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GEOMETRIC DESCRIPTION OF THE CLASSIFICATION

OF HOLOMORPHIC SEMIGROUPS

DIMITRIOS BETSAKOS

(Communicated by Jeremy Tyson)

Abstract. We consider parabolic semigroups (φt)t≥0 of holomorphic self-
maps of the unit disk D with Denjoy-Wolff point 1, Koenigs function h and
associated planar domain Ω. We give a geometric description of the classifica-
tion of such semigroups: The semigroup is of positive hyperbolic step if and
only if Ω is contained in a horizontal half-plane. Moreover, a semigroup of pos-
itive hyperbolic step has trajectories that converge to 1 strongly tangentially
(namely the semigroup is of finite shift) if and only if h is conformal at 1.

1. Introduction

A one-parameter continuous semigroup of holomorphic functions in the unit disk
D is a family of holomorphic functions φt : D → D, t ≥ 0, with the properties:

(a) φ0 is the identity in D.
(b) φt+s = φt ◦ φs, for all t, s ≥ 0.
(c) limt→s φt(z) = φs(z), for all s ≥ 0 and all z ∈ D.
The fundamental results of the theory of such semigroups are presented in

[1, Chapter 1.4]. This book contains also detailed references to the original contri-
butions. The main trends of the current research on the subject may be found in
[4], [12], [13], [15], [16].

The basic characteristic of the dynamical behavior of a semigroup (φt) is de-
scribed as follows (see [1, Theorem 1.4.17]): There exists a point τ ∈ D ∪ ∂D such
that for every z ∈ D,

(1.1) lim
t→+∞

φt(z) = τ.

This point τ is called the Denjoy-Wolff point of the semigroup. The semigroups
with interior Denjoy-Wolff point are called elliptic. In the present article we will be
interested in semigroups with boundary Denjoy-Wolff points. In this case we may
assume without essential loss of generality that the Denjoy-Wolff point is the point
1. This point is the unique attractive boundary fixed point of each of the functions
φt, t ≥ 0. This means that for every t ≥ 0,

(1.2) ∠ lim
z→1

φt(z) = 1 (angular limit)
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and

(1.3) φ′
t(1) := ∠ lim

z→1

φt(z)− 1

z − 1
≤ 1 (angular derivative).

The semigroup is called hyperbolic if for some (equivalently, for all) t > 0,
φ′
t(1) < 1; the semigroup is called parabolic if φ′

t(1) = 1. See [4, Theorem 2.1].
Every semigroup (φt) with Denjoy-Wolff point 1 has a very useful representation

[1, Theorem 1.2.22]: There exists a unique conformal mapping h : D → C such that
h(0) = 0 and

(1.4) φt(z) = h−1(h(z) + t), t ≥ 0, z ∈ D.

The map h is called the Koenigs function of the semigroup. The domain Ω := h(D)
is the associated planar domain. It follows from (1.4) that Ω is convex in the
positive direction; this means that if w ∈ Ω, then the half-line {w + s : s ≥ 0} is
contained in Ω.

By a theorem of Contreras and Dı́az-Madrigal [4, Theorem 2.1], we can decide
whether a semigroup with Denjoy-Wolff point 1 is hyperbolic or parabolic simply
by looking at its associated planar domain Ω: If Ω is contained in a horizontal strip,
then the semigroup is hyperbolic; otherwise, it is parabolic.

Contreras and Dı́az-Madrigal introduced a further distinction within the class
of parabolic semigroups. For w ∈ Ω, they let δΩ(w) be the distance of w from
the boundary of Ω and considered parabolic semigroups for which the limit
lims→+∞ δΩ(w + s) is finite, and parabolic semigroups for which this limit is infi-
nite. They showed that these two classes have different dynamic behavior, when
t → +∞. We will further clarify this classification of parabolic semigroups.

We say that a parabolic semigroup is of zero hyperbolic step if for some s > 0
and some z ∈ D,

(1.5) lim
t→+∞

ρD(φt(z), φt+s(z)) = 0.

Here ρD denotes the hyperbolic distance in D. Note that by the Schwarz-Pick lemma
and the semigroup property, the function

(1.6) [0,+∞) 	 t 
→ ρD(φt(z), φt+s(z)) ∈ [0,+∞)

is decreasing. So the limit in (1.6) exists. If (1.5) does not hold for some s > 0 and
some z ∈ D, then the limit is equal to a positive number (which depends on s and
z). In this case, we say that the semigroup is of positive hyperbolic step.

The above terminology comes from the theory of iteration of holomorphic self-
maps of D. The seminal papers of that theory are [2] and [20]. We also refer to [1],
[8], [9], [11], [13], [17], [18], [19], [22]. Let φ be a holomorphic self-map of D with
no fixed point in D. By the Denjoy-Wolff theorem the n-th iterate φn = φ ◦ · · · ◦ φ
(n times) converges (as n → +∞) uniformly on compact subsets of D to a point
τ ∈ ∂D which is called the Denjoy-Wolff point of φ. Moreover, φ has finite non-
zero angular derivative at τ and φ′(τ ) ≤ 1. The function φ is called hyperbolic if
φ′(τ ) < 1 and parabolic if φ′(τ ) = 1. A parabolic function φ is said to be of zero
hyperbolic step if for some (equivalently, for all) z ∈ D,

(1.7) lim
n→+∞

ρD(φn(z), φn+1(z)) = 0;

otherwise, φ is said to be of positive hyperbolic step. Note that if a semigroup (φt)
has Denjoy-Wolff 1 and it is parabolic, then each of its member functions φt has
Denjoy-Wolff 1 and it is parabolic.
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The theorem below shows that the above classification of parabolic semigroups
is well defined. Moreover, the theorem provides a simple geometric description of
this classification.

Theorem 1. Suppose that (φt) is a parabolic semigroup with Denjoy-Wolff point
1 and associated planar domain Ω. The following are equivalent.

(1) (φt) is of positive hyperbolic step.
(2) For every z ∈ D and every s > 0, the limit limt→+∞ ρD(φt(z), φt+s(z)) exists

and it is equal to a strictly positive number.
(3) For every t > 0, the function φt is of positive hyperbolic step.
(4) For some t > 0, the function φt is of positive hyperbolic step.
(5) For some w ∈ Ω, the limit limt→+∞ δΩ(w + t) exists and is finite.
(6) For every w ∈ Ω, the limit limt→+∞ δΩ(w + t) exists and is finite.
(7) The domain Ω is contained in a horizontal half-plane.

The equivalence of (1) and (7) is implicit in [8].
Of course, Theorem 1 implies a corresponding statement for parabolic semigroups

of zero hyperbolic step. We state a shortened version of this statement.

Corollary 1. Suppose that (φt) is a parabolic semigroup with Denjoy-Wolff point
1 and associated planar domain Ω. The following are equivalent.

(1) (φt) is of zero hyperbolic step.
(2) For every t > 0, the function φt is of zero hyperbolic step.
(3) For every w ∈ Ω, limt→+∞ δΩ(w + t) = +∞.
(4) The domain Ω is not contained in a horizontal half-plane.

The equivalence of (1) and (2) is also proved in [5, Lemma 5.1]
There is a different classification of semigroups that involves the trajectories of

the semigroup. Let (φt) be a semigroup. For z ∈ D, the curve

(1.8) γz : [0,+∞) → D with γz(t) = φt(z)

is the trajectory starting from z. Note that γz tends asymptotically to 1 as t → +∞.
An important object of study is the precise description of the asymptotic behavior
(rate of convergence, angular characteristics) of the trajectories in relation with the
type of the semigroup; see [3], [4], [6], [13], [16] and references therein.

A horodisk at 1 is a disk of the form

(1.9) Δη = {z ∈ D : d(z, 1) < η}, 0 < η < +∞,

where

d(z, 1) =
|1− z|2
1− |z|2 , z ∈ D.

Note that Δη is internally tangent to the unit circle at the point 1. We say that
the trajectory γz converges to 1 strongly tangentially if there exists an η > 0 such
that (the image of) γz lies outside Δη. We will see later that this property does
not depend on the initial point z of the trajectory. Note that by Julia’s lemma (see
[1] or [22]), for z ∈ D, the function

(1.10) (0,+∞) 	 t 
→ d(γz(t), 1) ∈ (0,+∞)

is decreasing. Therefore, (φt) has strongly tangential trajectories if the limit

(1.11) lim
t→+∞

d(γz(t), 1)
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is equal to a positive number (which may depend on z). In this case we say that the
semigroup is of finite shift. Otherwise, when the limit is equal to 0, we say that the
semigroup has weakly tangential trajectories, or that the semigroup is of infinite
shift. Observe that every trajectory of a semigroup of infinite shift penetrates
every sufficiently small horodisk as it approaches the attractive point 1. Again the
terminology comes from the theory of iteration (see [9, p. 66]). A holomorphic
function φ : D → D is of finite shift if for some (equivalently for all) z ∈ D,

(1.12) lim
n→+∞

d(φn(z), 1) < +∞;

otherwise, when the limit is equal to 0, φ is of infinite shift. The important role of
these definitions in iteration theory was observed by Poggi-Corradini [17].

If a semigroup is hyperbolic, then for every z ∈ D and every t > 0,

(1.13) d(φt(z), 1) < e−βt d(z, 1)

for some β > 0; see [13, p. 24]. Therefore, the semigroup (and each of its members)
is of finite shift. So we concentrate on parabolic semigroups.

Theorem 2. Suppose that (φt) is a parabolic semigroup with Denjoy-Wolff point
1. The following are equivalent.

(1) (φt) is of infinite shift.
(2) For every z ∈ D, limt→+∞ d(φt(z), 1) = 0.
(3) For every t > 0, the function φt is of infinite shift.
(4) For some t > 0, the function φt is of infinite shift.

Corollary 2. Suppose that (φt) is a parabolic semigroup with Denjoy-Wolff point
1. The semigroup is of finite shift if and only if for every t > 0, the function φt is
of finite shift.

Suppose now that (φt) is a parabolic semigroup with Denjoy-Wolff point 1 and
zero hyperbolic step. By Theorem 1, for every t > 0, φt is a function of zero
hyperbolic step. Then by a theorem of Poggi-Corradini [19, Proposition 4.1] (see
also [10, Proposition 3.3]), φt is of infinite shift. It follows from Theorem 2 that
the semigroup (φt) is of infinite shift. Therefore, we can classify the parabolic
semigroups into three disjoint classes:

(a) Semigroups with zero hyperbolic step and infinite shift.
(b) Semigroups with positive hyperbolic step and infinite shift.
(c) Semigroups with positive hyperbolic step and finite shift.
By Theorem 1, if Ω is not contained in a horizontal half-plane, then the semigroup

belongs to class (a). We will give a geometric description for the classes (b) and
(c). The description involves the classical notion of conformality of a conformal
map f : D → C at a boundary point ζ ∈ ∂D. The pertinent theory is presented in
[14] and [21]. We state the definition for the point ζ = 1. The function f is called
conformal at 1 if the angular limit f(1) �= ∞ exists and the angular derivative f ′(1)
exists and it is finite and non-zero. If f(1) = ∞, we consider a Möbius map ψ
sending ∞ to a finite point and we say that f is conformal at 1 if ψ ◦f is conformal
at 1. Also, if F maps a half-plane Π conformally into itself and F (∞) = ∞ (angular
limit), we consider a Möbius map ϕ sending Π onto D and ∞ to 1 and we say that
F is conformal at infinity if ϕ ◦ F ◦ ϕ−1 : D → D is conformal at 1.
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Theorem 3. Let (φt) be a parabolic semigroup with Denjoy-Wolff point 1, Koenigs
function h and associated planar domain Ω. Suppose that (φt) is of positive hyper-
bolic step and let

Hρ = {w ∈ C : Imw > −ρ}, ρ > 0,

be the smallest horizontal half-plane containing Ω. The following are equivalent.
(1) (φt) is of finite shift.
(2) If Δ is a horodisk at 1, then h(Δ) lies in a horizontal half-plane which is

strictly contained in Hρ.
(3) h is conformal at 1.

The corresponding result for infinite shift is the following:

Corollary 3. Let (φt) be a parabolic semigroup of positive hyperbolic step with
Denjoy-Wolff point 1 and Koenigs function h. The semigroup (φt) is of infinite
shift if and only if h is not conformal at 1.

We note that conformality of h at 1 is a geometric property of Ω. By a theorem
of Jenkins, Oikawa, Rodin, and Warschawski (see [14, Chapter V], [21, Chapter
11]), there exists a necessary and sufficient geometric condition (involving extremal
length) that guarantees the conformality of h at 1. In general, this condition is
extremely delicate but in many cases it implies simple Euclidean geometric condi-
tions.

If (in the context of Theorem 3) Ω contains a horizontal half-plane, then its
boundary is contained in a strip. Then one can use [21, Theorem 4.14] and conclude
that h is conformal at 1. Thus we obtain a simple condition that implies that the
semigroup is of finite shift:

Corollary 4. Let (φt) be a parabolic semigroup of positive hyperbolic step with
Denjoy-Wolff point 1 and associated planar domain Ω. If Ω contains a horizontal
half-plane, then (φt) is of finite shift.

2. Proof of Theorem 1

The implications (6)⇒(5), (2)⇒(1), (3)⇒(4), (7)⇒(6) are obvious.
(5)⇒(7): We assume that for some w ∈ Ω, δΩ(w + t) → ρ < ∞ as t → +∞.

Then

(2.1) lim
n→+∞

δΩ(w + n) = ρ.

We claim that for every n ∈ N, the closed vertical segment

Kn = [w + n− iρ, w + n+ iρ]

intersects the boundary of Ω. Indeed, if Km ⊂ Ω for some m, then by the convexity
of Ω in the positive direction, the closed half-strip

{u+ iv ∈ C : u ≥ Rew +m, Imw − ρ < v < Imw + ρ}
would be contained in Ω. Hence δΩ(w+ n) > ρ for every sufficiently large n. Since
δΩ(w + n) is an increasing sequence, this contradicts (2.1).

Therefore, there exist positive integers n1 < n2 < . . . such that each K−
nk

or

each K+
nk

intersects ∂Ω, where

K−
n = [w + n− iρ, w + n], K+

n = [w + n,w + n+ iρ].
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We assume the first possibility (the second is treated in a similar way). Suppose
that there exists w1 ∈ Ω with Imw1 < −ρ. Since Ω is connected, there is a path α
in Ω joining w1 with w. Let

s1 = max{Re ζ : ζ ∈ α}.
Take nk large enough so that Rew+nk > s1. Then there exists a point w+nk−iη ∈
∂Ω with 0 < η ≤ ρ. By the convexity of Ω in the positive direction, the half-line

{w + nk − iη + s : s ≤ 0}
lies in the complement of Ω and intersects the path α ⊂ Ω; a contradiction.

(7)⇒(2): Suppose that Ω is contained in a horizontal half-plane H. We denote
by ρΩ and ρH the hyperbolic distances in Ω and H. By the conformal invariance
and the domain monotonicity of the hyperbolic distance, for z ∈ D, t, s > 0, and
w = h(z),

ρD(φt(z), φt+s(z)) = ρΩ(w + t, w + t+ s)(2.2)

≥ ρH(w + t, w + t+ s)

= ρH(w,w + s) > 0.

Therefore the decreasing function t 
→ ρD(φt(z), φt+s(z)) converges to a strictly
positive number, as t → +∞.

(1)⇒(5): Suppose that (1) holds but (5) is false. Then for every w ∈ Ω,

(2.3) lim
t→+∞

δΩ(w + t) = +∞.

Let z = h−1(w) and denote by λΩ the density of the hyperbolic metric in Ω. By
well-known properties of the hyperbolic distance (see [21, §4.6]), for every s > 0,

ρD(φt(z), φt+s(z)) = ρΩ(w + t, w + t+ s)(2.4)

≤
∫ s

0

λΩ(w + t+ r) dr

≤
∫ s

0

1

δΩ(w + t+ r)
dr

≤ s

δΩ(w + t)
.

It follows from (2.3) and (2.4) that for every z ∈ D and every s > 0,

(2.5) lim
t→+∞

ρD(φt(z), φt+s(z)) = 0.

This contradicts (1).
(2)⇒(3): Let t > 0 and z ∈ D. Because of (2), the limit

(2.6) lim
n→+∞

ρD(φtn(z), φt(n+1)(z)) = lim
n→+∞

ρD(φtn(z), φtn+t(z))

exists and it is equal to a positive number. Hence the function φt is of positive
hyperbolic step.

(4)⇒(1): Suppose that for some s > 0, the function φs is of positive hyperbolic
step. Consider the sequence tn = ns, n ∈ N. Then for z ∈ D, the sequence

ρD(φtn(z), φtn+s(z)) = ρD(φsn(z), φs(n+1)(z))

converges to a positive number. Since the function

(0,+∞) 	 t 
→ ρD(φt(z), φt+s(z)) ∈ (0,+∞)
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is decreasing, we conclude that the limit

lim
t→+∞

ρD(φt(z), φt+s(z))

is equal to a positive number. This means that the semigroup (φt) is of positive
hyperbolic step.

We have proved that (2)⇒(3)⇒(4)⇒(1)⇒(5)⇒(7)⇒(2) and that (7)⇒(6)⇒(5).
So all the conditions (1)-(7) are equivalent and Theorem 1 has been proved.

3. Proof of Theorem 2

The implications (2)⇒(1) and (4)⇒(3) are obvious.
(1)⇒(4): By (1), for some z ∈ D,

(3.1) lim
t→+∞

d(φt(z), 1) = 0.

It follows that for this z and any t > 0,

(3.2) lim
n→+∞

d(φtn(z), 1) = 0.

So the function φt is of infinite shift.
(3)⇒(2): Suppose that for some t > 0, the function φt is of infinite shift. Then

for z ∈ D,

(3.3) lim
t→+∞

d(φtn(z), 1) = 0.

But d(φu(z), 1) is a decreasing function of u ∈ (0,+∞). Therefore, (3.3) implies
that

(3.4) lim
u→+∞

d(φu(z), 1) = 0.

4. Proof of Theorem 3

(3)⇒(2): Suppose that h is conformal at 1. Let g2 be the Möbius transformation
that maps the half-plane Hρ onto the unit disk so that g2(0) = 0 and g2(∞) = 1.
Then the function g = g2 ◦ h is a conformal map of D into itself and for its angular
derivative at 1 we have g′(1) ∈ (0,+∞). Let

Δη = {z ∈ D : d(z, 1) < η}
be a horodisk at 1. By Julia’s lemma (see e.g. [1, §1.2.1]), the image of Δη under
g is contained in the horodisk Δηg′(1). It follows that h(Δη) lies in the half-plane

g−1
2 (Δηg′(1)) which is strictly contained in Hρ.
(2)⇒(1): Let Δη, η > 0, be a horodisk at 1. Because of (2), h(Δη) lies in a

horizontal half-plane

Hρ′ = {ζ : Im ζ > −ρ′}
with ρ′ < ρ. We choose a w ∈ Ω \ Hρ′ ; note that Ω \ Hρ′ �= ∅ because Hρ is
the smallest horizontal half-plane containing Ω. Set z := h−1(w) and consider the
trajectory γz starting from z. Since h(γz) = {w + t : t ≥ 0} lies outside h(Δη), we
infer that γz lies outside the horodisk Δη. This means that the semigroup (φt) is
of finite shift.

(1)⇒(3): Suppose that the semigroup (φt) is of finite shift. Consider the member
function φ1 of the semigroup. By Corollary 2, φ1 is of finite shift. Let σ1 : D → C
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be the Koenigs function associated with φ1 and a point zo ∈ D. This is a function
that satisfies in D the Abel equation

σ1 ◦ φ1 = σ1 + 1

and it is obtained as a limit of a specific sequence of functions; see [8, Theorem
2.2]. We may assume that σ′

1(zo) �= 0; see [8, Remark 3.2]. By [8, Proposition 3.3],
σ1(D) lies in a horizontal half-plane. By composing by a Möbius transformation,
we may assume that this half-plane is Hρ. Observe that by (1.4), h satisfies the
Abel equation

h ◦ φ1 = h+ 1.

By a theorem of Poggi-Corradini ([8, Theorem 3.4] which is a special case of [18,
Proposition 3.1]), there exists a holomorphic function F : Hρ → Hρ such that

(4.1) h = F ◦ σ1 and F (w + 1) = F (w) + 1, w ∈ Hρ.

We will show that F is conformal at ∞. Note first that F has no interior fixed
point. Indeed, suppose that wo ∈ Hρ is a fixed point of F . Then, by (4.1),

(4.2) F (wo + 1) = F (wo) + 1 = wo + 1.

So wo +1 is an interior fixed point too. Contradiction, because a holomorphic self-
map ofHρ can have at most one interior fixed point. We infer that the Denjoy-Wolff
point w∗ of F lies on the boundary of Hρ. Suppose that w∗ ∈ ∂Hρ ∩ C. Then, by
the Denjoy-Wolff theorem,

(4.3) lim
n→+∞

Fn(w) = w∗, w ∈ Hρ.

It follows that for w ∈ Hρ,

lim
n→+∞

Fn(w + 1) = lim
n→+∞

Fn−1 ◦ F (w + 1)(4.4)

= lim
n→+∞

Fn−1(F (w) + 1)

= lim
n→+∞

Fn(w) + 1 = w∗ + 1,(4.5)

contradicting (4.3). Hence the Denjoy-Wolff point of F is ∞. By the Denjoy-Wolff
theorem (see e.g. [22, p. 78]), F has finite angular derivative at ∞ and F ′(∞) ≥ 1.

Let ψ be a Möbius transformation that maps Hρ conformally onto D with
ψ(∞) = 1. Recall that h = F ◦ σ1 : D → Hρ. We have just proved that F is
conformal at ∞. This means that the function

ψ ◦ F ◦ ψ−1 : D → D

is conformal at 1. The Koenigs function σ1 is also conformal at 1 by [10, Theorem
4.1]. Hence the function

ψ ◦ σ1 : D → D

is conformal at 1. It follows (see [7, Lemma 2]) that the function

(4.6) ψ ◦ h = ψ ◦ F ◦ σ1 = (ψ ◦ F ◦ ψ−1) ◦ (ψ ◦ σ1) : D → D

is conformal at 1. Therefore, h is conformal at 1.
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