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(Communicated by Joachim Krieger)

Abstract. We consider Laplacians on periodic equilateral metric graphs. The
spectrum of the Laplacian consists of an absolutely continuous part (which is a
union of an infinite number of non-degenerate spectral bands) plus an infinite
number of flat bands, i.e., eigenvalues of infinite multiplicity. We estimate

the Lebesgue measure of the bands on a finite interval in terms of geometric
parameters of the graph. The proof is based on spectral properties of discrete
Laplacians.

1. Introduction and main results

We consider metric Laplacians ΔM on Zd-periodic equilateral metric graphs
(each edge has unit length). Such operators arise naturally as simplified models in
mathematics, physics, chemistry, and engineering when one considers propagation
of waves of various nature through a quasi-one-dimensional system that looks like
a thin neighborhood of a graph.

It is well known that the spectrum of the Laplacian ΔM consists of an absolutely
continuous part plus an infinite number of flat bands (i.e., eigenvalues with infinite
multiplicity). These and other properties of ΔM are discussed, e.g., in [BK13],
[P12] and references therein. The absolutely continuous spectrum consists of an
infinite number of spectral bands separated by gaps. There is a known problem: to
estimate the spectrum and gaps of the Laplacian on periodic metric graphs. Note
that in the case of the Schrödinger operators −Δ+Q with a periodic potential Q
in Rd there are two-sided estimates of potentials in terms of gap lengths only at
d = 1 in [K98], [K03]. We do not know other estimates. For the case of periodic
graphs we know only three papers about estimates of spectrum and gaps:

(1) Lledó and Post [LP08] estimated the positions of spectral bands of Laplacians
both on metric and discrete graphs in terms of eigenvalues of the operator on finite
graphs (the so-called eigenvalue bracketing).

(2) Korotyaev and Saburova [KS15] described a localization of spectral bands
and estimated the Lebesgue measure of the spectrum of Schrödinger operators on
discrete graphs in terms of eigenvalues of Dirichlet and Neumann operators on a
fundamental domain of the periodic graph.
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(3) Korotyaev and Saburova [KS14] considered a Schrödinger operator on a dis-
crete periodic graph and estimated the Lebesgue measure of its spectrum in terms
of geometric parameters of the graph only.

Our main goal is to estimate the spectral bands and gaps for the Laplacian on
the metric graph in terms of geometric parameters of the graph. Due to Cattaneo
[C97], in order to study the spectrum of the Laplacian ΔM on the equilateral metric
graph it is enough to consider only the spectral interval [0, π2].

1.1. Metric Laplacians. Let Γ = (V, E) be a connected infinite graph, possibly
having loops and multiple edges, where V is the set of its vertices and E is the set of
its unoriented edges. An edge connecting vertices u and v from V will be denoted
as the unordered pair (u, v)e ∈ E and is said to be incident to the vertices. Vertices
u, v ∈ V will be called adjacent and denoted by u ∼ v, if (u, v)e ∈ E . We define the
degree κv of the vertex v ∈ V as the number of all its incident edges from E (here
a loop is counted twice).

Below we consider locally finite Z
d-periodic metric equilateral graphs Γ, d � 2,

i.e., graphs satisfying the following conditions:
1) Γ is equipped with an action of the free abelian group Zd;
2) the degree of each vertex is finite;
3) the quotient graph Γ∗ = Γ/Zd is compact;
4) all edges of the graph are assigned unit length.

Remark. 1) We do not assume the graph to be embedded into a Euclidean space.
But in main applications such a natural embedding exists (e.g., in modeling waves
in thin branching “graph-like” structures: narrow waveguides, quantum wires, pho-
tonic crystal, blood vessels, lungs; see [BK13], [P12]). In this case a simple geo-
metric model is a graph Γ embedded into Rd in such a way that it is invariant with
respect to the shifts by integer vectors m ∈ Zd, which produce an action of Zd.

2) We also call the quotient graph Γ∗ = Γ/Zd the fundamental graph of the
periodic graph Γ. If Γ is embedded into the space Rd the fundamental graph Γ∗ is
a graph on the surface Rd/Zd. The fundamental graph Γ∗ = (V∗, E∗) has the vertex
set V∗ = V/Zd and the set E∗ = E/Zd of unoriented edges.

Each edge e of Γ will be identified with the segment [0, 1]. This identification
introduces a local coordinate t ∈ [0, 1] along each edge. Thus, we give an orientation
on the edge. Note that the spectrum of Laplacians on metric graphs does not depend
on the orientation of graph edges. For each function y on Γ we define a function
ye = y

∣∣
e
, e ∈ E . We identify each function ye on e with a function on [0, 1] by

using the local coordinate t ∈ [0, 1]. Let L2(Γ) be the Hilbert space of all functions
y = (ye)e∈E , where each ye ∈ L2(0, 1), equipped with the norm

‖y‖2L2(Γ) =
∑
e∈E

‖ye‖2L2(0,1) < ∞.

We define the metric Laplacian ΔM on y = (ye)e∈E ∈ L2(Γ) by

(ΔMy)e = −y′′e , where (y′′e )e∈E ∈ L2(Γ)

and y satisfies the so-called Kirchhoff conditions:

(1.1) y is continuous on Γ,
∑

e=(v, u)∈E
δe(v) y

′
e(v) = 0, ∀v ∈ V,
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δe(v) =

{
1, if v is the terminal vertex of the edge e, i.e., t = 1 at v,

−1, if v is the initial vertex of the edge e, i.e., t = 0 at v.

1.2. Discrete Laplacians. Let �2(V ) be the Hilbert space of all square summable
functions f : V → C, equipped with the norm

‖f‖2�2(V ) =
∑
v∈V

|f(v)|2 < ∞.

We define the self-adjoint normalized Laplacian (i.e., the Laplace operator) Δ on
f ∈ �2(V ) by

(1.2)
(
Δf

)
(v) = − 1√

κv

∑
(v, u)e∈E

1√
κu

f(u), v ∈ V,

where κv is the degree of the vertex v ∈ V and all loops in the sum (1.2) are
counted twice. In the literature the operator −Δ is usually called the transition
operator and the normalized Laplacian is defined by I +Δ, where I is the identity
operator. But since Δ and I+Δ differ only by a shift we will call Δ the normalized
Laplacian.

We recall the basic facts about the Laplacian Δ (see [Ch97], [HS04], [MW89]),
which hold true for both finite and periodic graphs:

(i) the point −1 belongs to the spectrum σ(Δ), and σ(Δ) is contained in [−1, 1],
i.e.,

(1.3) −1 ∈ σ(Δ) ⊂ [−1, 1].

(ii) The points ±1 are never eigenvalues of Δ on a periodic graph.
Let ν = #V∗, where #A is the number of elements of the set A. We fix any

ν vertices of the periodic graph Γ which are not Zd-equivalent to each other, and
denote this vertex set by V0. We will call V0 a fundamental vertex set of Γ. Denote
by B the set of all edges of Γ connecting the vertices from V0 with the vertices from
V \ V0. These edges will be called bridges.

The discrete Laplacian Δ on �2(V ) has the standard decomposition into a con-
stant fiber direct integral by

(1.4) �2(V ) =
1

(2π)d

∫ ⊕

Td

�2(V∗) dϑ, UΔU−1 =
1

(2π)d

∫ ⊕

Td

Δ(ϑ)dϑ,

Td = Rd/(2πZ)d, for some unitary operator U . Here �2(V∗) = Cν is the fiber
space and Δ(ϑ) is the Floquet fiber ν × ν matrix. The precise form of the matrix
Δ(ϑ) = {Δjk(ϑ)}νj,k=1 was determined in [BKS13].

Each Floquet matrix Δ(ϑ), ϑ ∈ Td, has ν real eigenvalues λn(ϑ), n ∈ Nν =
{1, . . . , ν}, which are labeled in increasing order (counting multiplicities) by

(1.5) λ1(ϑ) � . . . � λν(ϑ).

Each λn(·), n ∈ Nν , is a continuous function on the torus Td and creates the spectral
band σn(Δ) given by

(1.6) σn = σn(Δ) = [λ−
n , λ

+
n ] = λn(T

d).

Some of the spectral bands may overlap. Note that if λn(·) = Cn = const on
some set B ⊂ Td of positive Lebesgue measure, then the operator Δ on Γ has the
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eigenvalue Cn with infinite multiplicity. We call Cn a flat band. The spectrum of
the Laplace operator Δ on the periodic graph Γ has the form

(1.7) σ(Δ) =

ν⋃
n=1

σn(Δ) = σac(Δ) ∪ σfb(Δ).

Here σac(Δ) is the absolutely continuous spectrum, which is a union of non-
degenerate intervals from (1.6), and σfb(Δ) = {μ1, . . . , μr}, r < ν, is the set of
all flat bands (eigenvalues of infinite multiplicity). An open interval between two
neighboring non-degenerate bands is called a gap. Let λ+ be the upper point of
the absolutely continuous spectrum of Δ. If λ+ < 1, then it is convenient for us to
also call an open interval (λ+, 1) a gap of the operator Δ.

1.3. Main results. Instead of the Laplacian ΔM � 0 it is convenient for us to
define the momentum operator

√
ΔM � 0. Due to the relationship between the

spectrum of the metric Laplacian ΔM and the spectrum of the discrete Laplacian
Δ (see subsection 2.1) the spectrum of the operator

√
ΔM � 0 on Γ has the form

(1.8) σ(
√
ΔM ) = σac(

√
ΔM ) ∪ σfb(

√
ΔM ).

Both the sets σac(
√
ΔM ) and σfb(

√
ΔM ) are 2π-periodic on the half-line (0,∞)

and are symmetric on the interval (0, 2π) with respect to the point π. Thus, in
order to study ΔM it is sufficient to study its restriction Ω on the spectral interval
[0, π] given by

(1.9) Ω =
√
ΔM χ[0,π](

√
ΔM ) ,

where χA(·) is the characteristic function of the set A. Due to Theorem 2.1 (see
subsection 2.1) the spectrum of the operator Ω on a periodic metric graph Γ has
the form

(1.10)
σ(Ω) =

ν⋃
n=1

σn(Ω) = σac(Ω) ∪ σfb(Ω),

σn(Ω) = [z−n , z+n ], − cos(z±n ) = λ±
n , n ∈ Nν .

Here σac(Ω) is a union of non-degenerate spectral bands σn(Ω) with z−n < z+n and
σfb(Ω) is the flat band spectrum (for more details see subsection 2.1).

Now we formulate our main results. Let

(1.11) β =
∑

v∈V0

βv

κv
,

where βv is the bridge degree (the number of bridges incident to v ∈ V0) and κv is
the degree of v ∈ V0.

Theorem 1.1. i) All spectral bands σn(Ω) and σn(Δ), n ∈ Nν , of the momentum
operator Ω and the discrete Laplacian Δ, respectively, satisfy

(1.12) |σn(Δ)| � |σn(Ω)| � π√
2
|σn(Δ)| 12 ,

where |A| denotes the Lebesgue measure of the set A.
ii) The Lebesgue measure |σ(Ω)| and |σ(Δ)| of the spectrum of Ω and Δ, respec-

tively, satisfies

(1.13) |σ(Δ)| � |σ(Ω)| � π√
2
|σ(Δ)| 12 � π

√
β ,
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where β is defined by (1.11). Moreover, if there exist spectral gaps γ1(Ω), . . . , γs(Ω),
in the spectrum σ(Ω), then the following estimate holds true:

(1.14)

s∑
n=1

|γn(Ω)| � π(1−
√
β ).

iii) Let β < 1. Then the spectrum σ(ΔM ) has infinitely many gaps.

Remark. 1) The estimate |σ(Ω)| � π
√
β is not trivial iff β < 1. The condition

β < 1 holds true when the number of bridges at each vertex v ∈ V0 is sufficiently
small compared to the degree of the vertex. The number of bridges depends on the
choice of the fundamental vertex set V0. For example, we can choose the vertex set
V0 by two different ways:

• All vertices of V0 are not adjacent to each other. Then each edge incident
to a vertex v ∈ V0 is a bridge and the number β = ν � 1. In this case the
estimate (1.13) is trivial.

• The vertex-induced subgraph Γ0 = (V0, E0) (that is the vertex set V0 to-
gether with any edges whose endpoints are both in this set) is connected.
Then each edge of the subgraph Γ0 is not a bridge.

In order to get the best estimate in (1.13) we have to choose the vertex set V0

such that the number of bridges is minimal. For the most popular periodic graphs
(the d-dimensional lattice, the hexagonal lattice, the Kagome lattice, the face-
centered cubic lattice, the body-centered cubic lattice, etc.) the best choice of the
fundamental vertex set V0 is standard.

2) The Bethe-Sommerfeld conjecture states that each Schrödinger operator −Δ+
Q with a periodic potential Q in R

d, d � 2, has only finitely many gaps in the
spectrum. This conjecture was proved by Skriganov [S85]. On an equilateral metric
graph the spectrum of the Laplacian ΔM has no gaps iff σ(Δ) = [−1, 1]. If σ(Δ) �=
[−1, 1], then in the spectrum of the Laplacian ΔM on a metric graph there exist
infinitely many gaps γ1, γ2, . . . and |γn| → ∞ as n → ∞.

Let 〈· , ·〉 denote the standard inner product in Rd.

Definition of loop graphs 1. i) A periodic graph Γ is called a loop graph if each
bridge e has the form e = (v, v + τ (e)) for some v ∈ V0 and τ (e) ∈ Zd.

ii) A loop graph Γ is called a precise loop graph if cos〈τ (e), ϑ0〉 = −1 for all
bridges e ∈ B and some ϑ0 ∈ Td. This point ϑ0 is called a precise point of the loop
graph Γ.

Remark. 1) If the number 〈ϑ0, τ (e)〉/π is odd for all bridges e ∈ B and some
ϑ0 ∈ Td, then ϑ0 is a precise point of the loop graph Γ.

2) The class of all precise loop graphs is quite large. The simplest example of
precise loop graphs is the d-dimensional lattice. More complicated examples are
discussed in Proposition 2.3 in [KS14].

3) There exists a loop graph which is not a precise loop graph. The simplest
example of such a graph is the triangular lattice (see Proposition 2.3 in [KS14]).

We now describe all bands for precise loop periodic graphs.



1610 EVGENY KOROTYAEV AND NATALIA SABUROVA

Theorem 1.2. i) Let Γ be a loop graph. Then the spectral bands σn(Ω) = [z−n , z+n ]
of the operator Ω satisfy

(1.15) − cos(z−n ) = λn(0) = λ−
n , ∀ n ∈ Nν .

ii) Let, in addition, Γ be precise with a precise point ϑ0 ∈ Td. Then

(1.16) − cos(z+n ) = λn(ϑ0) = λ+
n , ∀ n ∈ Nν ,

(1.17) 2β =
ν∑

n=1
|σn(Δ)| �

ν∑
n=1

|σn(Ω)| ,

where β is defined by (1.11).

We present the plan of our paper. In Section 2 we estimate the Lebesgue mea-
sure of the spectrum of the operator

√
ΔM on the finite interval [0, π] in terms of

geometric parameters of the graph and discuss some spectral properties of metric
Laplacians on loop graphs and bipartite periodic graphs. In the appendix we collect
spectral properties of the discrete Laplacian from [KS14], needed to prove our main
results.

2. Proof of the main theorems

2.1. Relation between the spectra of metric and discrete Laplacians. The
correspondence between the spectrum of the Laplacian ΔM on the equilateral met-
ric graph and the spectrum of the Laplacian Δ on the corresponding discrete graph
was obtained in [B85], [C97], [BGP08]. For the sake of completeness and the reader’s
convenience we recall this correspondence.

Consider the eigenvalues problem with Dirichlet boundary conditions

(2.1) −y′′ = Ey, y(0) = y(1) = 0.

It is known that the spectrum of this problem is given by σD = {(πn)2 : n ∈ N}.
Here (πn)2 is the so-called Dirichlet eigenvalue of the problem (2.1).

We formulate the results [C97], [BGP08] in the form convenient for us. This
theorem gives a basis for describing the spectrum of the operator ΔM in terms of
Δ, and conversely.

Theorem 2.1. i) The spectrum of the operator
√
ΔM � 0 on the periodic metric

graph Γ has the form

(2.2) σ(
√
ΔM ) = σac(

√
ΔM ) ∪ σfb(

√
ΔM ),

(2.3) σac(
√
ΔM ) =

{
z ∈ R+ : − cos z ∈ σac(Δ)

}
,

(2.4) σfb(
√
ΔM ) =

{
z ∈ R+ : − cos z ∈ σfb(Δ)

}
∪ {πn : n ∈ N}.

ii) Each flat band 2πn, n ∈ N, is embedded in the absolutely continuous spectrum
σac(

√
ΔM ).

iii) Both the sets σac(
√
ΔM ) and σfb(

√
ΔM ) are 2π-periodic on the half-line

(0,∞) and are symmetric on the interval (0, 2π) with respect to the point π.
iv) The spectrum of the operator Ω on a periodic metric graph Γ has the form

(2.5)
σ(Ω) =

ν⋃
n=1

σn(Ω) = σac(Ω) ∪ σfb(Ω),

σn(Ω) = [z−n , z+n ], − cos(z±n ) = λ±
n , ∀ n ∈ Nν .
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Here σac(Δ) is a union of non-degenerate spectral bands σn(Ω) with z−n < z+n .
Moreover, the first spectral band σ1(Ω) = [0, z+1 ] is non-degenerate. The flat band
spectrum has the form

(2.6) σfb(Ω) = {z1, . . . , zr, π}, − cos(zk) = μk �= 1, k ∈ Nr.

v) σ(Ω) = [0, π] iff σ(Δ) = [−1, 1].
vi) The spectrum of the operator Ω has exactly k gaps iff σ(Δ) has exactly k

gaps.

Remark. 1) Cattaneo considered the Laplacian ΔM on connected locally finite
graphs (including periodic). She proved that if the graph has at least one even
cycle (i.e., a closed path passing an even number of edges), then all points (2πn)2,
n ∈ N, are eigenvalues of the Laplacian ΔM . Since there is always an even cycle on
Zd-periodic graphs (d � 2), σD ⊂ σfb(ΔM ) (see (2.4)).

2) For non-periodic graphs some points of the Dirichlet spectrum σD may not
be in the spectrum of the Laplacian ΔM (for more details see, e.g., [C97], [LP08]).

3) The relation between the spectra of Δ and
√
ΔM is shown in Figure 1.

4) The flat bands πn, n ∈ N, of the operator
√
ΔM will be called Dirichlet flat

bands.

�

�

�

λ−
1 =−1

λ+
1

λ+
3

λ−
3

0=z−
1 z+

1

2π−z+
1 2π+z+

1σ1(Ω) σ3(Ω)

λ = − cos z

σ2=μ1

σ3

1

σ1

�

z1 2π−z1
� �

π 2π
�

z−
3 z+

3 z

λ

Figure 1. Relation between the spectra of Δ and
√
ΔM .

5) The number of flat bands of the operator Ω is r + 1. Flat bands z1, . . . , zr
correspond to r flat bands of the discrete Laplacian and the flat band π is a Dirichlet
flat band.

6) Let z+ be the upper point of the absolutely continuous spectrum of the oper-
ator Ω. If z+ < π, then there is a gap (z+, 2π− z+) in the spectrum of

√
ΔM . For

convenience the interval (z+, π) is also called a gap of the operator Ω.

2.2. Proof of the main results.

Proof of Theorem 1.1. i) Consider the spectral band σn(Δ) = [λ−
n , λ

+
n ] of the dis-

crete Laplacian Δ for some n ∈ Nν . Due to Theorem 2.1.iv the corresponding
spectral band σn(Ω) of the momentum operator Ω has the form

(2.7) σn(Ω) = [z−n , z+n ], where cos z±n = −λ±
n .

Applying Proposition 3.1.i to the spectral band σn(Δ) and its preimage σn(Ω)
under the function φ(z) = − cos z, z ∈ [0, π], we obtain (1.12).
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ii) The spectrum of the discrete Laplacian, defined by (1.7), is a union of the
spectral bands σ1(Δ), . . . , σν(Δ), some of which may overlap. We rewrite the spec-
trum as a union of non-overlapping segments S1, . . . ,Sν∗ , where ν∗ � ν, i.e.,

(2.8) σ(Δ) =

ν∗⋃
n=1

Sn, Sm ∩Sn = ∅, m �= n.

Then, due to Theorem 2.1.iv, the spectrum of the operator Ω has the form

(2.9) σ(Ω) =

ν∗⋃
n=1

φ−1(Sn), where φ−1(Sm) ∩ φ−1(Sn) = ∅, m �= n.

The identities (2.8), (2.9) give

(2.10) |σ(Δ)| =
ν∗∑
n=1

|Sn|, |σ(Ω)| =
ν∗∑
n=1

|φ−1(Sn)|.

Applying Proposition 3.1.i to each segment Sn, n ∈ Nν∗ , we obtain

(2.11) |Sn| �
∣∣φ−1(Sn)

∣∣, ∀n ∈ Nν∗ .

Summing these inequalities and using (2.10), we obtain

(2.12) |σ(Δ)| =
ν∗∑
n=1

|Sn| �
ν∗∑
n=1

∣∣φ−1(Sn)
∣∣ = |σ(Ω)|,

which gives the first inequality in (1.13).
We show the second inequality in (1.13). Define the subset S• ⊂ [−1, 1] by

(2.13) S• = [−1,−λ•] ∪ [λ•, 1], λ• = 1− |σ(Δ)|
2 , 0 � λ• < 1.

Note that the Lebesgue measure |S•| = |σ(Δ)|. The preimage of the subset S•
under the function φ(z) = − cos z, z ∈ [0, π], is given by

(2.14) φ−1(S•) = [0, z•] ∪ [π − z•, π], λ• = cos z•, 0 < z• � π
2 .

Combining Theorem 2.1.iv, Proposition 3.1 and the identity (2.13), we obtain

|σ(Ω)| = |φ−1(σ(Δ))| � |φ−1(S•)| � π√
2
|σ(Δ)| 12 .

Thus, the second inequality in (1.13) has been proved. The last inequality in (1.13)
follows from Theorem 3.2.i.

Now we will prove (1.14). Since σ(Ω) ⊂ [0, π], we have

(2.15)

s∑
n=1

|γn(Ω)| = π −
∣∣σ(Ω)∣∣ � π(1−

√
β ).

Here we have used the estimate (1.13).
iii) Let β < 1. Then, due to (1.13), we have |σ(Ω)| < π, which yields that in the

spectrum of Ω there exists a gap. Hence, due to the periodicity of the spectrum of√
ΔM , the spectrum of ΔM has infinitely many gaps.
Now we give another proof of item iii). If β < 1, then Theorem 3.2.i gives

that |σ(Δ)| < 2, i.e., σ(Δ) �= [−1, 1], which, by Theorem 2.1.iii,v, yields that the
spectrum of ΔM has infinitely many gaps. �
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Proof of Theorem 1.2. i) Let Γ be a loop graph. Then, due to Theorem 3.3.i, the
spectral bands σn(Δ) = [λ−

n , λ
+
n ] of the Laplacian Δ satisfy λ−

n = λn(0), ∀n ∈ Nν .
This and (2.5) give that the spectral bands σn(Ω) = [z−n , z+n ] of the operator Ω
satisfy (1.15).

ii) Let Γ be a precise loop graph with a precise point ϑ0 ∈ Td. Theorem 2.1.iv
and the formula (3.17) give (1.16).

Combining (3.17), (3.18) and (1.16) with the simple estimate cos z−n − cos z+n �
z+n − z−n , we obtain

2β =

ν∑
n=1

|σn(Δ)|

=

ν∑
n=1

(λn(ϑ0)− λn(0)) =

ν∑
n=1

(cos z−n − cos z+n ) �
ν∑

n=1

(z+n − z−n ) =

ν∑
n=1

∣∣σn(Ω)
∣∣.

Thus, (1.17) has been proved. �
A graph is called bipartite if its vertex set is divided into two disjoint sets (called

parts of the graph) such that each edge connects vertices from distinct parts. It
is known that for a connected locally finite graph Γ the following assertions are
equivalent:

1) Γ is bipartite;
2) the point 1 ∈ σ(Δ);
3) the spectrum σ(Δ) is symmetric with respect to the point 0

(see, e.g., Proposition 2.3. in [LP08]).
Now we formulate some simple spectral properties of the Laplacian ΔM and the

momentum operator Ω on bipartite graphs.

Theorem 2.2. The following statements hold true.
i) If Γ is bipartite, then the flat bands π2(2n+ 1)2, n ∈ N, of the Laplacian ΔM

are embedded in σac(ΔM ). If Γ is non-bipartite, then each flat band π2(n + 1)2,
n ∈ N, lies in a gap.

ii) On the interval (0, π) the spectrum of Ω is symmetric with respect to the point
π/2 iff Γ is bipartite iff the point π ∈ σac(Ω).

iii) Let a fundamental graph Γ∗ be bipartite. If ν is odd, then z = π/2 is a flat
band of Ω.

iv) Let Γ be a loop bipartite graph ( Γ∗ is not bipartite, since there is a loop on
Γ∗). Then each spectral band of the operator Ω on Γ has the form σn(Ω) = [z−n , z+n ],
n ∈ Nν , where

(2.16) − cos z−n = λn(0), cos z+n = λν−n+1(0).

Proof. i) If Γ is bipartite, then 1 ∈ σ(Δ). Since 1 is never a flat band, the point
1 ∈ σac(Δ). Then (2.3) gives that π2(n+1)2 ∈ σac(ΔM ) for all n ∈ N. Similarly, if
Γ is non-bipartite, then 1 /∈ σac(Δ) and π2(n+1)2 /∈ σac(ΔM ) for all n ∈ N. Thus,
each flat band π2(n+ 1)2, n ∈ N, lies in a gap.

ii) Firstly, we show that the graph Γ is bipartite iff the point π ∈ σac(Ω). Indeed,
the graph Γ is bipartite iff the point 1 ∈ σac(Δ). Due to (2.3), the condition
1 ∈ σac(Δ) is equivalent to π ∈ σac(Ω).

Secondly, we prove that on the interval (0, π) the spectrum of Ω is symmetric
with respect to the point π/2 iff Γ is bipartite. Let Γ be bipartite. Then the
spectrum of the discrete Laplacian Δ is symmetric with respect to 0. Assume that
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z ∈ (0, π) and z ∈ σ(Ω). Then Theorem 2.1 gives that − cos z ∈ σ(Δ). Due to the
symmetry of the spectrum σ(Δ), the point − cos(π − z) = cos z ∈ σ(Δ). This and
(2.3) yield that π − z ∈ σ(Ω).

Conversely, let on the interval (0, π) the spectrum of Ω be symmetric with respect
to the point π/2. Since −1 ∈ σac(Δ), due to Theorem 2.1, 0 ∈ σac(Ω). Then the
symmetry of σ(Ω) gives that π ∈ σac(Ω) and Γ is bipartite.

iii) Let a fundamental graph Γ∗ be bipartite and let ν be odd. By Theorem
3.2.ii, μ = 0 is a flat band of the discrete Laplacian Δ on Γ. This and Theorem
2.1.iv yield that z = π/2 is a flat band of Ω.

iv) By Theorem 3.3.iii each spectral band of the discrete Laplacian on Γ has
the form σn(Δ) = [λ−

n , λ
+
n ], n ∈ Nν , where λ±

n are the eigenvalues of the matrix
∓Δ(0), i.e., λ−

n = λn(0), λ
+
n = −λν−n+1(0). Then Theorem 2.1.iv gives that each

spectral band of the operator Ω has the form σn(Ω) = [z−n , z+n ], n ∈ Nν , where
− cos z−n = λ−

n = λn(0), − cos z+n = λ+
n = −λν−n+1(0). �

Remark. Item iii) gives a simple sufficient condition for existence of the flat band.

3. Appendix

We formulate some simple facts needed to prove our main results.

Proposition 3.1. Let φ(z) = − cos z, z ∈ [0, π] and let |A| denote the Lebesgue
measure of the set A. Then the following statements hold true.

i) If S = [λ−, λ+] ⊂ [−1, 1], then

(3.1) |S| �
∣∣φ−1(S)

∣∣ � π√
2
|S| 12 .

ii) If S ⊂ [−1, 1] is any subset of the segment [−1, 1] and if S• ⊂ [−1, 1] is the
subset given by

(3.2) S• = [−1,−λ•] ∪ [λ•, 1], λ• = 1− 1
2 |S|,

having the same Lebesgue measure |S•| = |S|, then
(3.3) |φ−1(S)| � |φ−1(S•)| � π√

2
|S| 12 .

Proof. i) The function φ is an increasing bijection of the segment [0, π] onto the
segment [−1, 1]. The preimage of the segment S = [λ−, λ+] ⊂ [−1, 1] under the
function φ has the form

(3.4) φ−1(S) = [z−, z+], where z± = φ−1(λ±).

We have the simple inequality

(3.5) |S| = λ+ − λ− = − cos z+ + cos z− =
z+∫
z−

sin t dt � z+ − z− = |φ−1(S)|.

Thus, the first estimate in (3.1) has been proved.
We show that

(3.6)
∣∣φ−1(S)

∣∣ � ∣∣φ−1(S•)
∣∣,

where S• ⊂ [−1, 1] is given by

(3.7) S• = [−1,−λ•] ∪ [λ•, 1], λ• = 1− 1
2 (λ

+ − λ−) ∈ [0, 1].

Note that from the definitions of S and S• it follows that

(3.8) |S•| = |S|.
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The preimage of the segment S• under the function φ has the form

(3.9) φ−1(S•) = [0, z•] ∪ [π − z•, π], where z• = φ−1(−λ•) ∈ [0, π
2 ].

Using (3.4) and (3.9) we can rewrite the inequality (3.6) in the equivalent form

(3.10) z+ − z− � 2z•.

In order to prove (3.10) we use the definition of z• in (3.9), (3.7) and consider the
difference

cos z+−z−

2 − cos z• = cos
z+ − z−

2
− 1 +

1

2
(λ+ − λ−)

= cos
z+ − z−

2
− 1 +

1

2
(− cos z+ + cos z−)

= cos
z+

2
cos

z−

2
+ sin

z+

2
sin

z−

2
− cos2

z+

2
− sin2

z−

2
.

From this identity, using the simple inequalities

(3.11) cos z−

2 � cos z+

2 � 0, sin z+

2 � sin z−

2 � 0, 0 � z− � z+ � π,

we obtain

(3.12) cos z+−z−

2 � cos z• ⇒ z• � z+−z−

2 ,

since z+−z−

2 , z• ∈ [0, π2 ] and the function cos z decreases on this interval. Thus,

(3.10) (and, consequently, (3.6)) has been proved. Using the estimate sin x � 2
√
2

π x,
x ∈ [0, π

4 ] , we obtain that the Lebesgue measure of the set S•, defined by (3.7),
satisfies

(3.13) |S•| = 2 (1− λ•) = 2 (1− cos z•) = 4 sin2 z•
2 � 8

π2 z
2
• = 2

π2 |φ−1(S•)|2,
since z•

2 ∈ [0, π
4 ].

Combining (3.6), (3.13), and (3.8), we obtain

(3.14)
∣∣φ−1(S)

∣∣2 �
∣∣φ−1(S•)

∣∣2 = 4z2• � π2

2 |S•| = π2

2 |S|,
which yields the second estimate in (3.1).

ii) The preimage φ−1(S•) of the subset S• is given by (3.9). Since the derivative
φ′ of the function φ(z) = − cos z increases from the point 0 to the point π

2 and∣∣φ−1([−1,−λ•])
∣∣ = ∣∣φ−1([λ•, 1])

∣∣, we obtain the first inequality in (3.3).
The Identity (3.8) and the estimate (3.13) imply the second inequality in (3.3).

�

We collect properties of the discrete Laplacian on periodic graphs, which we need
to prove our main results. These properties and their proof for the combinatorial
discrete Laplacian can be found in [KS14]. The proof of these properties for the
normalized Laplacian repeats the proof for the combinatorial one.

Theorem 3.2. i) The Lebesgue measure |σ(Δ)| of the spectrum of the Laplace
operator Δ satisfies

(3.15) |σ(Δ)| �
ν∑

n=1
|σn(Δ)| � 2β,

where β is defined by (1.11).
ii) Let a fundamental graph Γ∗ be bipartite. If ν is odd, then μ = 0 is a flat band

of the discrete Laplacian Δ on Γ.
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Remark. The proof of the identity (3.15) is based on the precise representation of
fiber Laplacians constructed in [KS14] and some ideas from [Ku15].

Theorem 3.3. i) Let Γ be a loop graph. Then the spectral bands σn(Δ) = [λ−
n , λ

+
n ]

of the Laplace operator Δ satisfy

(3.16) λ−
n = λn(0), ∀ n ∈ Nν .

ii) Let Γ be a precise loop graph with a precise point ϑ0 ∈ Td. Then

(3.17) σn(Δ) = [λ−
n , λ

+
n ] = [λn(0), λn(ϑ0)], ∀ n ∈ Nν ,

(3.18)
ν∑

n=1
|σn(Δ)| = 2β,

where β is defined by (1.11).
iii) Let in addition Γ be bipartite ( Γ∗ is not bipartite, since there is a loop on

Γ∗). Then each spectral band of the Laplacian on Γ has the form σn(Δ) = [λ−
n , λ

+
n ],

n ∈ Nν , where λ±
n are the eigenvalues of the matrix ∓Δ(0).
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