(z, f
−1
i (u)) + ε

)
dμnk

(z)dνnk
(u)

= lim inf
k→∞

∫ nk+m0∑
i=0

∫
GD(z, f

−1
i (u))dμnk

(z)dνnk
(u) + ε

= lim inf
k→∞

∫ nk+m0∑
i=0

UD

μnk
(f−1

i (u))dνnk
(u) + ε

≤ lim inf
k→∞

∫ nk+m0∑
i=0

I(D,Knk
)dνnk

(u) + ε

= lim inf
k→∞

(nk + 1 +m0)I(D,Knk
) + ε

= lim inf
k→∞

(nk + 1)I(D,Knk
) + lim

k→∞
m0I(D,Knk

) + ε

= lim inf
k→∞

(nk + 1)I(D,Knk
) + ε

≤ lim sup
k→∞

(nk + 1)I(D,Knk
) + ε

(4.5)
≤ I(D,E) + ε.
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Since ε was arbitrary, we obtain that limk→∞(nk + 1)I(D,Knk
) = I(D,E) and

I(D,E) =

∫∫
GD(v, u)dν(v)dν(u).

Therefore, ν is the Green equilibrium measure of (D,E). From the uniqueness of
the Green equilibrium measure we obtain that the sequence {νn} has a unique weak
star accumulation point. So, {νn} converges weak star to ν and

lim
n→∞

(n+ 1)I(D,Kn) = I(D,E),

which is equivalent to (4.4). �
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[9] José L. Fernández and Domingo Pestana, Distortion of boundary sets under inner
functions and applications, Indiana Univ. Math. J. 41 (1992), no. 2, 439–448, DOI
10.1512/iumj.1992.41.41025. MR1183352 (93k:30014)
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