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SATELLITE OPERATORS WITH DISTINCT ITERATES

IN SMOOTH CONCORDANCE

ARUNIMA RAY

(Communicated by Martin Scharlemann)

Abstract. Each pattern P in a solid torus gives a function P : C → C on the
smooth knot concordance group, taking any knot K to its satellite P (K). We
give examples of winding number one patterns P and a class of knots K, such
that the iterated satellites P i(K) are distinct in concordance, i.e. if i �= j ≥ 0,
P i(K) �= P j(K). This implies that the operators P i give distinct functions
on C, providing further evidence for the (conjectured) fractal nature of C. Our

theorem also allows us to construct several sets of examples, such as infinite
families of topologically slice knots that are distinct in smooth concordance,
infinite families of 2–component links (with unknotted components and linking
number one) which are not smoothly concordant to the positive Hopf link, and
infinitely many prime knots which have the same Alexander polynomial as an
L–space knot but are not themselves L–space knots.

1. Introduction

A knot is the image of a smooth embedding S1 ↪→ S3. The satellite construction
is a well-known function on K, the set of isotopy classes of knots. Briefly, a satellite
operator or pattern P is a knot in a solid torus and the satellite knot P (K) is
obtained by tying the solid torus into the knot K. An example of the satellite
construction is shown in Figure 1; a more precise definition is given in Section 2.1.

P K P (K)

Figure 1. The satellite construction on knots.

Two knots K0 ↪→ S3 × {0} and K1 ↪→ S3 × {1} are said to be concordant
if they cobound a smooth, properly embedded annulus in S3 × [0, 1]. K modulo
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Figure 2. The Mazur operator M .

concordance forms an abelian group called the knot concordance group, denoted
by C. Similarly, we say that two knots are exotically concordant if they cobound
a smooth, properly embedded annulus in a smooth 4–manifold homeomorphic to
S3× [0, 1] (but not necessarily diffeomorphic). K modulo exotic concordance forms
an abelian group called the exotic knot concordance group, denoted by Cex. If the
4–dimensional smooth Poincaré Conjecture is true, we can see that C = Cex [5].
The satellite operation on knots descends to well-defined functions on C and Cex.

Satellite knots are interesting both within and without knot theory. Satellite
operations can be used to construct distinct knot concordance classes which are hard
to distinguish using classical invariants, such as in [10, 11]. In [6], winding number
one satellite operators are used to construct non-concordant knots with homology
cobordant zero–surgery manifolds. Satellite operations were used in [17] to subtly
modify a 3–manifold without affecting its homology type. Winding number one
satellite operators in particular are related to Mazur 4–manifolds [2] and Akbulut
corks [1].

There has been considerable interest in understanding the action of satellite
operators on C. For instance, it is a famous conjecture that the Whitehead double
of a knot K is smoothly slice if and only if K is smoothly slice [22, Problem 1.38].
This question might be generalized to ask if operators are injective, that is, given
an operator P , does P (K) = P (J) imply K = J in smooth concordance? A survey
of some recent work on the Whitehead doubling operator may be found in [20]. In
[10], several ‘robust doubling operators’ were introduced and evidence was provided
for their injectivity. Not much else is known in the winding number zero case. For
operators with non-zero winding numbers, there has been more success. Recently,
Cochran, Davis and the author proved the following result.

Theorem 1 (Theorem 5.1 of [5]). If P is a strong winding number one satellite
operator, the induced function P : Cex → Cex is injective, i.e. for any two knots K
and J , P (K) = P (J) if and only if K = J in Cex. If the 4–dimensional smooth
Poincaré Conjecture is true, P : C → C is injective.

The notion of a ‘strong winding number one’ satellite operator is described in
Section 2.1. In particular, any winding number one operator which is unknotted as
a knot in S3 is strong winding number one; see Figure 2 for an example. Following
A. Levine [24], we refer to the pattern in Figure 2 as the Mazur operator, or the
Mazur pattern, and reserve the symbol M for it.

Theorem 1 is related to the possibility of C having a fractal structure. This was
conjectured in [10] where some evidence was provided to support this theory. One
may characterize ‘fractalness’ of a set as the existence of self-similarities at arbitrar-
ily small scales. By Theorem 1, any strong winding number one satellite operator
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gives a self-similarity for Cex; however, while there exist several such operators (see
[5, Section 2]), the question of scale has not been addressed. This is the objective
of the main theorem of this paper, which follows.

Main Theorem. For any strong winding number one satellite operator P with
a Legendrian diagram where tb(P ) > 0 and tb(P ) + rot(P ) ≥ 2 (e.g. the Mazur
pattern) and any knot K with a Legendrian diagram realizing tb(K) = 2g(K)− 1,
the knots P i(K) are distinct in Cex and C. That is, P i(K) �= P j(K) for all i �= j ≥ 0
in C and Cex.

In particular, for the Mazur pattern M and knots K as above,

τ (M i(K)) =
s(M i(K))

2
=g4(M

i(K)) = g(M i(K))

=g(K) + i = g4(K) + i =
s(K)

2
+ i = τ (K) + i.

The action on C by these satellite operators should be compared to shrinking the
Cantor ternary set by a factor of three, namely that each iteration gives a distinct
image of C at smaller and smaller scales. To complete the fractal analogy one must
also address the question of surjectivity of strong winding number one operators;
some progress towards this end has been achieved by Davis and the author in [13].

Examples of knots K with the property that tb(K) = 2g (K) − 1 are plentiful.
Any knot which is the closure of a positive braid (such as the positive torus knots)
has this property. If a knot satisfies this condition, so does its untwisted Whitehead
double [36]. Moreover, this property is preserved under connected sum of knots.

Such knots have the additional property that g (K) = g 4(K) = τ (K) = s (K)
2 ; this

is easily seen using the slice–Bennequin inequality (Proposition 2.2).
In addition to the Mazur pattern M , the main theorem applies to several other

satellite operators. Two infinite families of such patterns are given in Figures 9 and
10; see Proposition 3.5 for exact calculations of various invariants for these families.

The question of whether the iterates of a satellite operator are distinct is an
interesting question in its own right. In particular, there is no known counterpart
of our main theorem for the Whitehead doubling operator. It was recently shown in
[31] that for the torus knots T2, 2m+1 with m > 2, Wh(T2, 2m+1) and Wh2(T2, 2m+1)
are independent in C; however, we are still unable to distinguish any of the other
iterated Whitehead doubles of any knots. It is known that for knots K with τ (K) >
0, the iterated Whitehead doubles are all non-slice, but it is not known whether
they are distinct (this result, of [18], was preceded by much other work on this
topic, such as in [3, 7, 36]).

1.1. Applications of the main theorem. By a judicious choice of a knot K and
pattern P for which our main theorem is applicable, we can ensure that each P i(K)
will be topologically slice and P i(K) �= P j(K) for all i �= j ≥ 0 in smooth (as well
as exotic) concordance. This gives us the following corollary.

Corollary 1. There exist infinite families of smooth (and exotic) concordance
classes of topologically slice knots, where given any two knots in a family, one
is a satellite of the other.

Several examples of infinite families of smooth concordance classes of topologi-
cally slice knots exist in the literature, such as in [14,16,20,21]. Our examples are
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novel only due to the ease with which they are obtained and the added property
that they are iterated satellites.

We can also obtain an interesting corollary about L–space knots, which were
defined in [30]. All positive torus knots, i.e. the knots Tp,q with p, q > 0, are
well-known L–space knots. L–space knots have received much interest lately; in
particular, they are relevant to the Berge conjecture (see [19] for background on
the Berge conjecture and the role of L–space knots). The knot Floer complexes of
L–space knots may be computed directly from their Alexander polynomials [30]; it
was also shown in [30] that there are strong restrictions on the Alexander polynomial
of L–space knots. Using our main theorem, we obtain the following corollary.

Corollary 2. For any L–space knot K with tb(K) > 0 (such as the positive torus
knots), there exist infinitely many prime knots with the same Alexander polynomial
as K which are not themselves L–space knots.

As a third application of the main theorem, we can construct infinitely many
links which are not smoothly concordant to the Hopf link. Any 2–component link
L = (P, η) with η unknotted gives a satellite operator by considering the knot P
in the solid torus S3 −N(η), where N(η) is a regular neighborhood of η. It is easy
to see that if two such links are concordant they give identical functions on Cex

[5, Proposition 2.3]. Given a satellite operator P , we may consider the associated
2–component link (P, η(P )) where η(P ) is the meridian of the solid torus containing
P , and obtain the following corollary of our main theorem.

Corollary 3. For any operator P in the main theorem, the associated links (P i,
η(P i)) yield distinct concordance classes of links with linking number one and un-
knotted components, which are each distinct from the class of the positive Hopf
link.

By choosing P carefully, we can obtain interesting families of links, without
having to resort to too many direct calculations. In particular, we can obtain new
links which are topologically concordant to the Hopf link but not smoothly so (the
existence of such links was shown in [4]). These new examples will appear in a
subsequent paper.

Recall that the n–solvable, positive, negative, and bipolar filtrations of C (from
[11] and [9], denoted by {Fn}, {Pn}, {Nn}, and {Bn} respectively) can be defined in
terms of the zero–surgery manifolds of knots, i.e. whether a knot lies in a particular
level of the filtration depends entirely on the homology cobordism class of its zero
surgery manifold. Define the n–solvable height (resp. positive, negative, and bipolar
height) of a knot K to be the largest k such that K is in Fk (resp. Pk, Nk, and
Bk) or −1 if K is in C − F0 (resp. C − P0, C − N0, and C − B0). We know from
[6, Corollary 2.2] that if a winding number one satellite operator P is slice (that is,
P (U) is slice, where U is the unknot, e.g. the Mazur pattern), then the zero–surgery
manifolds of P (K) and K are homology cobordant, for any knot K. As a result,
we obtain the following corollary.

Corollary 4. For any knot K with n–solvable (resp. positive, and bipolar) height k
and tb(K) = 2g (K)−1, and a slice operator P for which the main theorem applies,
we obtain a family {P i(K)} of infinitely many distinct knots of n–solvable (resp.
positive, and bipolar) height k.

Since if K has tb(K) = 2g (K)−1 it has τ (K) > 0 (and therefore negative height
−1), we cannot directly use the same construction for {Nn}, but the mirror images
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P Q P � Q

Figure 3. The monoid operation on satellite operators.

of the examples for {Pn} suffice, i.e. suppose K has tb(K) = 2g (K) − 1 and −K
has negative height k, then {−P i(K)} is an infinite family of knots with negative
height k.

Remark. Shortly after the completion of this project, Adam Levine announced a
complete calculation of τ (M(K)) for the Mazur pattern M (Figure 2) and any knot
K using bordered Floer homology [24]. This computation implies stronger results
than ours in the case of the Mazur pattern, and also furthers the fractal analogy
for the concordance group by showing that the Mazur pattern is non-surjective on
C; see [24] for more details. See also [8] for more on the fractal structure of C and
Cex as metric spaces.

2. Background

2.1. Satellite operators. A satellite operator, or pattern, is a knot in the standard
unknotted solid torus V = S1 × D2. The winding number of a satellite operator
P , denoted by w(P ), is the signed count of the number of intersections of P with
a generic meridional disk of V .

The set of satellite operators is a monoid in the following natural way. Given a
satellite operator P in a solid torus V , we see the following curves:

• μ(P ), the meridian of P within V ,
• λ(P ), the longitude of P within V ,
• m(P ), the meridian of V , and
• �(P ), the longitude of V .

Given operators P , Q in solid tori V (P ), V (Q), we construct the composed
pattern P � Q as follows. Let N(Q) be a regular neighborhood of Q inside V (Q).
Glue V (Q)−N(Q) and V (P ) by identifying μ(Q) ∼ m(P ) and λ(Q) ∼ �(P ). The
resulting 3–manifold is a solid torus. The image of P inside this solid torus is the
desired operator P � Q. An example of this construction is shown in Figure 3.

The well-known action of satellite operators on knots is closely related to the
above construction. Given a knot K and a satellite operator P in a solid torus V ,
we obtain the satellite knot P (K) as follows. Denote the meridian of K by μ(K)
and the longitude by λ(K). Let N(K) be a tubular neighborhood of K. Glue
S3 − N(K) and V by identifying μ(K) ∼ m(P ) and λ(K) ∼ �(P ). The resulting
3–manifold is S3 and the image of P inside this manifold is the knot P (K). An
example of this construction is given in Figure 1. For a survey of the satellite
construction see [25, p. 10] or [34, p. 111].
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It is easily seen that (P � Q)(K) = P (Q(K)), i.e. the satellite construction gives
a monoid action on K. We denote the satellite operator P � P � · · · � P by P i.
Therefore, P i(K) = P (P (· · · (K) · · · )) = (P � P � · · · � P )K, i.e. we get the same
result whether we start with a knot K and apply P to it i times or we apply the
composed pattern P � P � · · · � P to K once.

Given a satellite operator P , we denote by ˜P the knot P (U), where U is the
unknot. P is said to be strong winding number one [5, Definition 1.1] if m(P )

normally generates π1(S
3 − ˜P ). If ˜P is unknotted, H1(S

3 − ˜P ) and π1(S
3 − ˜P )

are canonically isomorphic and therefore an unknotted P is strong winding number
one if and only if it is winding number one [5, Proposition 2.1].

If the knots K0 and K1 are concordant in any 4–manifold M bounded by two
disjoint copies of S3, the satellites P (K0) and P (K1) are concordant in M for every
operator P ⊆ V . This is easily seen as follows. Let C be the concordance between
K0 and K1. We excise a neighborhood of C and glue it in V (P )× [0, 1]. The image
of P×[0, 1] in the resulting manifold (which is diffeomorphic to M) is a concordance
between P (K0) and P (K1). As a result, the satellite construction is well-defined
on C and Cex.

2.2. Legendrian knots and the slice–Bennequin inequality. An embedding
of a knot K in S3 is said to be Legendrian if at each point in S3 it is tangent to the
2–planes of the standard contact structure on S3. Legendrian knots can be studied
concretely through their front projections as in Figure 4. Legendrian knots have
two classical invariants, the Thurston–Bennequin number, tb(·), and the rotation
number, rot(·), both of which can be easily calculated via front projections. See
[15] for an excellent review of these and related concepts.

Given a Legendrian knot with positive Thurston–Bennequin number, we may
repeatedly stabilize at the cost of increasing the rotation number to get a Legen-
drian diagram with zero Thurston–Bennequin number; such a diagram is a different
Legendrian knot, but has the same topological realization as the original knot. See
Figure 4 for an example. For a knot K, we will abuse notation and use the letter
K for any of its Legendrian realizations.

We will make use of the slice–Bennequin inequality [35], which states that for
any Legendrian knot K,

tb(K) + | rot(K)| ≤ 2g 4(K)− 1.

tb(K) = 0tb(K) = 1

Figure 4. Two different Legendrian realizations of the right-
handed trefoil.
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tb(M) = 2, rot(M) = 0

(b)

tb(M) = 0, rot(M) = 2

(a)

Figure 5. Two Legendrian fronts for the Mazur pattern M . The
dashed vertical lines are identified to yield a knot in S1 × R

2 en-
dowed with its natural contact structure obtained as a quotient of
R× R

2.

Here g 4(·) stands for the smooth 4–genus of a knot, i.e. the least genus of a
connected, oriented, smooth, properly embedded surface bounded by K in B4.
(There exist more general versions of this statement, due to [3,26] and others. See
[15, p. 133] for more details.) Since some of our work will be in the exotic category,
we show that the slice–Bennequin inequality has an exotic analogue.

Definition 2.1. The exotic 4–genus of a knot K, denoted by gex4 (K), is the least
genus of a connected, oriented, smooth, properly embedded surface bounded by
K in a manifold B where ∂B = S3 and B is homeomorphic (but not necessarily
diffeomorphic) to B4.

Exotic 4–genus is clearly an invariant of exotic concordance of knots, and is
bounded above by the (classical) smooth 4–genus. The following is not original,
but rather a collection of known results.

Proposition 2.2 (Exotic slice–Bennequin equality). For a Legendrian knot K in
S3

tb(K) + | rot(K)| ≤ s (K)− 1 ≤ 2gex4 (K)− 1 ≤ 2g4(K)− 1,

tb(K) + | rot(K)| ≤ 2τ (K)− 1 ≤ 2gex4 (K)− 1 ≤ 2g4(K)− 1,

where s (K) is Rasmussen’s invariant from Khovanov homology and τ (K) is
Ozsváth–Szabó’s invariant from Heegaard–Floer homology.

Proof. Corollary 1.1 of [23] shows that if K bounds a connected, oriented, properly
embedded surface Σ in a homotopy 4–ball B, then s (K) ≤ 2g (Σ). Similarly, from
Theorem 1.1 of [29], in the special case of homotopy 4–balls, τ (K) ≤ g (Σ). From
[32,38], we know that

tb(K) + | rot(K)| ≤ s (K)− 1

and

tb(K) + | rot(K)| ≤ 2τ (K)− 1,

which completes the proof. �
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2.3. The Legendrian satellite operation. The Legendrian satellite operation is
discussed in [27,28]. There, a Legendrian pattern P in S1×R

2 acts on a Legendrian
knot K in R

3. Front diagrams for the Mazur pattern is shown in Figure 5. (As
in the case for Legendrian knots, we will abuse notation to use the symbol P for
all Legendrian realizations of a pattern P .) In order to construct the (Legendrian)
satellite knot P (K) we take an n–copy of K (n ‘vertical’ parallels of K) and insert
P in a strand of K, where n is the number of strands of P . This process is described
in Figure 6. The resulting knot is the tb(K)–twisted satellite of K with pattern
P . If tb(K) = 0, the resulting knot is a Legendrian realization of the classical
untwisted satellite knot P (K).

The same construction applies when a Legendrian pattern P in S1 × R
2 acts

on another pattern Q also in S1 × R
2. This construction is described in Figure 7.

The resulting operator P · Q is the tb(Q)–twisted P–satellite of Q. Therefore, if
tb(Q) = 0, P ·Q corresponds to the operator P � Q described in Section 2.1.

The following lemmata describe how the Thurston–Bennequin number and ro-
tation number of satellites are related.

Lemma 2.3 (Remark 2.4 of [27]). For a Legendrian pattern P with winding number
w(P ) and a Legendrian knot K,

(2.1) tb(P (K)) = w(P )2 tb(K) + tb(P ),

(2.2) rot(P (K)) = w(P ) rot(K) + rot(P ).

Lemma 2.4. For Legendrian patterns P and Q with winding number w(P ) and
w(Q) respectively,

(2.3) tb(P ·Q) = w(P )2 tb(Q) + tb(P ),

(2.4) rot(P ·Q) = w(P ) rot(Q) + rot(P ).

(b)(a)

Figure 6. The Legendrian satellite operation using M in Figure
5(a) with the Legendrian fronts shown in Figure 4. The knot in
(a) is therefore the 1–twisted classical satellite of K with pattern
M and the knot in (b) is the (classical) untwisted satellite of K
with pattern M .
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Figure 7. The pattern M2, where M is from Figure 5(b).

Proof. As in Remark 2.4 of [27], these relationships are easily checked using front
diagrams of P and Q. �

3. Proof of the main theorem

Proposition 3.1. For any strong winding number one satellite operator P with
a Legendrian diagram where tb(P ) > 0 and tb(P ) + rot(P ) ≥ 2 and non-slice
knot K with a Legendrian diagram realizing tb(K) = 2g (K) − 1 and rot(K) = 0,
P i(K) �= K for any i > 0, even in exotic concordance.

Note that the following proof uses the technique of the proof of Theorem 3.1 in
[6], which shows that P (K) �= K.

Proof. Using positive stabilizations, we obtain a Legendrian diagram for P with
tb(P ) = 0 and rot(P ) ≥ 2, and a Legendrian diagram for K with tb(K) = 0 and
rot(K) = 2g(K)− 1.

Using formulae (2.1), (2.2), (2.3), and (2.4), we see that

tb(P i) = 0,

rot(P i) ≥ 2i,

and
tb(P i(K)) = 0,

rot(P i(K)) ≥ 2g (K)− 1 + 2i,

since w(P i) = 1. By the exotic slice–Bennequin equality, we have that

0 + |2g (K)− 1 + 2i| ≤ 2g ex
4 (P i(K))− 1.

Note that gex4 (K) ≤ g (K) and g (K) ≥ 1. Therefore,

gex4 (K) + i ≤ gex4 (P i(K)).

Therefore, for i > 0, K �= P i(K) even in exotic concordance.
Note that the above process also shows that

τ (K) + i ≤ τ (P i(K))

and
s (K) + 2i ≤ s (P i(K)),

using the expanded versions of the exotic slice Bennequin inequality given in Propo-
sition 2.2 and since s(K) ≤ 2gex4 (K) and τ (K) ≤ gex4 (K) for any knot K. �
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Remark 3.2. In the particular case of the Mazur pattern M , there is an easier
proof. We see that we can change M i(K) to M i−1(K) by changing a single positive
crossing to a negative crossing. Therefore, by Corollary 1.5 of [29], we know that

τ (M i−1(K)) ≤ τ (M i(K)) ≤ τ (M i−1(K)) + 1

and therefore,

τ (K) ≤ τ (M(K)) ≤ τ (M2(K)) ≤ · · · ≤ τ (M i(K)).

Recall that τ (·) is an invariant of exotic concordance. Therefore, if M i(K) = K
even in exotic concordance for some i > 0, then τ (M i(K)) = τ (K). But this implies
that for all j with 0 ≤ j ≤ i, τ (M j(K)) = τ (K). This contradicts Corollary 3.2 of
[6], which shows exactly that τ (M(K)) > τ (K).

Proposition 3.3. For any strong winding number one satellite operator P with
a Legendrian diagram where tb(P ) > 0 and tb(P ) + rot(P ) ≥ 2 and non-slice
knot K with a Legendrian diagram realizing tb(K) = 2g (K) − 1 and rot(K) = 0,
P i(K) �= P j(K) for any i �= j, even in exotic concordance.

Proof. We know from Theorem 5.1 of [5] that P is an injective operator, i.e. if
P (J) = P (K) in exotic concordance for any two knots J and K, we can infer that
J = K in exotic concordance. Therefore, if P i(K) = P j(K) for some i > j, we
would have that P i−j(K) = K in exotic concordance, which contradicts Proposition
3.1. �

For the Mazur operator M , we prove the following additional statements.

Proposition 3.4. For the Mazur operator M and non-slice knot K with a Legen-
drian diagram realizing tb(K) = 2g (K)− 1 and rot(K) = 0,

τ (M i(K)) = τ (K) + i,

s (M i(K)) = s (K) + 2i,

g ex
4 (M i(K)) = g 4(M

i(K)) = g 4(K) + i,

g (M i(K)) = g (K) + i,

for all i ≥ 0.

Recall that given such a K, g (K) = g 4(K) = τ (K) = s (K)
2 . Therefore, this

proposition states that

τ (M i(K)) =
s (M i(K))

2
= g ex

4 (M i(K)) = g 4(M
i(K)) = g (M i(K))

= g (K) + i = g 4(K) + i = g ex
4 (K) + i =

s (K)

2
+ i = τ (K) + i.

Proof of Proposition 3.4. The first statement is a consequence of Corollary 1.5 of
[29] as follows. We saw in the proof of Proposition 3.1 that τ (K) + i ≤ τ (M i(K)).
Since we can change M i(K) to M i−1(K) by changing a single positive crossing, by
Corollary 1.5 of [29], we have that

τ (M i(K)) ≤ τ (M i−1(K)) + 1 ≤ · · · ≤ τ (K) + i.

Therefore, τ (M i(K)) = τ (K) + i.
Rasmussen’s s –invariant behaves similarly under crossing changes, as shown in

[33, Corollary 4.3]. Therefore,

s (M i(K)) ≤ s (M i−1(K)) + 2 ≤ · · · ≤ s (K) + 2i
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Figure 8. Two band additions can effect a crossing change.

j strands

j + 1 strands

tb(Qj) = 2j, rot(Qj) = 0, w(Qj) = 1

Figure 9. A Legendrian diagram for the winding number one
pattern Qj . Notice that Q1 is the Mazur pattern.

and since we know from the proof of Proposition 3.1 that s (K) + 2i ≤ s (M i(K)),
we see that s (M i(K)) = s (K) + 2i.

Similarly, we saw in the proof of Proposition 3.1 that g4(K)+ i ≤ gex4 (M i(K)) ≤
g4(M

i(K)). Since M i(K) and K are related by a sequence of i crossing changes
each of which can be accomplished by adding two bands as shown in Figure 8, we
have that gex4 (M i(K)) ≤ g4(M

i(K)) ≤ g4(K) + i.
Since g (J) ≥ g 4(J) for any knot J , we must have that g (M i(K))≥g 4(M

i(K))=
g 4(K) + i. Since g 4(K) = g (K), we have that g (M i(K)) ≥ g (K) + i. One can
construct a Seifert surface forM i(K) of genus g (K)+i, as pointed out in [6, Section
3]. For M(K), we can clearly see within the solid torus a genus one surface with two
boundary components, one of which is the pattern M and the other is the longitude
of the solid torus. We glue this surface to a minimal genus Seifert surface for K, to
see a Seifert surface for M(K) with genus g (K) + 1. Since g 4(M(K)) = g (P (K)),
we can proceed by induction. �

The above computations can also be done for several other patterns. In partic-
ular, consider the families of patterns Qj and Rj shown in Figure 9 and Figure 10
respectively. Note that the pattern Qj is changed to Qj−1 by changing a single
positive crossing at the clasp and Q1 is the Mazur pattern M . Similarly, Rj can be
changed to Rj−1 by changing a single positive crossing at the top clasp, and R0 is
the identity operator (represented by the core of a solid torus).
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2j + 1 strands

tb(Rj) = 2j, rot(Rj) = 0, w(Rj) = 1

Figure 10. A Legendrian diagram for the winding number one
pattern Rj . Rj has 2j clasps and R0 is the identity satellite oper-
ator.

Proposition 3.5. For the patterns Qj and Rj and any j ≥ 0 (shown in Figures
9 and 10) and any non-slice knot K with a Legendrian diagram realizing tb(K) =
2g (K)− 1 and rot(K) = 0, we have that

τ (Qj(K)) =
s (Qj(K))

2
= g ex

4 (Qj(K)) = g 4(Qj(K)) = g (Qj(K))

= g (K) + j = g 4(K) + j = g ex
4 (K) + j =

s (K)

2
+ i = τ (K) + j,

τ (Rj(K)) =
s (Rj(K))

2
= g ex

4 (Rj(K)) = g 4(Rj(K)) = g (Rj(K))

= g (K) + j = g 4(K) + j = g ex
4 (K) + j =

s (K)

2
+ i = τ (K) + j.

For the iterated satellite operators Qi
j and Ri

j, for i ≥ 0, we obtain the following:

τ (Qi
j(K)) =

s (Qi
j(K))

2
= g ex

4 (Qi
j(K)) = g 4(Q

i
j(K)) = g (Qi

j(K))

= g (K) + ij = g 4(K) + ij = g ex
4 (K) + ij =

s (K)

2
+ ij = τ (K) + ij,

τ (Ri
j(K)) =

s (Ri
j(K))

2
= g ex

4 (Ri
j(K)) = g 4(R

i
j(K)) = g (Ri

j(K))

= g (K) + ij = g 4(K) + ij = g ex
4 (K) + ij =

s (K)

2
+ ij = τ (K) + ij.

We omit the proof of the above proposition since it is virtually identical to the
proof of the main theorem. We see that the above statements yield the conditions
we obtained in the proof of Proposition 3.4 for Q1 ≡ M , when we set j = 1.

Together the results of this section constitute a proof of the main theorem.
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4. Applications

Corollary 1. There exist infinite families of smooth (and exotic) concordance
classes {P i(K)} of topologically slice knots, where given any two knots in a family,
one is a satellite of the other.

Proof. We can choose K to be a topologically slice knot with a Legendrian real-
ization such that tb(K) = 2g (K) − 1, such as the positive untwisted Whitehead

double of any knot with this property [36]. Choose a pattern P such that ˜P is
topologically slice. If K is topologically slice, then P i(K) is topologically concor-

dant to P i(U) = ˜P i. Therefore, for any such knot K and pattern P we generate
an infinite set of smooth concordance classes of topologically slice knots. �

Corollary 2. For any L–space knot K with tb(K) > 0 (such as the positive torus
knots), there exist infinitely many prime knots with the same Alexander polynomial
as K which are not themselves L–space knots.

Proof. For L–space knots K which satisfy tb(K) = 2g (K)−1 (such as the positive
torus knots), this follows very easily from our main theorem. Recall that M denotes
the Mazur pattern. Note that ΔMi(K)(t) = Δ

˜Mi(t)ΔK(t) = ΔK(t) since M is

winding number one and ˜M is unknotted [37, Theorem II]. However, for an L–
space knot J , τ (J) is equal to the degree of the symmetrized Alexander polynomial.
Therefore, since each M i(K) has the same Alexander polynomial as K but has
distinct τ–invariants (from the main theorem), they are not L–space knots. Since
the patterns M we use are unknotted as knots in S3, the knots M i(K) are prime
(see [12, Theorem 4.4.1]).

In the more general case for an L–space knot with tb(K) > 0, we can still
stabilize the Legendrian diagram to get a diagram with tb((K)) = 0 and rotation
number R. Using the same techniques as in the proof of the main theorem, we
obtain that

2i+ |R| ≤ 2τ (M i(K))− 1.

This shows that {τ (M i(K))}∞i=0 is unbounded and monotone increasing, and
that we can find a subsequence which is strictly increasing and bounded below by
τ (K), which completes the proof.

Note that we can use these arguments for any other family of unknotted satellite
operators as allowed by the main theorem as long as we can compute τ–invariants,
such as those shown in Figures 9 and 10. �

Corollary 3. For any operator P in the main theorem, the associated links (P i,
η(P i)) yield distinct concordance classes of links with linking number one and un-
knotted components, which are each distinct from the class of the positive Hopf
link.

Proof. By Proposition 7.1 of [5], since the functions P i give non-trivial functions on
Cex, the corresponding links cannot be smoothly concordant to the positive Hopf
link. �

Corollary 4. For any knot K with n–solvable (resp. positive, and bipolar) height k
and tb(K) = 2g (K)−1, and a slice operator P for which the main theorem applies,
we obtain a family {P i(K)} of infinitely many distinct knots of n–solvable (resp.
positive, and bipolar) height k.
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If a knot K has tb(K) = 2g (K) − 1 and −K has negative height k, then
{−P i(K)} is an infinite family of knots with negative height k.

Proof. n–solvability (resp. positivity, negativity, and bipolarity) of a knot depends
entirely on the homology cobordism class of its zero–surgery manifold; this is clearly
seen from their definitions in [11] and [9]. The proof then follows immediately from
the fact that if a winding number one satellite operator P is slice (e.g. the Mazur
pattern), then the zero–surgery manifolds of P (K) and K are homology cobordant,
for any knot K [6, Corollary 2.2]. �
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[26] P. Lisca and G. Matić, Stein 4-manifolds with boundary and contact structures, Topology
Appl. 88 (1998), no. 1-2, 55–66, DOI 10.1016/S0166-8641(97)00198-3. Symplectic, contact
and low-dimensional topology (Athens, GA, 1996). MR1634563 (99f:57037)

[27] Lenhard L. Ng, The Legendrian satellite construction, Preprint: http://arxiv.org/abs/

0112105, 2001.
[28] Lenhard Ng and Lisa Traynor, Legendrian solid-torus links, J. Symplectic Geom. 2 (2004),

no. 3, 411–443. MR2131643 (2005k:57051)
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