
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 144, Number 1, January 2016, Pages 217–224
http://dx.doi.org/10.1090/proc/12690

Article electronically published on June 24, 2015

SCRAMBLED SETS IN SHIFT SPACES

ON A COUNTABLE ALPHABET

BRIAN E. RAINES AND TYLER UNDERWOOD

(Communicated by Yingfei Yi)

Abstract. In this paper we characterize the shift spaces which have Li-Yorke
chaos (an uncountable scrambled set). We focus primarily on shifts over a
countably infinite alphabet. We represent them as either edge-shifts on an
infinite graph (the subshift of finite type case) or as labelled edge-shifts on an
infinite graph (the sofic shift case). We show in the setting of a subshift of
finite type on a shift over a countable alphabet that the shift space has Li-
Yorke chaos if, and only if, it has a single scrambled pair, and in this case the
scrambled set is closed and perfect (but not necessarily compact). We give an
example of a sofic shift over an infinite alphabet which has a single scrambled
pair but does not have Li-Yorke chaos.

1. Introduction

The first definition of chaos in a dynamical system is due to Li and Yorke, [4].
Let f : X → X be a map of a compact metric space. Let x, y ∈ X. They define
the pair x, y to be scrambled provided

(i) lim sup
n→∞

ρ(fn(x), fn(y)) > 0,

(ii) lim inf
n→∞

ρ(fn(x), fn(y)) = 0.

They define a set A to be scrambled if every pair x, y from A is scrambled, and
they call a system chaotic if it admits an uncountable scrambled set.

Several papers have been written demonstrating conditions that imply Li-Yorke
chaos. Kuchta and Smı́tal proved that for an interval map the existence of a single
scrambled pair forces the existence of an uncountable scrambled set, [2]. Later
Kuchta extended this result to maps of the circle, [3], and in 2014, Ruette and
Snoha extended this result showing that a continuous map of a finite graph has an
uncountable scrambled set if, and only if, it has a scrambled pair, [9]. The situation
is different in shift spaces over a finite alphabet. In 2007, Oprocha and Wilczyński
showed that in this case there is almost always an uncountable scrambled set by
showing if X is an uncountable sofic shift space over a finite alphabet, then X must
have an uncountable scrambled set, [8, Theorem 27].
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In this paper we consider shift spaces defined over countably infinite alphabets.
Specifically we show if the shift is an edge-shift (the analogue of a shift of finite
type), then the existence of a single scrambled pair forces the existence of an un-
countable scrambled set, as in the interval and finite graph case. But unlike the
sofic shift space over a finite alphabet there are uncountable edge-shifts over an
infinite alphabet without scrambled pairs, much less uncountable scrambled sets.
We end by showing that uncountable sofic shifts over infinite alphabets are really
different from the earlier mentioned systems. We give an example of a labelled
edge-shift (the analogue of a sofic shift) over an infinite alphabet with a countable
scrambled set but no uncountable scrambled set.

In the next section we give the basic definitions from symbolic dynamics. In
Section 3 we prove our main theorem that edge-shifts over an infinite alphabet have
an uncountable scrambled set if, and only if, they have a single scrambled pair. In
the last section we demonstrate that labelled edge-shifts over infinite alphabets are
really different by constructing an example with a countable scrambled set but no
uncountable scrambled set.

2. Construction of an uncountable scrambled set

In this section we begin with some standard definitions from symbolic dynamics.
We encourage the interested reader to see [5]. Let N denote the natural numbers
and ω denote N ∪ {0}. Let n ∈ N, and let A = {0, 1, . . . , n − 1} be endowed with
the discrete metric. Let

Ak =
∏

0≤i≤k

A,

and let
A<ω =

⋃
k∈N

Ak.

Let
nω = Σn =

∏
k∈ω

A

with the Tychonoff product topology. Let

ωω = Σω =
∏
k∈ω

ω

with the Tychonoff product topology induced by the discrete metric on ω.
We can turn Σω into a metric space in the following way. For two sequences

x=(x0, x1, x2, . . . ) and y = (y0, y1, y2, . . . ), we define the function d by

d(xi, yi) =

{
1 : xi �= yi,
0 : xi = yi.

This function gives rise to the metric ρ which we define by

ρ(x,y) =
∞∑
i=0

d(xi, yi)

2i
.

Let Σ be either nω for some n or ωω. Define the shift map on Σ by σ : Σ → Σ
to be given by

σ(x0, x1, x2, . . . ) = (x1, x2, . . . ).

Then (Σn, σ) is a compact dynamical system called the full n-shift, and (Σω, σ) is
a non-compact dynamical system called Baire space. Let X ⊆ Σ be closed and
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σ-invariant (i.e. σ(X) = X). Then we call X a subshift of Σ. These shift spaces
have interesting set-theoretic properties as discussed by Mathias, [6] and [7].

Let G be a directed graph with vertices V and edges E. Each edge e ∈ E starts
at some vertex i(e) ∈ V and terminates at some vertex t(e) ∈ V . We call i(e) the
initial vertex of e and we call t(e) the terminal vertex.

The edge-shift for a graph G is the collection of all infinite walks on the directed
edges of G. Specifically,

XG = {ξ = (ξi)
∞
i=0 : t(ξi) = i(ξi+1) for all i ∈ N}

with the natural shift map σ. Every shift of finite type on a finite alphabet can be
represented as an edge-shift of a finite graph G. In this paper we focus on edge-
shifts of infinite graphs. These are all subshifts of Baire space, and they are natural
extensions of shifts of finite type over an infinite alphabet. In Kitchens’ text on the
subject, [1], these shift spaces are referred to as countable state Markov shifts.

A labeled graph G is a pair (G,L) where G is a directed graph with vertex set V
and edge set E and a labeling

L : E → ω

which assigns to each edge e ∈ E a label L(e) from ω. Let ξ = (ξ0, ξ1, . . . ) be an
infinite walk on the underlying graph G, i.e. let ξ ∈ XG. The label of the walk is

L∞(ξ) = (L(ξ0),L(ξ1),L(ξ2), . . . ) ∈ ωω.

The set of all labeled infinite walks on G is denoted by

XG = {x ∈ ωω : x = L∞(ξ) for some ξ ∈ XG}.

In the case that G is a finite graph, we call such a labeled edge-shift a sofic shift.
In this paper we will consider labeled edge-shifts based on infinite graphs G. These
are the natural analogues of sofic shifts in Baire space.

For our first lemma we must introduce some additional notation. Let Σ be a
subshift of either a full n-shift or of Baire space. Let a, b ∈ Σ. We can encode the
agreeing behavior of these two points with the sequence m1, d1,m2, d2, . . . where
each mi+1, di ∈ N for all i ∈ N and m1 ∈ ω. This tells us that a and b agree for the
first m1 digits, disagree for the next d1 digits, agree for the next m2 digits, and so
on. In this manner, we say that the discrepancies of (a, b) are encoded by (mi, di).

Lemma 1. Let a, am, an ∈ Σω where a = (a0a1a2. . . ), am = (am0 am1 am2 . . . ), an =
(an0a

n
1a

n
2 . . . ). Let the discrepancies of (a, am) be encoded by (mi, di) and let the

discrepancies of (a, an) be encoded by (ni, li). If lim
i→∞

mi

di−1
= ∞ and lim

i→∞
ni

li−1
= ∞,

then lim inf
k→+∞

ρ(σk(am), σk(an)) = 0.

Proof. Assume that lim
i→∞

mi

di−1
= ∞ and lim

i→∞
ni

li−1
= ∞. Note that the ith word of

agreement of am with a begins at them1
i digit of am wherem1

i = (
∑i−1

k=1mk+dk)+1.
Note also that the ith word of disagreement of am with a begins at the d1i digit of
am where d1i = m1

i +mi. Let
1
2 > ε > 0. Then there exists an Nm ∈ N such that if

m1
i > Nm, then mi >

di−1

ε . Likewise, there exists an Nn such that if n1
i > Nn, then

ni >
li−1

ε . Let N = max(Nm, Nn). Let j ∈ N such that m1
j > N . Now consider

the m1
j+1 digit of am. Let k be the least value such that n1

k > m1
j+1. Then nk is

either greater than, less than, or equal to mj+1.
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We first consider the case in which nk < mj+1. So we have mj+1 > nk > lk−1

ε .

Since ε < 1
2 , we know that mj+1 > 2lk−1. Let zε be the maximum length of

agreement between am
m1

j+1
. . . am

n1
k
. . . am

d1
j+1

and an
m1

j+1
. . . an

n1
k
. . . an

d1
j+1

. By examining

the possible alignments of the agreeing words of am with a with the agreeing words
of an with a, we claim that zε ≥ min(nk−1, nk,

1
2 (mj+1 − (ε)mj+1)).

Suppose that zε < min(nk−1, nk). Then we must have the arrangement shown
in Figure 1, where A or B could be empty.

am
m1

j+1
am
d1
j+1

A B

an
n1
k−1

an
l1k−1

an
n1
k

an
l1k

Figure 1. A possible arrangement of am, a, and an

Since mj+1 > lk−1

ε we know that ε · mj+1 > lk−1. So the lengths of the
words of agreement between am

m1
j+1

. . . am
d1
j+1

and an
m1

j+1
. . . an

d1
j+1

, A and B, must

sum to mj+1 − lk−1. Therefore one of these words is at least 1
2 (mj+1 − lk−1)

digits long. Since ε · mj+1 > lk−1 we see that zε > 1
2 (mj+1 − ε · mj+1). There-

fore zε ≥ min(nk−1, nk,
1
2 (mj+1 − ε · mj+1)). Hence as ε → 0, zε → ∞. So

lim inf
k→+∞

ρ(σk(am), σk(an)) = 0.

The other cases are similar. �

3. Baire space

With the properties of Lemma 1 at our disposal, we can now begin to analyze
transition graphs in Baire space.

Example 3.1. Consider the space defined by the infinite graph

...
...

...
...

...
...

...
...

5
4

6
7

8
9 10

11 12
13 14

15

2 3

1
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The rule of this graph is that each digit n is followed by either 2n or 2n+ 1. Note
that for distinct x, y in this space, lim inf

n→+∞
ρ(σn(x), σn(y)) = ∞. So even though we

have uncountably many points in this graph, there is no scrambled set. Now we
present a graph in Baire space that does contain an uncountable scrambled set.

Example 3.2. Consider the space defined by the infinite graph

· · ·

1

2

3

4 8

27

16

9

320

We can tell that this transition graph does indeed contain an uncountable scrambled
set. In order to explain why this is the case, we must introduce our final theorem.

Theorem 2. Let S ⊆ Σω be an edge-shift defined by a directed graph G. Then there
is a scrambled pair (x, y) in S if and only if there exists an uncountable scrambled
set.

Proof. Let x, y ∈ S such that (x, y) is a scrambled pair. Let the discrepancies of
(x, y) be encoded by (mi, di). Since S is an edge-shift, we know that if xi = yi,
then x and y must have traveled along the same edge for one iteration. Likewise,
xixi+1 . . . xj = yiyi+1 . . . yj implies that x and y travel along the same path for j
iterations. On the other hand, any disagreement between x and y yields a branch
off of the path of x. It is not hard to see that since (x, y) is scrambled we must
have a subgraph of G of the form

· · · · · ·

· · ·

· · · · · ·

· · ·

· · ·

yd11

xd11

ym1
2−1

xm1
2−1 xm1

2

ym1
3−1

xd12−1 xd12

yd12

xm1
3−1xd11−1x1

with infinitely many branches off the path x that return to it. For each J =
{j1, j2, . . . }, an infinite strictly increasing subset of the naturals, we can construct
uJ ∈ S as follows. We use the pattern j1, j2, j1, j2, j3, j1, j2, j3, j4, j1, . . . but any
pattern in which each element from J repeats infinitely often will work. We define
the infinite walk uJ by first agreeing with x for d1j1 − 1 digits before taking the
j1 branch following y’s path for dj1 digits, then following x for dj1 digits. Let r1
be the smallest value such that d1r1 > 2dj1 + d1j1 − 1. Then the walk uJ takes the
r1 + j2 branch following y’s path for dr1+j2 digits, then agrees with x for 2dr1+j2

digits. Let r2 be the smallest value such that d1r2 > d1r1+j2
+3dr1+j2 . Then the walk
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uJ takes the r2 + j1 branch following y’s path for dr2+j1 digits, then agrees with x
for 3dr2+j1 digits. Let r3 be the smallest value such that d1r3 > d1r2+j1

+ 4dr2+j1 .
Then the walk uJ takes the r3 + j2 branch following y’s path for dr3+j2 digits,
then agrees with x for 4dr3+j2 digits. Let r4 be the smallest value such that d1r4 >

d1r3+j2
+ 5dr3+j2 . Then the walk uJ takes the r4 + j3 branch following y’s path for

dr4+j3 digits, then agrees with x for 5dr4+j3 digits. Let r5 be the smallest value such
that d1r5 > d1r4+j3

+ 6dr4+j3 . Then the walk uJ takes the r5 + j1 branch following
y’s path for dr5+j1 digits. Continue recursively. Let V = {uJ : J ∈ P(N), J is
infinite}. Then V is uncountable because there are uncountably many J ∈ P(N)
satisfying our condition. Choose K, an infinite subset of N, such that K �= J .
Then we find that lim inf

n→+∞
ρ(σn(uJ), σ

n(uK)) = 0 by Lemma 1. Since K �= J we

have lim sup
n→+∞

ρ(σn(uJ ), σ
n(uK)) > 0. So the set W = V ∪ {x} is an uncountable

scrambled set. �

Theorem 3. Let S ⊆ Σω be an edge-shift defined by a directed graph G. Then
there is a scrambled pair (x, y) in S if and only if there exists a perfect uncountable
scrambled set.

Proof. We begin with the set W as constructed in Theorem 2. Now we must show
that W is perfect. Consider the point x ∈ W . Let A0 = {a1, a2, . . . } be any
infinite strictly increasing subset of the naturals. Let An = {2na1, 2na2, . . . }. It
is not hard to see that as n → ∞, uAn → x. So x is not an isolated point. Let
P = {p1, p2, . . . } be any infinite strictly increasing subset of the naturals. Let
Zj = {p1, p2, . . . , p2j , p2j+1 + 1, p2j+2 + 1, . . . }. Then ρ(uP , uZj

) ≤ ( 12 )
2j = ( 14 )

j .
So as j → ∞, uZj

→ uP . So uP is not an isolated point and, consequently, W
contains no isolated points.

Finally we must show that W is closed. Let t be an accumulation point of W .
If t = x, then t ∈ W , so we can assume t �= x. So by definition, there exists a
sequence of points uB1

, uB2
, uB3

, . . . that limits to t.
Without loss of generality, we can assume x /∈ {uB1

, uB2
, uB3

, . . . }, where each
Bi = {bi1, bi2, bi3, . . . }. By definition, for all k ∈ N there exists an M such that for all
m ≥ M , u1

Bm
. . . uk

Bm
= t1 . . . tk. Let c1 be the smallest value such that td1

c1
�= xd1

c1
.

So there exists an Mc1 such that for all m ≥ Mc1 , u
1
Bm

. . . u
d1
c1

+1

Bm
= t1 . . . td1

c1
+1.

Since u
d1
c1

Bm
�= xd1

c1
, we know that t takes the c1 branch of y. Let c2 > c1 be the

smallest value such that td1
c2

�= xd1
c2
. So there exists an Mc2 such that for all

m ≥ Mc2 , u
1
Bm

. . . u
d1
c2

+1

Bm
= t1 . . . td1

c2
+1. Since u

d1
c2

Bm
�= xd1

c2
, we know that t takes

the c2 branch of y next. Following this same pattern we can construct the infinite
set T = {c1, c2, c3, . . . }. So we have t = uT which implies that t ∈ W .

So W contains all of its accumulation points. This implies W is closed and,
therefore, that W is perfect. �
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It is important to note that this theorem only holds if our shift is an edge-shift.
The first part of the proof breaks down if we have a labeled edge-shift. To prove
this result, we present a counterexample.

Example 3.3. Consider the following labeled edge-shift

...
...

...
...

...
...

2 3

5
4

MN

7
6

12
13 14 15

where we define N and M to be infinite words where N = 01001000100001 . . . and
M = 00000 . . . With this construction we see that the two branches on the left
yield a scrambled pair between the points that travel on those paths. In fact, by
starting our points at different edges along these two branches, we could attain an
infinite, countable scrambled set. However, there is not an uncountable scrambled
set in this subshift. So in this case, a scrambled pair does not necessarily imply the
existence of an uncountable scrambled set.

This leads us to the following:

Problem. Characterize all sofic shifts on Baire space with an uncountable scram-
bled set.

References

[1] Bruce P. Kitchens, Symbolic dynamics, Universitext, Springer-Verlag, Berlin, 1998. One-sided,
two-sided and countable state Markov shifts. MR1484730 (98k:58079)

[2] M. Kuchta and J. Smı́tal, Two-point scrambled set implies chaos, European Conference on

Iteration Theory (Caldes de Malavella, 1987), World Sci. Publ., Teaneck, NJ, 1989, pp. 427–
430. MR1085314 (91j:58112)

[3] Milan Kuchta, Characterization of chaos for continuous maps of the circle, Comment. Math.
Univ. Carolin. 31 (1990), no. 2, 383–390. MR1077909 (92f:58112)

[4] Tien Yien Li and James A. Yorke, Period three implies chaos, Amer. Math. Monthly 82 (1975),
no. 10, 985–992. MR0385028 (52 #5898)

[5] Douglas Lind and Brian Marcus, An introduction to symbolic dynamics and coding, Cambridge
University Press, Cambridge, 1995. MR1369092 (97a:58050)

[6] A. R. D. Mathias, Delays, recurrence and ordinals, Proc. London Math. Soc. (3) 82 (2001),
no. 2, 257–298, DOI 10.1112/S0024611501012734. MR1806873 (2001j:03087)

[7] A. R. D. Mathias, Analytic sets under attack, Math. Proc. Cambridge Philos. Soc. 138 (2005),
no. 3, 465–485, DOI 10.1017/S0305004104008254. MR2138574 (2006a:54026)
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