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Abstract. In this paper, we study a delay Lasota-Wazewska model with dis-
continuous harvesting, which is described by a periodic nonsmooth dynamical
system. Based on a newly developed method, nonsmooth analysis, and the
generalized Lyapunov method, easily verifiable delay-independent criteria are

established to ensure the existence and global exponential stability of positive
periodic solutions, which not only cover but also complement some existing
ones. These theoretical results are also supported with numerical simulations.

1. Introduction

The nonlinear delay differential equation

(1.1) x′(t) = −ax(t) + pe−qx(t−τ)

was used by Wazewska-Czyzewska and Lasota [1] to describe the survival of red
blood cells in an animal. Here, x(t) denotes the number of red blood cells at time
t, a > 0 is the probability of the death of a red blood cell, p and q are positive
constants related to the production of red blood cells per unit time, and τ is the
time required to produce a red blood cell. Since then, (1.1) and its modifications
have been extensively studied in the literature due to their theoretical and practical
importance (see, for example, [2–8] and the references therein).

It is well known that red blood cells are derived from primitive stem cells residing
in the bone marrow and their basic function is to distribute oxygen in the body.
These cells will decay or will be destroyed through natural aging, infection, disease
and other external factors such as blood donation or rapid increase of destruction [9].
When this happens, a harvesting function is introduced naturally into the Lasota-
Wazewska model. On the other hand, as mentioned by Costa [10], harvesting has
been a subject of theoretical studies in population dynamics as well as in community
dynamics. Moreover, due to external factors, the harvesting effort usually is not
continuous in the real world. Usually, there are some restrictions on the harvesting
function; for instance, the intensity of destruction. As a result, it is important
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and interesting to study the interplay between discontinuous harvesting and the
behavior of populations.

In many fields of renewable resource management such as fisheries, grazing, and
species conservation, managers usually use threshold policy which is defined as a
discontinuous function of the population [10]. According to such a harvesting man-
agement, commercial harvesting companies can adjust their actions to maximize
profits, while governments can enact strategy to avoid over-exploitation of certain
species. In a constant environment, harvesting functions usually assume the form
bH(x) ([11]), where b is a technological coefficient. For continuous harvesting, some
authors [12,13] have considered nonzero constant-rate harvesting, H(x) = C; while
others [14] have discussed proportional harvesting, H(x) = Ex. For threshold
policy, Costa and Meza [15] used

H(x) =

{
α, if x > xth,
β, if x < xth,

and Bischi et al. [16] used

H(x) =

{
0, if x ≤ xth,
Ex, if x > xth,

where xth is a threshold level. Of course, more general forms can be used to describe
more complex systems.

Furthermore, the variation of environment plays a crucial role in many biological
and ecological dynamical systems. In particular, the effects of a periodically varying
environment are important for evolutionary theory as the selective forces on systems
in a fluctuating environment differ from those in a stable environment. In this
sense, it is meaningful to suppose that the parameters in the model are periodic
(see [17]). Therefore, taking into account the effects of discontinuous harvesting
and the varying environment, we propose the following modified nonautonomous
version of (1.1) with multiple time-varying delays:

(1.2) x′(t) = −a(t)x(t) +
m∑
i=1

pi(t)e
−qi(t)x(t−τi(t)) − b(t)H(x(t)).

Here b(t) denotes the technological coefficient such as the intensity of destruction
at time t. For sustainablility of resources, the population sometimes is prohibited
(partially or totally) from harvesting, which is also reflected in b(t) by letting it
be zero. H is a discontinuous harvesting function and motivated by the above
discussion we assume that H satisfies

(H1) H ≥ 0 is a bounded and nondecreasing function with at most a finite
number of jump discontinuities in each compact interval of R = (−∞,∞).

(H2) H(0) = H(0+) = 0.

Note that H is generic enough to include increasing piecewise constant or linear
functions with multiple jump discontinuities or multiple thresholds, or even general
discontinuous strictly increasing functions. The other variables and parameters
have the same biological meanings as those in (1.1) with the difference that they
are now time-dependent. In fact, we assume that

(H3) All a, pi, qi, τi, and b are continuous T -periodic functions with a, pi, and
qi being positive and τi and b being nonnegative, 1 ≤ i ≤ m.
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In recent years, the qualitative analysis of nonsmooth biological systems has
been investigated by many authors (to name a few, see [18–22] and the references
therein). But, to the best of our knowledge, only a few researchers have studied
periodic delay nonsmooth biological models. Furthermore, since (1.2) is nonsmooth,
it cannot be dealt with many classical methods such as the Krasnoselskii’s fixed
point theorem in cone [3], the Schauder’s or Brouwer’s fixed point theorem [2,5,6,8],
and the Mawhin continuation theorem [7]. The main purpose of this paper is
to establish criteria on the existence and global exponential stability of positive
periodic solutions of (1.2), which is achieved by employing a nonsmooth Lyapunov
function and a new approach.

The structure of the remaining part of this paper is as follows. In section 2, we
will give the definition of a solution to (1.2) and show that a solution globally exists.
Section 3 is the main part. We establish sufficient conditions on the existence and
global exponential stability of T -periodic solutions to (1.2). Compared with existing
ones, they not only cover but also complement them. Finally, we demonstrate the
validity of these theoretical results with numerical simulations in section 4.

2. Solutions to (1.2)

We first introduce some notation.
For a bounded function g : R → R, denote

g+ = sup
t∈R

g(t) and g− = inf
t∈R

g(t).

Let τ = max{τ+i : 1 ≤ i ≤ m} and C = C([−τ, 0],R) be the Banach space of all
real valued continuous functions from [−τ, 0] into R equipped with the supremum
norm ‖ · ‖. Note that C+ = {ϕ ∈ C : ϕ(θ) ∈ R+ for θ ∈ [−τ, 0]} is a positive cone
in C, where R+ = [0,∞). As usual, if x(t) is continuous and defined on [−τ + t0, �)
with t0 < �, then, for all t ∈ [t0, �), we define xt ∈ C by xt(θ) = x(t + θ) for all
θ ∈ [−τ, 0].

Given a set Ω ⊂ R, K[Ω] denotes the closure of the convex hull of Ω.
Since H satisfies (H1), the right-hand side of (1.2) is a discontinuous function

of the state x and hence it is necessary to give the precise meaning of a solution
to (1.2). We adopt a reasonable definition from Filippov [23].

Consider the following nonautonomous delay system:

(2.1) x′(t) = f(t, x(t− τ (t)), x(t)),

where f : R × R × R → R is a discontinuous function in the third variable. We
define a set-valued map associated with (2.1) by

F (t, y, x) =
⋂
δ>0

⋂
μ(N )=0

K[f(t, y, [x− δ, x+ δ] \ N )],

where μ(N ) is the Lebesgue measure of the set N .

Definition 2.1. A Filippov solution of (2.1) is a continuous function x : [t0 −
τ+, t1) → R with t0 < t1 such that it is absolutely continuous on any compact
interval of [t0, t1) and satisfies

(2.2) x′(t) ∈ F (t, x(t− τ (t)), x(t)) for almost all (a.a.) t ∈ [t0, t1).
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In particular,

Definition 2.2 (Filippov solution). A function x(t) is said to be a solution of (1.2)
on [t0 − τ, t1) with t0 < t1 if

(i) x(t) is continuous on [t0 − τ, t1) and absolutely continuous on any compact
interval of [t0, t1);

(ii) there exists a measurable function γ : [t0, t1) → R such that γ(t) ∈
K[H(x(t))] for a.a. t ∈ [t0, t1) and

(2.3) x′(t) = −a(t)x(t)+
m∑
i=1

pi(t)e
−qi(t)x(t−τi(t)) − b(t)γ(t) for a.a. t ∈ [t0, t1).

Remark 2.3. It seems that (2.3) is different from (2.2). But this is not the case. In
fact, by (H1), we have K[H(x)] = [H(x−), H(x+)], which is H(x) if H is continuous
at x. Clearly, the set-valued map

x(t) ↪→− a(t)x(t) +
m∑
i=1

pi(t)e
−qi(t)x(t−τi(t)) − b(t)K[H(x(t))]

has nonempty compact convex values. Moreover, it is upper semi-continuous (see
[23, Lemma 1 on page 67]). By the measurable selection theorem (see [24, Theo-
rem 1 on page 90]), if x(t) is a solution of (1.2) satisfying (2.2), then there exists a
bounded measurable function γ(t) ∈ K[H(x(t))] such that (2.3) holds.

In view of the biological background of (1.2), only positive solutions are mean-
ingful and therefore admissible. Consequently, we consider (1.2) with the initial
condition

(2.4) xt0 = ϕ ∈ Ĉ+ � {ϕ ∈ C+ : ϕ(0) > 0}.
By the theory of differential equations with discontinuous right-hand sides ([23]),
(1.2) with the initial condition (2.4) has a unique solution, denoted by xt(t0, ϕ) or
x(t; t0, ϕ), and its maximal right-interval of existence is denoted by [t0−τ, η(t0, ϕ)).

Lemma 2.4 (Viability lemma). Assume that (H1)–(H3) hold. Then the maxi-
mal right-interval of existence for every solution x(t; t0, ϕ) of (1.2) with the ini-
tial condition (2.4) is [t0 − τ,∞) and x(t; t0, ϕ) > 0 for t ∈ [t0,∞). Moreover,
lim supt→∞ x(t; t0, ϕ) ≤

(∑m
i=1 p

+
i

)
/a−.

Proof. For simplicity of notation, we denote x(t; t0, ϕ) and η(t0, ϕ) by x(t) and
η(ϕ), respectively.

We first show that

(2.5) x(t) > 0 for t ∈ (t0, η(ϕ)).

If this is not true, then there exists t1 ∈ (t0, η(ϕ)) such that x(t) > 0 for t ∈ [t0, t1)
and x(t1) = 0. It follows from (H1)–(H3) that

0 ≥D−x(t1)

=− a(t1)x(t1) +

m∑
i=1

pi(t1)e
−qi(t1)x(t1−τi(t1)) − b(t1)γ(t1)

=

m∑
i=1

pi(t1)e
−qi(t1)x(t1−τi(t1))

>0.
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This is a contradiction and hence (2.5) is proved.
Next, we show η(ϕ) = ∞. Using (2.5), we obtain

x′(t) ≤ −a−x(t) +
m∑
i=1

p+i for t ∈ [t0, η(ϕ)),

which gives us

(2.6) x(t) ≤ e−a−(t−t0)x(t0) +

m∑
i=1

p+i

a−
(
1− e−a−(t−t0)

)
for t ∈ [t0, η(ϕ)).

This, combined with (2.5) and the continuation theorem (see [23, Theorem 2 on
page 78]), implies that η(ϕ) = ∞.

Finally, it follows from η(ϕ)=∞ and (2.6) that lim supt→∞ x(t)≤
(∑m

i=1 p
+
i

)
/a−.

This completes the proof. �

3. Main results

We first give sufficient conditions guaranteeing the existence of a positive invari-
ant set of (1.2). They are established by finding a positively invariant set with
solutions exponentially attracting to each other.

Lemma 3.1. Assume (H1)–(H3) hold. Suppose that

m∑
i=1

p−i e
−q+i R1 > b+H+,

where R1 =
(∑m

i=1 p
+
i

)
/a−. Then the set C0 =

{
ϕ ∈ C : R2 < ϕ(θ) < R1 for all

θ ∈ [−τ, 0]
}
is a positively invariant set of (1.2), where

R2 =

(
m∑
i=1

p−i e
−q+i R1 − b+H+

)
/a+.

Proof. Let ϕ ∈ C0. By Lemma 2.4, equation (1.2) with the initial condition (2.4)
has a unique solution x(t; t0, ϕ) on [t0− τ,∞) and x(t; t0, ϕ) > 0 for t ∈ [t0− τ,∞).
For the sake of convenience, we denote x(t; t0, ϕ) by x(t). It suffices to show that

R2 < x(t) < R1 for all t ∈ [t0 − τ,∞).

We first prove that

(3.1) 0 < x(t) < R1 for all t0 ∈ [t0 − τ,∞).

If not, then there exists t1 ∈ (t0,∞) such that x(t1) = R1 and 0 < x(t) < R1 for
all t ∈ [t0 − τ, t1). It follows that

0 ≤D−x(t1)

=− a(t1)x(t1) +

m∑
i=1

pi(t1)e
−qi(t1)x(t1−τi(t1)) − b(t1)γ(t1)

<− a−R1 +

m∑
i=1

p+i

=0,
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which is a contradiction. So we have proved (3.1). Now we show that

(3.2) x(t) > R2 for all t ∈ [t0 − τ,∞).

By way of contradiction, assume that there exists t2 ∈ (t0,∞) such that x(t2) = R2

and x(t) > R2 for all t ∈ [t0 − τ, t2). Then, with the help of (3.1), we have

0 ≥D−x(t2)

=− a(t2)x(t2) +

m∑
i=1

pi(t2)e
−qi(t2)x(t−τi(t2)) − b(t2)γ(t2)

>− a+R2 +

m∑
i=1

p−i e
−q+i R1 − b+H+

=0.

This is a contradiction and hence (3.2) holds. Combining (3.1) with (3.2), we have
finished the proof. �

Lemma 3.2. Under the assumptions of Lemma 3.1, assume that

(3.3) −a− +
m∑
i=1

p+i q
+
i < 0.

Then there exists a positive constant ε > 0 such that

(3.4) |x(t; t0, ϕ)−x(t; t0, ϕ
∗)| ≤ (R1−R2)e

−ε(t−t0) for ϕ, ϕ∗ ∈ C0 and t ≥ t0.

Proof. It follows from (3.3) that there exists ε > 0 such that

−(a− − ε) +

m∑
i=1

p+i q
+
i e

ετ < 0.

Let ϕ, ϕ∗ ∈ C0. For simplicity of notation, denote x(t; t0, ϕ) and x(t; t0, ϕ
∗) by

x(t) and x∗(t), respectively. By Lemma 3.1, we have

R2 < x(t), x∗(t) < R1 for all t ∈ [t0 − τ,∞).

Observe from Property 1 in [25] that

d

dt
|x(t)− x∗(t)| = ν(t)(ẋ(t)− ẋ∗(t)) for a.a. t ∈ [t0,∞),

where

ν(t) =

⎧⎨
⎩

sign(x(t)− x∗(t)), if x(t) 	= x∗(t),
sign(γ(t)− γ∗(t)), if x(t) = x∗(t) and γ(t) 	= γ∗(t),

0, if x(t) = x∗(t) and γ(t) = γ∗(t);

then we have

ν(t)(x(t)− x∗(t)) = |x(t)− x∗(t)|, ν(t)(γ(t)− γ∗(t)) = |γ(t)− γ∗(t)|.
Consider the generalized Lyapunov function V defined by

V (t) = |x(t)− x∗(t)|eεt for t ≥ t0.
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Clearly, V (t) is absolutely continuous. Note that

V (t) = |x(t)− x∗(t)|eεt < (R1 −R2)e
εt0 for all t ∈ [t0 − τ, t0].

We claim that

V (t) < (R1 −R2)e
εt0 for all t ≥ t0 − τ .

Otherwise, there exists t3 > t0 such that

V (t3) = (R1 −R2)e
εt0 and V (t) < (R1 −R2)e

εt0 for all t ∈ [t0 − τ, t3).

Then

0 ≤D−V (t3)

=εeεt3 |x(t3)− x∗(t3)|+ ν(t3)e
εt3

[
− a(t3)

(
x(t3)− x∗(t3)

)
+

m∑
i=1

pi(t3)
(
e−qi(t3)x(t3−τi(t3)) − e−qi(t3)x

∗(t3−τi(t3))
)

− b(t3)
(
γ(t3)− γ∗(t3)

)]
≤(ε− a−)|x(t3)− x∗(t3)|eεt3

+

m∑
i=1

p+i e
εt3

∣∣e−qi(t3)x(t3−τi(t3)) − e−qi(t3)x
∗(t3−τi(t3))

∣∣
− b−eεt3 |γ(t3)− γ∗(t3)|

≤(ε− a−)|x(t3)− x∗(t3)|eεt3

+

m∑
i=1

p+i q
+
i

∣∣x(t3 − τi(t3))− x∗(t3 − τi(t3))
∣∣eε(t3−τi(t3))eετi(t3)

≤
(
ε− a− +

m∑
i=1

p+i q
+
i e

ετ
)
(R1 −R2)e

εt0

<0,

which contradicts the choice of ε. This proved the claim. Then (3.4) follows imme-
diately from the definition of V and the claim. Therefore, the proof is complete. �

Now, we are ready to state and prove the main result of this paper.

Theorem 3.3. Under the assumptions of Lemma 3.2, equation (1.2) admits exactly
one T -periodic solution which is globally exponentially stable.

Proof. Pick ϕ ∈ C0. By Lemma 3.1, we have R2 < x(t; t0, ϕ) < R1 for all t ≥ t0−τ .
Due to (H3), one can easily see that x(t+kT ; t0, ϕ) is also a Filippov solution of (1.2)
on [t0 − τ − kT,∞), k ∈ N = {1, 2, · · · }. Denote ψ = xt0+T (·; t0, ϕ). It follows from
Lemma 3.2 that

∣∣x(t+ (k + 1)T ; t0, ϕ)− x(t+ kT ; t0, ϕ)
∣∣ =∣∣x(t+ kT ; t0, ψ)− x(t+ kT ; t0, ϕ)

∣∣
≤(R1 −R2)e

−ε(t+kT−t0),

(3.5)

for any k ∈ N and t+ kT ≥ t0.
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First, we show that {x(t + kT ; t0, ϕ)}k∈N is convergent. We first show that it
converges on any compact interval of R. In fact, let [a, b] ⊂ R be an arbitrarily
closed subset and choose a k0 ∈ N such that t+ k0T ≥ t0 for t ∈ [a, b] and k > k0.
Observe that

x(t+ kT ; t0, ϕ) = x(t+ k0T ; t0, ϕ) +
k−1∑
l=k0

[x(t+ (l + 1)T ; t0, ϕ)− x(t+ lT ; t0, ϕ)].

This, together with (3.5), implies that {x(t+kT ; t0, ϕ)}k∈N converges to a continu-
ous function x∗(t) on [a, b]. By the arbitrariness of [a, b] and the diagonal selection
principle, we can see that x(t+ kT ; t0, ϕ) → x∗(t) as k → ∞ and R2 ≤ x∗(t) ≤ R1

for all t ∈ R. Moreover, for any t ∈ [t0 − τ,∞), {γ(t + kT )}k∈N is bounded since
K[H(x(t + kT ; t0, ϕ))] is bounded by (H1). Therefore, for any t ∈ [t0 − τ,∞), we
can select a subsequence of {kT}, say itself, such that γ(t + kT ) converges to a
measurable function γ∗(t) as k → ∞.

In order to verify that x(t) is a periodic solution of (1.2) on [t0 − τ,∞), we first
claim that γ∗(t) ∈ K[H(x∗(t))] for a.a. t ∈ [t0 − τ,∞). Indeed, based on the facts
that K[H(·)] is an upper semi-continuous set-valued map and x(t + kT ; t0, ϕ) →
x∗(t) as k → ∞ for any t ∈ [t0 − τ,∞), we know that, for any ε > 0, there exists
K∗ > 0 such that

K[H(x(t+ kT ; t0, ϕ))] ⊆ K[H(x∗(t))] + [−ε, ε],

for k > K∗ and t ∈ [t0 − τ,∞). Then, for any k > K∗, γ(t+ kT ) ∈ K[H(x∗(t))] +
[−ε, ε]. Thus, by the compactness of K[H(x∗(t))] + [−ε, ε], we have

γ∗(t) = lim
k→∞

γ(t+ kT ) ∈ K[H(x∗(t))] + [−ε, ε],

which implies that γ∗(t) ∈ K[H(x∗(t))] for a.a. t ∈ [t0 − τ,∞) by the arbitrariness
of ε.

Next, we show that x∗(t) is a T -periodic solution of (1.2). Obviously,

x∗(t+ T ) = lim
k→∞

x
(
(t+ T ) + kT ; t0, ϕ

)
= lim

k→∞
x
(
t+ (k + 1)T ; t0, ϕ

)
= x∗(t),

which means that x∗(t) is T -periodic. It remains to show that x∗(t) is a solution
of (1.2). In fact, for any t ≥ t0, there holds

x∗(t)− x∗(t0)

= lim
k→∞

[
x(t+ kT ; t0, ϕ)− x(t0 + kT ; t0, ϕ)

]
= lim

k→∞

∫ t

t0

[
− a(s+ kT )x(s+ kT ; t0, ϕ)

+

m∑
i=1

pi(s+ kT )e−qi(s+kT )x(s+kT−τi(s+kT );t0,ϕ) − b(s+ kT )γ(s+ kT )
]
dt

= lim
k→∞

∫ t

t0

[
− a(s)x(s+ kT ; t0, ϕ)

+

m∑
i=1

pi(s)e
−qi(s)x(s+kT−τi(s);t0,ϕ) − b(s)γ(s+ kT )

]
dt

=

∫ t

t0

[
− a(s)x∗(s) +

m∑
i=1

pi(s)e
−qi(s)x

∗(s−τi(s)) − b(s)γ∗(s)
]
dt,



PERIODICITY OF A DISCONTINUOUS LASOTA-WAZEWSKA MODEL 569

which implies that

(x∗)′(t) = −a(t)x∗(t) +
m∑
i=1

pi(t)e
−qi(t)x

∗(t−τi(t)) − b(t)γ∗(t).

This proves that x∗(t) is a solution of (1.2).
Finally, similar arguments as those in the proof of Lemma 3.2 will yield that x∗

is globally exponentially stable and hence the T -periodic solution is unique. This
completes the proof. �

We conclude this section with several remarks.

Remark 3.4. Note that an equilibrium point can be regarded as a periodic solution
with any arbitrary period. Once the biological parameters are assumed to constants
(that is, in a constant environment), we can deduce results from Theorem 3.3 on
the global exponential stability of equilibria.

Remark 3.5. The criteria established here are pretty general since they can unify
both the existence and the global exponential stability of the periodic solutions
of (1.2). However, they are a little strong since the results are delay-independent.
It is worthy to determine whether delays have effect or not.

Remark 3.6. Without harvesting, (1.2) reduces to

(3.6) x′(t) = −a(t)x(t) +
m∑
i=1

pi(t)e
−qi(t)x(t−τi(t)),

where a, pi, qi, and τi are all positive continuous T -periodic functions. It follows
from Theorem 3.3 that if

(3.7)
m∑
i=1

p+i q
+
i < a−,

then (3.6) has a unique T -periodic solution which is globally exponentially stable.
This is just the results obtained by Huang et al. [6, Theorem 3.1 and Theorem 3.2],
which are obtained by applying the contraction mapping principle.

Equation (3.6) with impulsive effects has been studied by many researchers and
we can deduce some results for it. Apply [5, Theorem 1] with all τi ≡ h to get if

(3.8)
m∑
i=1

p+i < a+,

then (3.6) has a unique periodic solution which is exponentially stable. With τi(t) ≡
miT (i = 1, 2, . . ., m), where mi is a nonnegative integer, by [4, Theorem 4.1 and
Theorem 4.2], we see that (3.6) always has a positive T -periodic solution which is
a global attractor of all other positive solutions if

(3.9)

m∑
i=1

pi(t)qi(t) ≤ a(t) for all t ∈ [0, T ].

However, it is not reasonable to assume that delays are constants or even a multiple
of the common period in a varying environment. For the case of nonconstant delays,



570 LIAN DUAN, LIHONG HUANG, AND YUMING CHEN

Liu et al. [3, Theorem 3.1 and Theorem 3.2] obtained that if

(3.10)
e
∫ T
0

a(s)ds

e
∫

T
0

a(s)ds − 1

(
m∑
i=1

∫ T

0

pi(s)ds

)
max

1≤i≤m
q+i ≤ 1,

then (3.6) has a unique T -periodic solution, which is a global attractor of all other
positive solutions of (3.6).

In conditions (3.7)–(3.10), some involve the supremum or infimum or the average
of parameters, and some are pointwise. This indicates that these conditions are
only complementary to each other. Therefore, our results are new and complement
existing ones. Moreover, it seems that condition (3.7) is easier to verify than (3.9)
or (3.10). We will also point out in section 4 that in some situations our results are
applicable but others are not.

4. An example

In this section, we present a numerical simulation to demonstrate the theoretical
results obtained in section 3.

Consider the following π-periodic Lasota-Wazewska model with a discontinuous
harvesting term,

x′(t) =− (12 + sin 2t)x(t) + (4.4 + 0.3 sin 2t)e−(0.8+0.2 cos 2t)x(t−2−cos 2t)

+ (5.4 + 0.2 cos 2t)e−(0.5+0.4 sin 2t)x(t−2−sin 2t)

− (0.5 + 0.25 sin 2t)H(x(t)),

(4.1)

where H(x(t)) is a threshold function defined by

H(x) =

{
0, if 0 ≤ x < 0.5,
1, if x ≥ 0.5.

Here, a(t) = 12 + sin 2t, p1(t) = 4.4 + 0.3 sin 2t, p2(t) = 5.4 + 0.2 cos 2t, q1(t) =
0.8 + 0.2 cos 2t, q2(t) = 0.5 + 0.4 sin 2t, τ1(t) = 2 + cos 2t, τ2(t) = 2 + sin 2t, and
b(t) = 0.5 + 0.25 sin 2t satisfy (H3). Clearly, H satisfies (H1) and (H2). Then
R1 = (p+1 + p+2 )/a

− = 10.3/11. It follows that

p−1 e
−q+1 R1 + p−2 e

−q+2 R1 ≈ 3.8476 > 0.75 = b+H+.

Moreover, we have p+1 q
+
1 + p+2 q

+
2 = 9.74 < 11 = a−. Thus we have verified all the

assumptions of Theorem 3.3 and hence (4.1) has exactly one positive π-periodic
solution which is globally exponentially stable (see Figure 1).

Now, suppose that there is no harvesting, that is, consider

x′(t) =− (12 + sin 2t)x(t) + (4.4 + 0.3 sin 2t)e−(0.8+0.2 cos 2t)x(t−2−cos 2t)

+ (5.4 + 0.2 cos 2t)e−(0.5+0.4 sin 2t)x(t−2−sin 2t).
(4.2)

As we have verified (3.7), we know that (4.2) has a positive unique π-periodic
solution which is globally exponentially stable. Note that

e
∫ π
0

a(s)ds

e
∫ π
0

a(s)ds − 1

(
2∑

i=1

∫ π

0

pi(s)ds

)
max{q+1 , q+2 } =

e12π

e12π − 1
· 9.8π ≈ 30.79 > 1.
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Figure 1. Equation 4.1 has a globally exponential stable π-
periodic solution.

This implies that (3.10) is not satisfied and the results in Liu et al. [3] are inappli-
cable to (4.2).
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