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PERSISTENCE AND FAILURE OF COMPLETE SPREADING

IN DELAYED REACTION-DIFFUSION EQUATIONS

GUO LIN AND SHIGUI RUAN

(Communicated by Yingfei Yi)

Abstract. This paper deals with the long time behavior in terms of complete
spreading for a population model described by a reaction-diffusion equation
with delay, of which the corresponding reaction equation is bistable. When
a complete spreading occurs in the corresponding undelayed equation with
initial value admitting compact support, it is proved that the invasion can
also be successful in the delayed equation if the time delay is small. To spur
on a complete spreading, the choice of the initial value would be very technical
due to the combination of delay and Allee effects. In addition, we show the
possible failure of complete spreading in a quasimonotone delayed equation to
illustrate the complexity of the problem.

1. Introduction

In this paper, we consider the asymptotic spreading of the following delayed
reaction-diffusion equation arising in population dynamics

(1.1)

{
∂u(x,t)

∂t = �u(x, t)− du(x, t) + b(u(x, t− τ )),

u(x, s) = φ(x, s), s ∈ [−τ, 0],

where u(x, t) ∈ R represents the population density of a species in location x ∈ R at
time t > 0, d > 0 is a constant accounting for the death rate, b : R+ → R

+ denotes
the birth function, and τ > 0 formulates the maturation period for the population.
Notice that the diffusion coefficient has been scaled to be equal to the unity. For
some biological backgrounds and mathematical results on this model, we refer to
So et al. [21], So and Yang [22], Yi and Zou [29, 30], and references cited therein.

To characterize the asymptotic spreading, we introduce the following definition
(see Berestycki et al. [3]).

Definition 1.1. Assume that u(x, t) is a nonnegative function for all x ∈ R, t > 0.
We say that complete spreading occurs if there is a function t → r(t) > 0 such that
r(t) → ∞ as t → ∞ and u(x, t) satisfies

lim inf
t→∞

{
inf

|x|<r(t)
u(x, t)

}
> 0.
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Notice that the last inequality is equivalent to lim inft→∞ u(x, t) > 0 locally
uniformly in x ∈ R; it corresponds to the natural notion of uniform spreading from
the origin of R.

We first recall some results on the asymptotic spreading of the delayed reaction-
diffusion equation (1.1). If the corresponding ordinary differential equation of (1.1)
is monostable, e.g., b(u) = pue−u with p > d (see Gurney et al. [8] and Nicholson et
al. [17, 18]), then the asymptotic spreading characterized by the asymptotic speed
of spreading has been well studied, e.g., Liang and Zhao [13], Thieme and Zhao
[23], and Zhao [31]. Moreover, traveling wave solutions of (1.1), which is also a
useful tool describing the spatial propagation, have been extensively considered; we
refer to Gourley and So [7], Li et al. [12], Liang and Zhao [13], Ma [14], So et al.
[21], Thieme and Zhao [23], and Zhao [31].

In population dynamics, besides the monostable evolutionary models, bistable
models are also very important and universal since these models can describe the
well-known Allee effect (Du and Shi [4], Hopf and Hopf [9], Wang and Kot [24], and
Wang et al. [25]). In particular, Ma and Wu [15], Smith and Zhao [20], and Wang
et al. [26,27] investigated the existence, stability, and uniqueness of traveling wave
solutions in (1.1) under the following assumptions:

(A1) b(0) = 0 and dK = b(K) with K > 0;
(A2) there exists k ∈ (0,K) such that b(u) < du, u ∈ (0, k) while b(u) > du, u ∈

(k,K);
(A3) b′(u) > 0, u ∈ [0,K], and d > max{b′(0), b′(K)}.

Evidently, (A3) implies quasimonotonicity so that the comparison principle appeal-
ing to monotone semiflows can be applied. A typical example is (see Ma and Wu
[15])

b(u) = pu2e−u,

if d = pue−u has two roots for u ∈ (0, 2]. However, if d = pue−u has only one root
for u ∈ (0, 2] and 2pe−2 > d, then this system does not satisfy the quasimonotone
condition (A3) so that the theory of classical monotone dynamical systems fails.

In this paper, we shall investigate the long time behavior of (1.1) from the
viewpoint of complete spreading. Our main assumptions are first listed as follows:

(B1) b(0) = 0, dK = b(K) with K > 0, and b : R+ → R
+ is C1;

(B2) there exists k ∈ (0,K) such that b(u) < du, u ∈ (0, k), while b(u) > du, u ∈
(k,K);

(B3) there exists δ ∈ (0, k) such that b′(u) > 0, u ∈ [0, δ);
(B4) max{b′(0), b′(K)} < d and b′(k) > d;
(B5) b(u) ≥ 0, u ≥ 0, du > b(u), u > K, and there exists K such that supu>0 b(u)

= K;

(B6)
∫K

0
[b(u)− du]du > 0.

It should be noted that we do not require b(u) to be nondecreasing for u ∈ [0,K],
so it includes b(u) = pu2e−u as an example if d = pue−u has two distinct roots and
(B6) holds. Thus, it is possible that (1.1) does not generate a monotone semiflow
(see Smith [19]) even if 0 ≤ φ(x, s) ≤ K for all (x, s) ∈ R×[−τ, 0], which implies that
the comparison principle may fail. To address this issue, we shall introduce a proper
undelayed system with bistable nonlinearity if the delay τ is small, which admits
comparison principle if the nonlinearity is locally Lipschitz continuous. Using the
theory developed by Aronson and Weinberger [1], we shall obtain some sufficient
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conditions to ensure that complete spreading occurs in (1.1) even if φ(x, ·) = 0
for x outside a bounded nonempty interval. Thus, the complete spreading can
be persistent with respect to small time delay even if the birth function is not
monotone. Moreover, using the results on complete spreading, we also show that
the sign of the wave speed of bistable wavefronts persists if the time delay is small
and b(u), u ∈ [0,K], is monotone.

In particular, to spur on a complete spreading, the choice of the initial value
seems to be very technical and the time delay must be small, which is significantly
different from the case when u′ = −du + b(u) is monostable. However, these
conditions on the initial value and time delay are required in some cases, and we
show the necessity by investigating the asymptotic spreading of a delayed system
with quasimonotonicity.

The rest of this paper is organized as follows. In Section 2, we shall investigate
the initial value problem (1.1) and recall some results from Aronson and Wein-
berger [1]. In Section 3, we shall construct an undelayed bistable system which
can be studied by the techniques and results in Aronson and Weinberger [1] and
obtain some sufficient conditions on initial values such that a complete spreading oc-
curs. Subsequently, in Section 4, the finite upper bound of the speed of asymptotic
spreading is established. In Section 5, we give some comparisons on the complete
spreading between monostable and bistable delayed equations. In the last section,
a brief discussion on the time delay and Allee effect is presented.

2. Initial value problem

For the sake of convenience, we first introduce some notation. Let

X = {u(x) : u : R → R is bounded and uniformly continuous}.
Then X is a Banach space with respect to the supremum norm | · |. Denote

X+ = {u : u ∈ X and u(x) ≥ 0 for all x ∈ R}.
If a < b, then

X[a,b] = {u : a ≤ u(x) ≤ b for all x ∈ R}.
At the same time, we define

C : [−τ, 0] → X

as a continuous map with the supremum norm. Similarly, the mappings

C+ : [−τ, 0] → X+, C[a,b] : [−τ, 0] → X[a,b]

are continuous. Moreover, u(t) ∈ X will be interpreted as

u(t) =: (u(t))(x) = u(x, t).

For t > 0, we define T (t) : X → X as follows:

T (t)u(x) =
1√
4πt

∫
R

e−
(x−y)2

4t u(y)dy, u(x) ∈ X.

Then T (t) : X → X is an analytic positive semigroup. To use the theory of abstract
functional differential equations in Martin and Smith [16], similar to those in Smith
and Zhao [20] and Wang et al. [26], if u(s) ∈ X, we denote

T (t)u(s) =: T (t)u(x, s) =
1√
4πt

∫
R

e−
(x−y)2

4t u(y, s)dy.
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In Smith and Zhao [20], it was proved that the abstract results in Martin and
Smith [16] can be applied to (1.1). Similar to that in [20, Theorem 2.2], we first
give the following existence and uniqueness of the mild solution of (1.1).

Lemma 2.1. Assume that φ ∈ C. Then there exists σ ∈ (0,∞] such that (1.1) has
a unique mild solution u : [−τ, σ) → X, which can also be formulated by the integral
equation

(2.1) u(t) = T (t)φ(0) +

∫ t

0

T (t− s)F (us)ds,

with
F (us) = −du(s) + b(u(s− τ )), u(s) ∈ X.

If t > τ , then (2.1) defines a classical solution satisfying differential equation (1.1).
Moreover, if σ is bounded, then |u(t)| → ∞ if t → σ − .

Now, we recall some conclusions on reaction-diffusion equations (see Aronson
and Weinberger [1], Smith and Zhao [20], Ye et al. [28]).

Lemma 2.2. Consider the initial value problem

(2.2)

⎧⎨
⎩

∂w(x, t)

∂t
= Δw(x, t) + f(w(x, t)),

w(x, 0) = ϕ(x) ∈ X,

in which f : R → R is locally Lipschitz continuous.

(S1) If z(·, t) ∈ X with t ∈ [0, σ) satisfies⎧⎨
⎩

∂z(x, t)

∂t
≥ (≤)Δz(x, t) + f(z(x, t)),

z(x, 0) ≥ (≤)ϕ(x),

then z(x, t) ≥ (≤)w(x, t) for all x ∈ R, t ∈ [0, σ).
(S2) Assume that z(x, t) =: z(t) ∈ X with t ∈ [0, σ) satisfies

z(t) ≥ (≤)T (t− s)z(s) +

∫ t

s

T (t− θ)f(z(θ))dθ

for all 0 ≤ s ≤ t < σ. Then z(x, t) ≥ (≤)w(x, t) for all x ∈ R, t ∈ [0, σ).

In particular, we also formulate the following long time behavior of two equations
without proof.

Lemma 2.3. (i) Consider the initial value problem

(2.3)

⎧⎨
⎩

∂w(x, t)

∂t
= Δw(x, t)− dw(x, t),

w(x, 0) = ϕ(x) ∈ X+.

Then w(·, t) ∈ X+ and limt→∞ |w(·, t)| = 0.
(ii) Consider the initial value problem

(2.4)

⎧⎨
⎩

∂w(x, t)

∂t
= Δw(x, t)− dw(x, t) +K,

w(x, 0) = ϕ(x) ∈ X+.

If ϕ ∈ X[0,K/d], then w(·, t) ∈ X[0,K/d] for all t ≥ 0. Moreover,

lim
t→∞

|w(·, t)−K/d| = 0.
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The following result was established by Aronson and Weinberger [1, Theorem
3.3], which gives sufficient conditions for the occurrence of a complete spreading in
reaction-diffusion equations.

Lemma 2.4. Consider the initial value problem

(2.5)

{
∂u(x,t)

∂t = �u(x, t)− du(x, t) + b(u(x, t)),

u(x, 0) = φ(x),

in which b(u) satisfies (B1), (B2), (B4), and (B6).

(i) There exists k > k such that
∫ k

0
[b(u)− du]du = 0.

(ii) Let β ∈ (k,K) and define

bβ = 2

∫ β

0

1√
2
∫ β

0
[b(u)− du]du− 2

∫ s

0
[b(u)− du]du

ds;

then bβ is bounded.
(iii) Let c∗ > 0 be the unique wave speed of a bistable wave solution of (2.5). If

φ(x) ∈ X[0,K] and for some β ∈ (k,K), x0 ∈ R,

φ(x) ≥ β, x ∈ (x0, x0 + bβ),

then limt→∞ u(r(t), t) = K, where |r(t)| < ct with c ∈ (0, c∗). Namely, a
complete spreading occurs.

Remark 2.5. Lemma 2.4 only presents partial results of [1, Theorem 3.3].

We now give the boundedness and global existence of a mild solution.

Lemma 2.6. Assume that φ ∈ C[0,K/d]. Then (1.1) has a unique mild solution

u : [−τ,∞) → X such that u(t) ∈ X[0,K/d].

Lemma 2.7. Assume that τ is fixed. If φ ∈ C[0,K/d], then there exists a constant

C > 0 such that supx∈R
|∂u(x,t)∂t | < C, provided t > 3τ + 1.

Remark 2.8. Let τ0 > 0 be fixed, then we can choose C such that Lemma 2.7 holds
for any τ ∈ [0, τ0] and t > 3τ0 + 1. Moreover, the essential proof of Lemma 2.7 is
the same as Wang et al. [27, Proposition 4.3] for monotone equations and we omit
it here.

3. Persistence of complete spreading

In this section, we first construct a bistable equation without delay, which ex-
hibits complete spreading. Then using comparison principle and Lemma 2.4, we will
show that complete spreading persists for the delayed reaction-diffusion equation
(1.1) under certain conditions. Finally, the sign of wave speed of bistable traveling
wave solutions will be considered.

Lemma 3.1. Let ε > 0 be small. Then there exists F (u) such that

F (u) ≤ −du+ b(v)
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if |u− v| < ε, u ≥ 0, v ≥ 0, where F (u) satisfies the following assumptions:

(F1) there exists K ≤ K such that F (K) = dK and K → K if ε → 0;
(F2) there exists k1 such that F (k1) = 0 and F (u) < (>)0 if u ∈ (0, k1)(u ∈

(k1,K));

(F3)
∫K

0
F (u)du > 0.

Proof. If u < ε, we define

F (u(x, t)) = −du(x, t).

If u > 4ε, then we define

F (u) = −du+ b(u),

with

min
e∈[u−ε,u+ε]

b(e) ≥ b(u) ≥ min
e∈[u−2ε,u+2ε]

b(e).

Due to the smoothness of b(u), if ε > 0 is small, then b(u) satisfies

(b1) b(u) is C1 if u ∈ [4ε,K];
(b2) b(4ε) < 4dε;
(b3) there exists K ≤ K such that b(K) = dK.

If u(x, t) ∈ [ε, 4ε], let b(u) satisfy

(b4) 0 ≤ b(u) ≤ mine∈[u−ε,u+ε] b(e);

(b5) b(u) is C1 if u ∈ [0,K];
(b6) b(u) = du has no root for u ∈ [ε, 4ε].

By (B3), there exists b(u) satisfying (b1)-(b6). Let F (u) = −du + b(u); it is clear
that (F1)-(F3) hold. The proof is complete. �

Lemma 3.2. Assume that τ ≤ 1/4 is small enough. If φ ∈ C[0,K/d], then

−du(x, t) + b(u(x, t− τ )) ≥ F (u(x, t))

for any t > 2, in which F satisfies

(F1′) there exists K ≤ K such that F (K) = dK and K → K if τ → 0;
(F2′) there exists k1 such that F (k1) = 0 and F (u) < (>)0 if u ∈ (0, k1)

(u ∈ (k1,K));

(F3′)
∫K

0
F (u)du > 0.

Proof. By what we have done, for any ε > 0, there exists τ0 ∈ (0, 1/4) such that

|u(x, t)− u(x, t− τ )| < ε

for any t ≥ 2 and τ < τ0. Then the result follows from Lemma 3.1. �

By Lemma 3.2, the following conclusion is clear.

Lemma 3.3. If τ ≤ 1/4 is small enough and φ ∈ C[0,K/d] holds, then u(x, t)

satisfies

(3.1)
∂u(x, t)

∂t
≥ �u(x, t) + F (u(x, t)), t ≥ 2,

where F satisfies (F1′)-(F3′) in Lemma 3.2.

Now, we are in a position to display the possibility of complete spreading in (1.1)
if the initial value admits a nonempty compact support.
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Theorem 3.4. Assume that Lemma 3.3 and φ ∈ C[0,K/d] hold. If for all s ∈ [−τ, 0]

and some x ∈ R, |φ(y, s)−K| is small on a large neighborhood of x, then

lim inf
t→∞

u(x, t) ≥ K for each x ∈ R.

Proof. Consider

(3.2)

{
du(t)
dt = −du(t) + b(u(t− τ )),

u(s) = K, s ∈ [−τ, 0].

Then u(t) = K for all t > 0. By the continuous dependence of the initial value, we
see that u(t)−K, t ∈ [0, 2], will be small if sups∈[−τ,0] |u(s)−K| is small.

Moreover, since
1√
4πt

∫ N

−N

e−
y2

4t dy → 1, N → ∞,

and the convergence is uniform if t ∈ (0, 2], then u(x, 2)−K can be small on a large
interval of x ∈ R if φ(x, s)−K is small on a large interval of x ∈ R, s ∈ [−τ, 0].

By Lemma 2.4, we complete the proof. �

In fact, besides the above case, there are also some other initial value conditions
ensuring that a complete spreading occurs. For example, we have the following
results.

Proposition 3.5. Assume that there exists K0 ∈ (K,K) such that K0e
−2d ≥ Kd.

If φ ∈ C[0,K/d] and φ(x, s) > K0 on a large interval of x ∈ R for all s ∈ [−τ, 0],

then a complete spreading occurs if τ > 0 is small.

Proof. From Lemma 2.6 and (2.3), we see that u(x, 2) ≥ K on a large interval.
Using Lemma 2.4, we complete the proof. �

Proposition 3.6. Assume that there exists β < K such that
∫ β

0
[b(u)− du]du > 0

and b(u) > dβ for any u > β. If φ ∈ C[0,K/d] and φ(x, s) > β holds on a large

interval of x ∈ R for all s ∈ [−τ, 0], then a complete spreading occurs for small
τ > 0.

Proof. Consider the functional differential equation{
du(t)
dt = −du(t) + b(u(t− τ )),

u(s) > β, s ∈ [−τ, 0].

Evidently, we have u(t) > β for all t > 0. Note that

1√
4πt

∫ N

−N

e−
y2

4t dy → 1, N → ∞,

and the convergence is uniform if t ∈ (0, 2], then u(x, 2) > β holds on a large
interval. The proof is complete. �

We now consider the application of complete spreading by investigating the sign
of wave speed of traveling wave solutions in

(3.3)
∂u(x, t)

∂t
= �u(x, t)− du(x, t) + b(u(x, t− τ ))

if b(u) is monotone for u ∈ [0,K], which implies that (3.3) satisfies the so-called
quasimonotone condition. Herein, a traveling wave solution is a special solution
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u(x, t) = �(x + ct), in which c ∈ R is the wave speed while �(ξ) ∈ C2(R,R) is the
wave profile. In Ma and Wu [15], Smith and Zhao [20], and Wang et al. [26], the
following result was proved.

Lemma 3.7. Assume that (B1)-(B4) hold and b(u) is monotone for u ∈ [0,K].

(i) There exists a unique c ∈ R such that (3.3) has a unique traveling wave
solution satisfying

lim
ξ→−∞

�(ξ) = 0, lim
ξ→∞

�(ξ) = K,

and �(ξ) is strictly monotone in ξ ∈ R. Such a traveling wave solution is
called a bistable wavefront.

(ii) Assume that φ ∈ C[0,K] such that

lim sup
x→−∞

φ(x, s) < k, lim inf
x→∞

φ(x, s) > k for all s ∈ [−τ, 0].

Let u(x, t) be the unique mild solution to (1.1). Then there exists ξ+ ∈ R

such that

lim
t→∞

sup
x∈R

|�(x+ ct+ ξ+)− u(x, t)| = 0.

We have the following result on the positivity of the wave speed c.

Theorem 3.8. Assume that (B1)-(B4) and (B6) hold and b(u) is monotone for
u ∈ [0,K]. If τ > 0 is small enough, then the wave speed c > 0.

Proof. Let φ(x, s) = �(x + cs), then limξ→∞ �(ξ) = K implies that Theorem 3.4
holds such that a complete spreading can occur. Thus c > 0 by Lemma 3.7. The
proof is complete. �

4. Finite speed of geographic expansion

In this section, we shall prove that if the initial value C[0,K/b] 	 φ = 0 outside

a bounded nonempty interval of x ∈ R, then u(x, t) has a rough upper bound of
spreading speed at which the geographic range of the individual expands. Consider
the initial value problem

(4.1)

⎧⎨
⎩

∂w(x, t)

∂t
= Δw(x, t)− dw(x, t) + f(w(x, t− τ )),

w(x, s) = ϕ(x, s), s ∈ [−τ, 0],

where f satisfies the following assumptions:

(f1) f(0) = 0, f(M) = dM with M > 0;
(f2) f(u) > du, u ∈ (0,M);
(f3) f is C1 and f ′(u) ≥ 0, f(u) ≤ f ′(0)u, u ∈ [0,M).

By the results in Smith and Zhao [20], we have the following lemma.

Lemma 4.1. Assume that ϕ ∈ C[0,M ].

(1) (4.1) has a unique mild solution w(t) ∈ X[0,M ].
(2) If w(t) : [−τ,∞) → X[0,M ] such that

w(t) ≤ T (t− s)w(s) +

∫ t

s

T (t− θ)[−dw(θ) + f(wθ)]dθ

for any 0 ≤ s < t < ∞, then w(t) ≤ w(t), t > 0.
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To formulate our result, for λ > 0, c > 0, we define

Δ(λ, c) = λ2 − cλ− d+ f ′(0)e−λcτ .

Lemma 4.2. There exists a constant c∗ > 0 such that Δ(λ, c) = 0 has no real root
if c < c∗ and two real roots if c > c∗.

We first recall a conclusion from Thieme and Zhao [23].

Lemma 4.3. If (f1)-(f3) hold and ϕ ∈ C[0,M ] with ϕ(x, ·) = 0 for x outside a
bounded interval, then

lim
t→∞

sup
|x|>ct

w(x, t) = 0

for any c > c∗. Moreover, if ϕ(x, s) > 0 for some x and s, and c < c∗, then

lim
t→∞

inf
|x|<ct

w(x, t) = lim
t→∞

sup
|x|<ct

w(x, t) = M.

Now we present a result on the bound of the wave speed.

Theorem 4.4. Assume that φ ∈ C[0,K/b] with ϕ(x, ·) = 0 for x outside a bounded

interval. Then

lim
t→∞

sup
|x|>ct

u(x, t) = 0

for any c > c∗ by letting f ′(0) = supu∈[0,K/d] b
′(u) in Lemma 4.2.

Proof. Let supu∈[0,K/d] b
′(u) = b+. If b+u < k/2, define

b(u) = b+u.

Otherwise, let b(u) satisfy

(c1) b(u) ≤ b+u, u > 0;
(c2) b(u) = du has only one positive root K/d;
(c3) b(u) = K if u > K/d;
(c4) b(u) is monotone if u ∈ [0,K/d].

Clearly, such a b(u) is admissible and satisfies (f1)-(f3). Moreover, by the proof of
Lemma 2.6, we have

u(t) = T (t− s)u(s) +

∫ t

s

T (t− θ)F (uθ)dθ

≤ T (t− s)u(s) +

∫ t

s

T (t− θ)[−du(θ) + b(uθ)]dθ

for any 0 ≤ s < t < ∞. Using Lemmas 4.1-4.3, we complete the proof. �

5. Failure of complete spreading

In this section, we shall show some differences between monostable and bistable
equations when complete spreading is concerned. For the sake of comparison, we
first recall the complete spreading of a monostable equation. Then we demonstrate
that complete spreading may fail to occur in a quasimonotone equation of which the
corresponding reaction equation is bistable, which also demonstrates the necessity
of requirements on the initial value and time delay for the occurrence of complete
spreading in delayed reaction-diffusion equations.
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5.1. A monostable equation. We first list some results on the complete spread-
ing of a monostable equation

(5.1)

⎧⎨
⎩

∂w(x, t)

∂t
= Δw(x, t)− dw(x, t) + f(w(x, t− τ )),

w(x, s) = ϕ(x, s), s ∈ [−τ, 0],

where f satisfies the following assumptions:

(A1) f(0) = 0 and there is an M > 0 such that f(M) = dM ;
(A2) f(w) > dw,w ∈ (0,M);
(A3) f is C1 and f(w) ≤ f ′(0)w;
(A4) f(w) > 0 is bounded for all w > 0.

Differing from those in Section 4, we do not require monotonicity of the birth
function.

Lemma 5.1. Assume that ϕ ∈ C+. Then w(t) ∈ X+ is bounded and

lim sup
t→∞

|w(t)| ≤ sup
u≥0

f(u)/d,

where w(t) is the unique mild solution to (5.1).

By Fang and Zhao [6] (also see Hsu and Zhao [10] and Li et al. [11]), we have
the following conclusion.

Theorem 5.2. Assume that ϕ ∈ C+ with ϕ(x, s) > 0 for some x and s. Then

lim inf
t→∞

inf
|x|<ct

u(x, t) > 0

for any c < c∗, where c∗ is defined by Lemma 4.2.

5.2. A bistable equation. In this subsection, we show the necessity of require-
ments on the initial value and time delay for the occurrence of complete spreading
in a delayed equation. Clearly, if τ is small enough, it is not difficult to extend our
conclusion to the equation

(5.2)

{
∂u(x,t)

∂t = �u(x, t) + F (u(x, t), u(x, t− τ )),

u(x, s) = φ(x, s), s ∈ [−τ, 0],

in which F : R2 → R such that

(5.3)
du(t)

dt
= F (u, u)

is a bistable equation with F (0, 0) = F (k, k) = F (K,K), 0 < k < K.
In particular, let r > 0, a ∈ (0, 1/2) and

F (u, v) = ru(1− u)(v − a), u, v ∈ [0, 1].

Then (5.2) satisfies conditions in Smith and Zhao [20] and Wang et al. [26] so that
its traveling wave solutions can be investigated. From the viewpoint of asymp-
totic spreading, the invasion process from an unbounded domain to an unbounded
domain can be successful by the stability of traveling wave solutions if the wave
speed is positive. However, if the initial value is far away from the traveling wave
solutions, whether a complete spreading can occur remains open. We now give an
example to illustrate the possible failure of complete spreading.

The following comparison principle was established by Smith and Zhao [20].



COMPLETE SPREADING IN DELAYED EQUATIONS 1069

Lemma 5.3. Assume that F (u, v) = ru(1 − u)(v − a) and φ(s) ∈ C[0,1]. Then
u(t) ∈ X[0,1] for all t > 0. Moreover, if u ∈ X[0,1] satisfies

(5.4)

{
∂u(x,t)

∂t ≥ (≤)�u(x, t) + F (u(x, t), u(x, t− τ )),

u(x, s) ≥ (≤)φ(x, s), s ∈ [−τ, 0],

then u(x, t) ≥ (≤)u(x, t).

Assume that τ > 2. For x ∈ R, we define

(5.5) φ(x, s) =

⎧⎪⎨
⎪⎩
β, s ∈ [−1, 0],

ψ(s), s ∈ [−2,−1],

0, s ∈ [−τ,−2],

where β ∈ (a, 1) and
∫ β

0
ru[1 − u][u − a]du > 0, ψ(−2) = 0, φ(−1) = β and ψ(s)

is monotone and continuous. Thus, the solution of (5.2) is spatially homogeneous
and is the same as the following functional differential equation

(5.6)

{
du(t)
dt = ru(t)(1− u(t))(u(t− τ )− a),

u(s) = φ(x, s), s ∈ [−τ, 0] for any x ∈ R.

It is easy to check that

u(t) < a, t ∈ [τ, 2τ ]

if τ > 2 is large enough. Thus, we obtain

u(x, t) < a, t ∈ [τ, 2τ ], x ∈ R.

Therefore, we can choose λ > 0 small enough such that

u(x, t) ≤ ae−λt =: u(t), t ∈ [τ, 2τ ],

and
du(t)

dt
≥ ru(t)(1− u(t))(u(t− τ )− a), t > 2τ.

Since the quasimonotone condition holds, the comparison principle implies that

0 ≤ u(x, t) ≤ ae−λt, t > 2τ,

and we have limt→∞ supx∈R
u(x, t) = 0.

Remark 5.4. By Lemma 5.3, we further see that the complete spreading will be a
failure if its initial value in C[0,1] is smaller than that in (5.5). Namely, the complete
spreading will be a failure if its initial value does not satisfy proper requirements
and the delay is large.

6. Discussion

In ecological communities, there are factors that can lead to the so-called phe-
nomenon of Allee effect, for example, the need of a minimal group size necessary
to successfully raise offspring, produce seeds, and forage. These facts play crucial
roles in the persistence of higher living organisms. Generally a small group size
often leads to the decline of genes such that the species may go extinct. Therefore,
there is a positive threshold of the population density that must be surpassed if a
community admitting Allee effect would persist. In population dynamics, the Allee
effect is often modeled by an equation with bistable nonlinearity.
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Moreover, if the period of hatching or duration of gestation is considered, then
we need to include time delay in the evolutionary system. For many higher living
organisms, not only the number of individuals is required, but also the structure
of community should be considered since the shortage of mates could lead to the
Allee effect. An easy but extreme example is the evolution of a community in which
the individuals are of the same sex. Clearly, the community will go extinct if the
species is sexually reproductive. Therefore, if a group with Allee effect that arises
from the shortage of mates would persist, then proper gender ratio is needed. The
requirements on both the population number and the population structure imply
that proper initial value should be equipped in order to obtain a successful complete
spreading in a bistable evolutionary system with time delay. In this paper, we have
shown that if the initial value does not satisfy proper constraints in the whole delay
interval, then complete spreading cannot be successful even if the initial value can
surpass the threshold for all x ∈ R at some point of the delayed interval.

To formulate the spatial propagation of evolutionary systems, a useful tool is
the traveling wave solution. In particular, the existence of a stable traveling wave
solution can be used to explain the spatial invasion process from an unbounded
domain to the whole R (mathematically, we can see the second item of Lemma
3.7). However, to characterize the invasion direction, we need to know the sign of
wave speed. To our knowledge, the sign of wave speed of bistable traveling wave
solutions in delayed diffusion systems remains open. Therefore, it is not an easy
work to formulate the invasion direction of a bistable equation with time delay.
However, if the delay is small enough in a scalar equation with quasimonotonicity,
then we have proved that the sign of wave speed does not change.

For undelayed systems, for example, reaction-diffusion systems, the hair trig-
ger effect can formulate the success/failure of propagation of perturbation of the
unpopulated state, see Aronson and Weinberger [1, 2]. In particular, if the cor-
responding reaction system is monostable and the unpopulated state is unstable,
it was proved the hair trigger effect could exist. Furthermore, for delayed models
(5.1), we can also say that the hair trigger effect still holds since the phase space
is C and C+ 	 ϕ(x, ·) = 0 outside a bounded nonempty interval of x ∈ R can be re-
garded as a perturbation of 0 ∈ C; see Theorem 5.2. However, if the corresponding
reaction system is bistable, then the success of complete spreading may encounter
some difficulties and we gave an example in Section 5. Therefore, the hair trigger
effect can be false in the delayed diffusion system of which the corresponding reac-
tion system is bistable, which implies that the combination of Allee effect and time
delay may lead to very plentiful and complex dynamics in evolutionary systems.
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