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ON WEAK COMPACTNESS IN LEBESGUE-BOCHNER SPACES
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(Communicated by Thomas Schlumprecht)

Abstract. Let X be a Banach space, (Ω,Σ, μ) a probability space and K a
weakly compact subset of Lp(μ,X), 1 ≤ p < ∞. The following question was
posed by J. Diestel: is there a weakly compactly generated subspace Y ⊂ X
such that K ⊂ Lp(μ, Y )? We show that, in general, the answer is negative.
We also prove that the answer is affirmative if either μ is separable or X is
weakly sequentially complete.

1. Introduction

The study of weakly compact sets and weakly Cauchy sequences in Lebesgue-
Bochner spaces has attracted the attention of many authors over the years. The
papers by Diestel, Ruess and Schachermayer [7] (preceeded by Ülger [14]) and Ta-
lagrand [13] are fundamental contributions to the subject. However, several prob-
lems related to (conditional) weak compactness in Lebesgue-Bochner spaces are
still open. In this note we address a question raised by Diestel in [6]. Throughout
this paper X is a Banach space, (Ω,Σ, μ) a probability space and, for 1 ≤ p < ∞,
we consider the Lebesgue-Bochner space Lp(μ,X), that is, the Banach space of
all (equivalence classes) of strongly measurable functions f : Ω → X for which
‖f‖Lp(μ,X) = (

∫
Ω
‖f(·)‖p dμ)1/p < ∞. The following was asked in [6, (Q6)]: given

any weakly compact set K ⊂ Lp(μ,X), is there a weakly compactly generated sub-
space Y ⊂ X such that K ⊂ Lp(μ, Y )? Clearly, the question has an affirmative
answer whenever K is separable (in this case Y can be taken separable). It is also
clear that, in order to look for a positive solution, it suffices to deal with L1(μ,X)
(since the formal inclusion from Lp(μ,X) to L1(μ,X) is linear and continuous).

Our main results read as follows:

Theorem 1.1. If μ is not separable and 1 ≤ p < ∞, then there is a weakly compact
set K ⊂ Lp(μ, �∞) such that K �⊂ Lp(μ, Y ) for any separable subspace Y ⊂ �∞.

Theorem 1.1 provides a negative answer to Diestel’s question, because every
weakly compact subset of �∞ is separable (see e.g. [8, p. 252, Theorem 13]).

Theorem 1.2. Suppose either μ is separable or X is weakly sequentially complete.
Let 1 ≤ p < ∞. If K ⊂ Lp(μ,X) is weakly compact, then there is a weakly
compactly generated subspace Y ⊂ X such that K ⊂ Lp(μ, Y ).
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The proofs of Theorems 1.1 and 1.2 are given in Section 2.
We use standard terminology as can be found in [8] and [9]. The measure μ is

called separable if the space L1(μ) is separable. We write Σ+ = {A ∈ Σ : μ(A) > 0}.
The characteristic function of a set S is denoted by 1S . Our Banach spaces are
real. By a subspace of a Banach space we mean a closed linear subspace. A Banach
space Y is weakly compactly generated if there is a weakly compact set L ⊂ Y such
that span(L) = Y or, equivalently, there is a sequence (Ln) of weakly compact
subsets of Y such that span(

⋃
n∈N

Ln) = Y .

2. Proofs

Lemma 2.1. Let I be an infinite set and μI the usual probability measure on {0, 1}I .
Then there is a set {fi : i ∈ I} of continuous functions on {0, 1}I with values
in {−1, 1} such that, for every Borel measurable set A ⊂ {0, 1}I , we have(∫

A

fi dμI

)
i∈I

∈ c0(I).

Proof. For each i ∈ I, let πi : {0, 1}I → {0, 1} be the ith-coordinate projection and
define the clopen Ei,k := {x ∈ {0, 1}I : πi(x) = k} for k ∈ {0, 1}. A measurable
cylinder is a set C ⊂ {0, 1}I of the form C =

⋂
i∈J Ei,ki

for some finite set J ⊂ I

and some ki ∈ {0, 1}. Let C be the set of all measurable cylinders of {0, 1}I .
Define the continuous function fi := 1Ei,0

− 1Ei,1
for all i ∈ I. We claim that

the set {fi : i ∈ I} satisfies the required property. Indeed, note first that given any
C =

⋂
i∈J Ei,ki

∈ C as above, then for every i ∈ I \ J we have

μI(C ∩Ei,0) = μI(C ∩ Ei,1) = 2−(card(J)+1)

and so
∫
C
fi dμI = 0. Now let A ⊂ {0, 1}I be an arbitrary Borel set and fix ε > 0.

Since L1(μI) = span{1C : C ∈ C} (see e.g. [10, 254Q]), we can find finitely many
C1, . . . , Cp ∈ C and a1, . . . , ap ∈ R such that

∥∥∥1A −
p∑

k=1

ak1Ck

∥∥∥
L1(μI)

≤ ε.

Take a finite set J ⊂ I such that∫
Ck

fi dμI = 0 for every i ∈ I \ J and every k ∈ {1, . . . , p}.

Write g :=
∑p

k=1 ak1Ck
. For every i ∈ I \ J we have

∫
{0,1}I gfi dμI = 0 and so

∣∣∣
∫
A

fi dμI

∣∣∣ =
∣∣∣
∫
{0,1}I

1Afi dμI

∣∣∣ =
∣∣∣
∫
{0,1}I

(1A − g)fi dμI

∣∣∣ ≤ ‖1A − g‖L1(μI) ≤ ε.

This proves that (
∫
A
fi dμI)i∈I ∈ c0(I). �

A set Q in a Banach space is called conditionally weakly compact (or weakly
precompact) if every sequence in Q has a weakly Cauchy subsequence; thanks to
Rosenthal’s �1-theorem (see e.g. [9, Theorem 5.37]), this is equivalent to saying
that Q is bounded and contains no sequence equivalent to the usual basis of �1.

We include a proof of the following known fact for the reader’s convenience.

Lemma 2.2. There exist conditionally weakly compact subsets of �∞ which are not
separable.



ON WEAK COMPACTNESS IN LEBESGUE-BOCHNER SPACES 105

Proof. By Rosenthal’s �1-theorem, it suffices to find a non-separable subspace X
of �∞ not containing subspaces isomorphic to �1. Such a space can be obtained by
taking X = C(K) where K is any separable, non-metrizable, scattered compact
space (see e.g. [9, Theorem 14.25]). A concrete example of this kind is given by
the Johnson-Lindenstrauss space JL0, which is defined as

JL0 := span
(
c0 ∪ {1Bα

: α < c}
)
⊂ �∞,

where {Bα : α < c} is an almost disjoint family of infinite subsets of N (see e.g.
[9, Theorem 14.54]). �

Proof of Theorem 1.1. Given any D ∈ Σ+, write ΣD := {A ∩D : A ∈ Σ} and con-
sider the restriction μ|ΣD

. We have a natural isometric embedding of Lp(μ|ΣD
, X)

as a complemented subspace of Lp(μ,X) (for an arbitrary Banach space X). There-
fore, it suffices to find D ∈ Σ+ and a weakly compact set K ⊂ Lp(μ|ΣD

, �∞) such
that K �⊂ Lp(μ|ΣD

, Y ) for any separable subspace Y ⊂ �∞.
Since μ is not separable, Maharam’s theorem (see e.g. [12, Theorems 7 and 8])

ensures the existence of D ∈ Σ+ and an uncountable set I such that the measure
algebras of 1

μ(D)μ|ΣD
and μI are isomorphic. Bearing in mind the previous para-

graph, we can assume without loss of generality that D = Ω. By Lemma 2.1, there
exists a set {gi : i ∈ I} ⊂ L∞(μ) with |gi| = 1 for all i ∈ I such that, for every
A ∈ Σ, we have (

∫
A
gi dμ)i∈I ∈ c0(I). Fix an injective map φ : ω1 → I.

Let {xα : α < ω1} be any conditionally weakly compact subset of �∞ which is
norm discrete and has cardinality ω1 (its existence is ensured by Lemma 2.2). We
shall check that the set

K := {gφ(α)(·) xα : α < ω1}
weak ⊂ Lp(μ, �∞)

satisfies the required properties. Here we write gφ(α)(·) xα for the function given by
t �→ gφ(α)(t) xα (which is sometimes denoted by gφ(α) ⊗ xα).

On one hand, K is weakly compact. Indeed, if (αn) is any sequence of distinct
elements of ω1, then (gφ(αn)) is normalized and weakly null in Lp(μ) (note that∫
A
gφ(αn) dμ → 0 for all A ∈ Σ). Since in addition {xαn

: n ∈ N} is conditionally
weakly compact, the sequence (gφ(αn)(·) xαn

) is weakly null in Lp(μ, �∞); see [4,
Proposition 4.1]. This shows that {gφ(α)(·) xα : α < ω1} is weakly relatively
sequentially compact and so K is weakly compact in Lp(μ, �∞).

On the other hand, if Y ⊂ �∞ is any subspace such that K ⊂ Lp(μ, Y ), then we
have xα ∈ Y for all α < ω1 (because gφ(α) takes values in {−1, 1}), hence Y is not
separable. The proof is finished. �

Remark 2.3. The idea of Theorem 1.1 can be adapted to obtain counterexamples
to Diestel’s question even if X is assumed to be a subspace of a weakly compactly
generated space. Indeed, there exist Banach spaces X such that:

• X contains no subspace isomorphic to �1,
• X is not weakly compactly generated,
• X is a subspace of a weakly compactly generated Banach space;

see [1] and [2].
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Lemma 2.4. If f : Ω → X is Bochner integrable, then

f(t) ∈ span
{∫

A

f dμ : A ∈ Σ
}

for μ-a.e. t ∈ Ω.

Proof. Write Y := span{
∫
A
f dμ : A ∈ Σ} ⊂ X. Fix n ∈ N. Since f is strongly

measurable, there is a countable collection A of pairwise disjoint elements of Σ+

such that μ(
⋃
A) = 1 and

sup
A∈A

sup
t,t′∈A

‖f(t)− f(t′)‖ ≤ 1

n

(see e.g. [8, p. 42, Corollary 3]). This implies that for every A ∈ A and every t ∈ A
we have∥∥∥f(t)− 1

μ(A)

∫
A

f dμ
∥∥∥ =

∥∥∥ 1

μ(A)

∫
A

(f(t)− f) dμ
∥∥∥ ≤ 1

μ(A)

∫
A

‖f(t)− f‖ dμ ≤ 1

n
.

Thus, the function gn : Ω → Y defined by

gn :=
∑
A∈A

( 1

μ(A)

∫
A

f dμ
)
1A

satisfies ‖f − gn‖ ≤ 1
n μ-a.e. As n ∈ N is arbitrary, f(t) ∈ Y for μ-a.e. t ∈ Ω. �

Proof of Theorem 1.2. As explained in the introduction, it is enough to consider
the case p = 1. Write

XK := span
{∫

A

f dμ : f ∈ K, A ∈ Σ
}
⊂ X.

Since K ⊂ L1(μ,XK) (by Lemma 2.4), it suffices to check that XK is weakly
compactly generated. The proof is divided into two cases.

Case 1: μ is separable. Fix a countable set D ⊂ Σ such that

inf
D∈D

μ(AD) = 0 for every A ∈ Σ.

Then

(1) XK = span
{∫

D

f dμ : f ∈ K, D ∈ D
}
= span

( ⋃
D∈D

ID(K)
)
,

where ID : L1(μ,X) → X is the integration operator given by ID(f) :=
∫
D
f dμ.

Since K is weakly compact, the sets ID(K) are weakly compact in X. From (1)
and the fact that D is countable it follows that XK is weakly compactly generated.

Case 2: X is weakly sequentially complete. SinceK is conditionally weakly compact
in L1(μ,X), the same holds for K̂ := {f1A : f ∈ K, A ∈ Σ}; see [5, Proposition 10]
(cf. [4, Corollary 4.2] for a simpler proof). By applying the integration operator
IΩ : L1(μ,X) → X, IΩ(f) :=

∫
Ω
f dμ, we conclude that

IΩ(K̂) =
{∫

A

f dμ : f ∈ K, A ∈ Σ
}

is conditionally weakly compact in X. The weak sequential completeness of X
ensures that IΩ(K̂) is relatively weakly compact. It follows thatXK = span(IΩ(K̂))
is weakly compactly generated and the proof is over. �
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Remark 2.5. The proof of Theorem 1.2 shows that, in general:

(i) If κ is the Maharam type of μ (i.e. the density character of L1(μ)) and
K ⊂ Lp(μ,X) is weakly compact, then there is a family C of weakly compact
subsets of X such that card(C) ≤ κ and K ⊂ Lp(μ, span(

⋃
C)). We refer

the reader to [3] for an account on Banach spaces generated by κ-many
weakly compact sets, where κ is an uncountable cardinal.

(ii) If K ⊂ Lp(μ,X) is conditionally weakly compact, then there is a condi-
tionally weakly compact set Q ⊂ X such that K ⊂ Lp(μ, span(Q)). The
class of Banach spaces generated by conditionally weakly compact sets was
introduced in [11, Section 6].
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