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MIXING ACTIONS OF COUNTABLE

GROUPS ARE ALMOST FREE

ROBIN D. TUCKER-DROB

(Communicated by Nimish Shah)

Abstract. A measure-preserving action of a countably infinite group Γ is
called totally ergodic if every infinite subgroup of Γ acts ergodically. For
example, all mixing and mildly mixing actions are totally ergodic. This note
shows that if an action of Γ is totally ergodic, then there exists a finite normal
subgroup N of Γ such that the stabilizer of almost every point is equal to N .
Surprisingly, the proof relies on the group theoretic fact (proved by Hall and
Kulatilaka, as well as by Kargapolov) that every infinite locally finite group
contains an infinite abelian subgroup, of which all known proofs rely on the

Feit-Thompson theorem.

As a consequence, we deduce a group theoretic characterization of countable
groups whose non-trivial Bernoulli factors are all free: these are precisely the
groups that possess no finite normal subgroup other than the trivial subgroup.

1. Introduction

Let Γ be a countably infinite discrete group and let a be a measure-preserving
action of Γ, i.e., a = Γ �

a (X,μ) where X is a standard Borel space, μ is a Borel
probability measure on X, and a : Γ × X → X is a Borel action of Γ on X that
preserves μ. In this note we examine how ergodicity and mixing properties of a can
influence, and be influenced by, the freeness behavior of a and its factors. When
a is not ergodic for example, the ergodic decomposition of a directly exhibits a
non-trivial action (i.e., with underlying measure not a point mass) that is a factor
of a which is non-free.

More generally, if Γ contains some non-trivial normal subgroup N for which the
restriction a � N of a to N is non-ergodic, then the action of Γ on the set Z
of ergodic components of a � N corresponds to a non-trivial factor of a which is
manifestly non-free. Indeed, this factor is not even faithful as N fixes all points in
Z.

Working from the other direction, if π : (X,μ) → (Y, ν) factors a onto some
non-trivial action b = Γ �

b (Y, ν) which is not faithful, then for any B ⊆ Y with
0 < ν(B) < 1 the set π−1(B) will be a non-trivial subset of X witnessing that the
kernel of b (i.e., the set of group elements fixing almost every point) does not act
ergodically under the action a. These observations are rephrased in the following
proposition.
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Proposition 1.1. The following are equivalent for a measure-preserving action a
of Γ:

(1) All non-trivial factors of a are faithful.
(2) All non-trivial normal subgroups of Γ act ergodically.

Note that when Γ contains a non-trivial finite normal subgroup N then no non-
trivial action a = Γ �

a (X,μ) of Γ can have the property (2) (and therefore (1)) of
Proposition 1.1: if a � N is ergodic then X is finite, so the kernel of a is non-trivial
and does not act ergodically. However, the observations preceding Proposition 1.1
also show the following:

Proposition 1.2. The following are equivalent for a measure-preserving action a
of Γ:

(1) All non-trivial factors of a have a finite kernel.
(2) All infinite normal subgroups of Γ act ergodically.

Propositions 1.1 and 1.2 express the equivalence of a freeness property on the
one hand, and an ergodicity property on the other. By strengthening the ergodicity
assumption on a it is shown below that an appropriately strong freeness results.

Definition 1.3. A measure-preserving action a of Γ is called totally ergodic if the
restriction of a to every infinite subgroup of Γ is ergodic.

There are many examples of totally ergodic actions. An action a = Γ �
a (X,μ)

is called mildly mixing if lim infγ→∞ μ(γaA�A) > 0 for every Borel subset A ⊆ X
with 0 < μ(A) < 1, see [SW82]. All mildly mixing actions are totally ergodic, since
the restriction of a mildly mixing action to an infinite subgroup is again mildly
mixing and hence ergodic. In particular, all mixing actions are totally ergodic. The
following theorem says that totally ergodic actions are, up to a finite kernel, always
free.

Theorem 1.4. Let a = Γ �
a (X,μ) be a non-trivial measure-preserving action of

the countably infinite group Γ. Suppose that a is totally ergodic. Then there exists
a finite normal subgroup N of Γ such that the stabilizer of μ-almost every x ∈ X is
equal to N .

Corollary 1.5. All faithful totally ergodic actions of countably infinite groups are
free. In particular, all faithful mildly mixing and all faithful mixing actions of
countably infinite groups are free.

A totally ergodic action of particular importance is the Bernoulli shift of Γ.
This is the measure-preserving action sΓ of Γ on ([0, 1]Γ, λΓ) (where λ is Lebesgue
measure) given by

(γsΓf)(δ) = f(γ−1δ)

for γ, δ ∈ Γ and f ∈ [0, 1]Γ. By a Bernoulli factor of Γ we mean a factor of sΓ. One
consequence of Theorem 1.4 is a particularly nice group theoretic characterization
of groups, all of whose non-trivial Bernoulli factors are free.

Corollary 1.6. Let Γ be an infinite countable group. Then the following are equiv-
alent

(1) Every non-trivial totally ergodic action of Γ is free.
(2) Every non-trivial mixing action of Γ is free.
(3) Every non-trivial Bernoulli factor of Γ is free.
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(4) There exists a non-trivial measure-preserving action a of Γ such that every
non-trivial factor of a is free.

(5) There exists a non-trivial measure-preserving action a of Γ such that every
non-trivial factor of a is faithful.

(6) Γ contains no non-trivial finite normal subgroup.

Proof of Corollary 1.6 from Theorem 1.4. (6)⇒(1) follows immediately from The-
orem 1.4. The implication (1)⇒(2) is clear. (2)⇒(3) holds since sΓ is mixing and
every factor of a mixing action is mixing. (3)⇒(4) and (4)⇒(5) are also clear.
(5)⇒(6) follows from the remark following Proposition 1.1 above. �
Corollary 1.7. Let Γ be any infinite countable group that is either torsion free or
ICC. Then every non-trivial totally ergodic action of Γ is free and in particular,
every non-trivial Bernoulli factor of Γ is free.

2. Preliminary definitions and notation

Γ will always denote a countably infinite discrete group and e will denote the
identity element of Γ. Let a = Γ �

a (X,μ) be a measure-preserving action of Γ.
The stabilizer of a point x ∈ X is the subgroup Γx of Γ given by

Γx = {γ ∈ Γ : γax = x}.
For a subset C ⊆ Γ we let

Fixa(C) = {x ∈ X : ∀γ ∈ C γax = x}.
We write Fixa(γ) for Fixa({γ}). The kernel of a is the set

ker(a) = {γ ∈ Γ : μ(Fixa(γ)) = 1}.
It is clear that ker(a) is a normal subgroup of Γ. The action a is called (essentially)
free if the stabilizer of μ-almost every point is trivial, or equivalently, μ(Fixa(γ)) = 0
for each γ ∈ Γ \ {e}. It is called faithful if ker(a) = {e}, i.e., μ(Fixa(γ)) < 1 for
each γ ∈ Γ \ {e}. For a subgroup H of Γ we write a � H for the restriction of a to
H.

Let b = Γ �
b (Y, ν) be another measure-preserving action of Γ. We say that b is

a factor of a (or that a factors onto b) if there exists a measurable map π : X → Y
with π∗μ = ν and such that for each γ ∈ Γ the equality π(γax) = γbπ(x) holds for
μ-almost every x ∈ X. The action b = Γ �

b (Y, ν) is called trivial if ν is a point
mass. Otherwise, b is called non-trivial.

3. Proof of Theorem 1.4

Proof of Theorem 1.4. We begin with a lemma also observed by Darren Creutz and
Jesse Peterson [CP13].

Lemma 3.1. Let b = Γ �
b (Y, ν) be a non-trivial totally ergodic action of Γ.

(i) Suppose that C ⊆ Γ is a subset of Γ such that ν({y ∈ Y : C ⊆ Γy}) > 0.
Then the subgroup 〈C〉 generated by C is finite.

(ii) Γy is almost surely locally finite.

Proof of Lemma 3.1. Beginning with (i), the hypothesis tells us that the set Fixb(C)

is non-null. Since ν is not a point mass there is some B ⊆ Fixb(C) with 0 < ν(B) <
1. The set B witnesses that b � 〈C〉 is not ergodic. As b is totally ergodic we con-
clude that 〈C〉 is finite.
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For (ii), let F denote the collection of finite subsets F of Γ such that 〈F 〉 is
infinite and let NLF ⊆ Y denote the set of points y ∈ Y such that Γy is not locally
finite. Then

NLF =
⋃

F∈F
{y ∈ Y : F ⊆ Γy}

By part (i), ν({y ∈ Y : F ⊆ Γy}) = 0 for each F ∈ F . Since F is countable it
follows that ν(NLF) = 0. �
Remark 3.2. Part (ii) of Lemma 3.1 remains true, with a nearly identical proof,
if the hypothesis of total ergodicity is weakened to: the restriction of b to every
non-locally finite subgroup of Γ is ergodic. Equivalently, the restriction of b to
every infinite finitely generated subgroup of Γ is ergodic.

Now let a = Γ �
a (X,μ) be a totally ergodic action as in the statement of

Theorem 1.4. Let N = {γ ∈ Γ : μ(Fixa(γ)) = 1} denote the kernel of a. Then N
is a normal subgroup of Γ that is finite by Lemma 3.1.(i). Ignoring a null set, the
action a descends to an action b = Δ �

b (X,μ) of the quotient group Δ = Γ/N
that is still totally ergodic, and which is moreover faithful. Thus, after replacing Γ
by Γ/N and a by b if necessary, we may assume that a is faithful toward the goal
of showing that a is free.

For each γ ∈ Γ let CΓ(γ) denote the centralizer of γ in Γ. Observe that Fixa(γ)
is an invariant set for a � CΓ(γ), for if δ ∈ CΓ(γ) then δa ·Fixa(γ) = Fixa(δγδ−1) =
Fixa(γ). Thus for γ 
= e, if CΓ(γ) is infinite then a � CΓ(γ) is ergodic and the
a � CΓ(γ)-invariant set Fixa(γ) must therefore be null since a is faithful. Letting
C∞ denote the collection of elements of Γ \ {e} whose centralizers are infinite, this
simply means that μ({x ∈ X : γ ∈ Γx}) = 0 for all γ ∈ C∞, and so

(3.1) μ({x ∈ X : Γx ∩ C∞ 
= ∅}) = 0.

By Lemma 3.1.(ii), Γx is almost surely locally finite. By a theorem of Hall and
Kulatilaka [HK64] and Kargapolov [K63], every infinite locally finite group contains
an infinite abelian subgroup. In particular, each infinite locally finite subgroup of
Γ intersects C∞. It follows from this and (3.1) that Γx is almost surely finite.

Since there are only countably many finite subgroups of Γ there must be some
finite subgroup H0 ≤ Γ such that μ(A0) > 0 where

A0 = {x ∈ X : Γx = H0}.
Let N0 denote the normalizer of H0 in Γ. If T is a transversal for the left cosets of
N0 in Γ, then {taA0}t∈T are pairwise disjoint non-null subsets of X all of the same
measure. It follows that T is finite and therefore N0 is infinite and a � N0 ergodic.
The set A0 is non-null and invariant for a � N0, so μ(A0) = 1, i.e., Γx = H0 almost
surely. As a is faithful we conclude that H0 = {e} and that a is therefore free. �
Remark 3.3. Until the final paragraph of the proof of Theorem 1.4, through the
conclusion that almost every stabilizer is finite, the hypothesis that the action is
measure preserving is never fully used. Rather, this portion of the argument only
requires that the action preserves null sets. Moreover, the only property of null
sets that is invoked is abstract, namely, that they collectively form a σ-ideal. The
argument therefore shows that if a Borel action of a countable group Γ on a standard
Borel space X preserves a non-trivial σ-ideal I of Borel subsets of X, and if every
infinite subgroup of Γ acts I-ergodically, then off of an I-null set all stabilizers are
finite. Here, non-triviality of I means that no singleton is I-conull.
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4. An example

In general, total ergodicity does not imply weak mixing, and weak mixing does
not imply total ergodicity. For example, the action of Z corresponding to an irra-
tional rotation of T = R/Z equipped with Haar measure is totally ergodic, but not
weakly mixing. There are also many examples of weakly mixing measure-preserving
actions that lack total ergodicity. One such action is exhibited in Example 4.1 be-
low. Example 4.1 also illustrates that total ergodicity of a measure-preserving
action is not necessary in order to ensure that each non-trivial factor of that action
is free.

Example 4.1. Here is an example of a free weakly mixing action s that is not
totally ergodic, but that still has the property that every non-trivial factor of s is
free: Let F denote the free group of rank 2 with free generating set {u, v} and let
H = 〈u〉 be the cyclic subgroup of F generated by u. The generalized Bernoulli
shift action s = sF,F/H = F �

s ([0, 1]F/H , λF/H) is weakly mixing (see [KT08])
but not totally ergodic since H fixes each set in the σ-algebra generated by the
projection function f → f(H). Given a subgroup K ≤ F , if s � K ∼= sK,F/H

is not ergodic, then K � F/H has a finite orbit (see [KT08]), say the K-orbit
of wH is finite where w ∈ F . Then for any z ∈ K there is some n > 0 such
that zn ∈ wHw−1, and therefore z ∈ wHw−1. This shows that K ⊆ wHw−1 so
that K is cyclic. The restriction of s to each non-cyclic subgroup of F is therefore
ergodic, so if a = F �

a (X,μ) is any factor of s, then a also has this property and,
assuming a is non-trivial, an argument as in the proof of Lemma 3.1 shows that
the stabilizer Fx of μ-almost every x ∈ X is locally cyclic, hence cyclic. Arguing as
in the last paragraph of the proof of Theorem 1.4 we see that there is some normal
cyclic subgroup H0 of F such that Fx = H0 almost surely. The only possibility is
that H0 = {e}, and therefore a is free.

5. A question

The proof of Theorem 1.4 relies on Hall, Kulatilaka, and Kargapolov’s result,
whose only known proofs make use of the Feit–Thompson theorem from finite group
theory.

Question 5.1. Is there a direct ergodic theoretic proof of Theorem 1.4?

While the proof of Theorem 1.4 only uses the seemingly weaker fact that every
infinite locally finite group contains a non-identity element with infinite centralizer,
it is easy to see that this statement implies Hall, Kulatilaka, and Kargapolov’s full
result. In fact, this very observation is the starting point of the proof from [HK64].
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