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Abstract. Boyer, Gordon, and Watson have conjectured that an irreducible
rational homology 3-sphere is an L-space if and only if its fundamental group
is not left-orderable. Since large classes of L-spaces can be produced from

Dehn surgery on knots in S3, it is natural to ask what conditions on the knot
group are sufficient to imply that the quotient associated to Dehn surgery is
not left-orderable. Clay and Watson developed a criterion for determining the
left-orderability of this quotient group and used it to verify the conjecture
for surgeries on certain L-space twisted torus knots. We generalize a recent
theorem of Ichihara and Temma to provide another such criterion. We then
use this new criterion to generalize the results of Clay and Watson and to
verify the conjecture for a much broader class of L-spaces obtained by surgery
on twisted torus knots.

1. Introduction

For a closed, connected, orientable 3-manifold Y , let ĤF(Y ) denote the Heegaard
Floer homology of Y , as defined in [OS04b]. We begin with a definition.

Definition 1. A closed, connected, orientable 3-manifold Y is an L-space if it is a

rational homology sphere satisfying rk ĤF(Y ) = |H1(Y ;Z)|.

A result due to Ozsváth and Szabó [OS04a, Proposition 5.1] gives rk ĤF(Y ) ≥
|H1(Y ;Z)| for any rational homology 3-sphere Y . Thus, we can understand L-spaces
as spaces with minimal Heegaard Floer homology. L-spaces derive their name from
lens spaces, which were the first class of spaces observed to have minimal Heegaard
Floer homology; however, many other spaces, such as those which admit an elliptic
geometry [OS05, Proposition 2.3], are also L-spaces.

It is interesting to consider whether L-spaces may be characterized using prop-
erties unrelated to their Heegaard Floer homologies. We recall the following defi-
nition.

Definition 2. A nontrivial group G is left-orderable if there exists a strict total
ordering > of the elements of G that is left-invariant: whenever g > h then fg > fh,
for all g, h, f ∈ G.
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Boyer, Gordon, and Watson established that a closed, connected, Seifert fibred
3-manifold is an L-space if and only if its fundamental group cannot be left-ordered
[BGW13]. After providing further examples to support this correspondence, they
proposed the following conjecture.

Conjecture 3 ([BGW13, Conjecture 3]). An irreducible rational homology 3-sphere
is an L-space if and only if its fundamental group is not left-orderable.

In order to investigate this conjecture, it is useful to consider Dehn surgery on
knots in S3, since this process provides large classes of 3-manifolds. Boyer, Rolfsen,
and Wiest [BRW05, Theorem 1.1] demonstrated that the fundamental group of a
P 2-irreducible, connected, compact 3-manifold is left-orderable if and only if it has
a nontrivial homomorphic image which is left-orderable. Since the abelianization
of any knot group is Z, we have that any knot group is left-orderable. However,
the fundamental group of a manifold produced by Dehn surgery is a quotient of the
knot group, which may or may not be left-orderable. In light of these observations
and Conjecture 3, it is natural to ask the following question (cf. [CW13, Question
1.4]).

Question 4. Given a knot K in S3 and a rational number r, what conditions on
the knot group of K are sufficient to imply that r-surgery on K yields a manifold
with non-left-orderable fundamental group?

In [CW13], Clay and Watson answer Question 4 with the following sufficient
condition. We denote by S3

K(r) the manifold produced by r-surgery on a knot K.

Theorem 5 ([CW13, Theorem 1.5]). Let Q+ be the set of positive rational numbers.
Let K be a nontrivial knot in S3, let μ and λ be a meridian and 0-framed longitude,
respectively, of K, and let p0

q0
, p1

q1
∈ Q+ with pi, qi > 0. If μp0λq0 > 1 implies

μp1λq1 > 1 for every left ordering > of the knot group of K, then π1(S
3
K(p/q)) is

not left-orderable for any p
q ∈ Q+ such that p, q > 0 and p

q ∈
(

p0

q0
, p1

q1

)
.

In order to consider other sufficient conditions that answer Question 4, we require
the following well-known equivalent condition for left-orderability (see, for instance,
[Ghy01, Theorem 6.8]).

Theorem 6. Let G be a countable group. Then the following are equivalent:

• G acts effectively on the real line by order-preserving homeomorphisms.
• G is left-orderable.

Let us denote by Homeo+(R) the group of order-preserving homeomorphisms
of R. Then, the first condition in Theorem 6 is equivalent to the existence of an
injective homomorphism Φ : G → Homeo+(R). For such homomorphisms, we will
sometimes abuse notation and write g(t) for Φ(g)t for elements g ∈ G and t ∈ R.

We are interested in studying global fixed points of such a homomorphism, i.e.
points t ∈ R such that Φ(g)t = t for all g ∈ G. The following lemma due to Boyer,
Rolfson, and Wiest demonstrates the importance of these points.

Lemma 7 ([BRW05, Lemma 5.1]). If there is a homomorphism Φ: G→Homeo+(R)
with nontrivial image, then there is another such homomorphism with no global fixed
points.

With this lemma and Theorem 6, the following criterion for non-left-orderability
is straightforward.
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Proposition 8. If G is a countable group and every homomorphism Φ : G →
Homeo+(R) has a global fixed point, then G is not left-orderable.

Proof. By contradiction, assume G is left-orderable. Then, by Theorem 6, there
exists Φ : G → Homeo+(R) injective. We can then apply Lemma 7 to conclude that
there exists Φ′ : G → Homeo+(R) with no global fixed points. But this contradicts
our hypothesis. �

Ichihara and Temma use exactly the reasoning of Proposition 8 in [IT14] to
demonstrate the following criterion for non-left-orderability of the fundamental
groups of surgery manifolds. Their work was motivated by that of Nakae in [Nak13].

Theorem 9 ([IT14]). Let K be a knot in S3. Suppose that the knot group
π1(S

3 − K) is of the form

〈x, y | (w1x
cw−1

1 )y−r(w−1
2 xdw2)y

r−�, μλμ−1λ−1〉
where c, d ≥ 0, r ∈ Z, � ≥ 0, μ = x, λ = x−mwx−n, w is a word which excludes
x−1 and y−1, m, n ≥ 0, and p/q ≥ m + n. Then, Dehn surgery along the slope p/q
yields a closed 3-manifold with non-left-orderable fundamental group.

The criteria used in the proof of Theorem 9 actually apply to a more general
class of group presentations. The main result of our paper is an extraction of these
criteria which reframes the theorem in a more widely applicable manner. The proof
of Theorem 10 closely follows the proof of Theorem 9.

Theorem 10. Let K be a nontrivial knot in S3. Let G denote the knot group
of K, and let G(p/q) be the quotient of G resulting from p/q-surgery. Let μ be
a meridian of K and s be a v-framed longitude with v > 0. Suppose that G has
two generators, x and y, such that x = μ and s is a word which excludes x−1

and y−1 and contains at least one x. Suppose further that every homomorphism
Φ : G(p/q) → Homeo+(R) satisfies Φ(x)t > t for all t ⇒ Φ(y)t ≥ t for all t. If
p, q > 0, then, for p/q ≥ v, G(p/q) is not left-orderable.

Remark. When applying Theorem 10, it is sufficient to demonstrate that every
homomorphism Φ : G → Homeo+(R) satisfies Φ(x)t > t for all t ⇒ Φ(y)t ≥ t for
all t, since this implies the final hypothesis in the statement of the theorem. As
a result, we can understand Theorem 10, like Theorems 5 and 9, to be a set of
conditions on the knot group.

Proof of Theorem 10. By Proposition 8, it suffices to show that every homomor-
phism Φ : G(p/q) → Homeo+(R) has a global fixed point. First, note that since
G(p/q) has the relation xp−qvsq = 1, we have

(1) xqv−p = sq.

Now, assume that x(t) = t (equivalently, x−1(t) = t) for some t ∈ R. Assume
y(t) �= t; then, we can pick an order such that y(t) > t, or equivalently, y−1(t) < t.
By hypothesis, s−1 contains only x−1 and y−1, which are order-preserving homeo-
morphisms of R. Thus, by applying x−1(t) = t and y−1(t) < t repeatedly, we can
conclude that s−q(t) < t. (Note that s must contain at least one y: otherwise, s
would be a power of the meridian x, so s and x could not generate the peripheral
subgroup.) But then

t > s−q(t) = xp−qv(t) = t

which is a contradiction. Thus, y(t) = t, and we have a global fixed point.
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Figure 1. The (5, 6, 2, 2)-twisted torus knot, denoted T 2,2
5,6 .

Now, we are left with the case x(t) �= t for all t. We prove this is impossible.
Since x has no fixed points, we can pick an order such that x(t) > t for all t.
By assumption, then, y(t) ≥ t for all t. Now, s contains only x and y, and we
have y(x(t)) > y(t) ≥ t. So, s(t) > t for all t, since s contains at least one x by
assumption. By equation (1), sq(t) = xqv−p(t), so we must have qv − p > 0, or
v > p/q. But this contradicts the assumption p/q ≥ v. �

We note that this theorem can be restated in a purely group-theoretic sense.
Consider a group G that has a Z ⊕ Z-subgroup with distinguished generators μ
and s. If we assume the hypotheses of Theorem 10, then G/〈〈μp−qvsq〉〉 is not
left-orderable.

Returning to the motivation for Question 4, we can consider how these various
criteria for non-left-orderability of the fundamental groups of surgery manifolds
can help verify Conjecture 3 for these manifolds. We say that a knot K in S3

which admits a positive L-space surgery is an L-space knot. It is known [OS11,
Corollary 1.4] that if K is an L-space knot, then r-surgery on K produces an L-
space exactly when r ≥ 2g(K) − 1, where g(K) denotes the genus of K. We will
focus on demonstrating that surgeries larger than this bound on known L-space
knots produce manifolds with non-left-orderable fundamental groups.

The specific knots we will consider are families of L-space twisted torus knots.
We denote by T �,m

p,q the twisted torus knot obtained from the (p, q)-torus knot by
twisting � strands m times. We will call this twisted torus knot the (p, q, �, m)-

twisted torus knot. Figure 1, for instance, shows T 2,2
5,6 .

We denote the 3-manifold produced by r-surgery on T �,m
p,q as M �,m

p,q (r). Through-
out, we will assume p, q, �, m, r > 0, r ∈ Q.

The following theorem due to Vafaee [Vaf13] provides a class of twisted torus
knots which are known to be L-space knots.

Theorem 11 ([Vaf13]). T �,m
p,pk±1 is an L-space knot if and only if

(1) � = p − 1,
(2) � = p − 2 and m = 1, or
(3) � = 2 and m = 1.

In [CW13], Clay and Watson apply Theorem 5 to certain subfamilies of the L-
space knots specified in Theorem 11. Their progress is summarized by the following
theorem.
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Theorem 12 ([CW13, Theorems 4.5 and 4.7]).

(a) For sufficiently large r, M2,m
3,5 (r) has a non-left-orderable fundamental group.

(b) Suppose that q is a positive integer congruent to 2 modulo 3. For sufficiently

large r, M2,1
3,q (r) has a non-left-orderable fundamental group.

We note that the knots considered by Clay and Watson are all of the form
T p−1,m
p,p(k+1)−1. Thus, both theorems verify Conjecture 3 for surgeries on subfamilies

of the first case of twisted torus knots specified by Theorem 11.
In [IT14], Ichihara and Temma similarly apply Theorem 9 to prove the following

theorem, generalizing the work of Clay and Watson.

Theorem 13 ([IT14, Corollary 1.2]). Suppose that q is a positive integer congruent

to 2 modulo 3. For sufficiently large r, then M2,m
3,3k−1(r) has non-left-orderable

fundamental group.

In this paper, we apply Theorem 10 to prove the following result.

Theorem 14. For sufficiently large r, Mp−1,m
p,pk±1(r) and Mp−2,1

p,pk±1(r) have non-left-
orderable fundamental group.

Theorem 14 answers Question 4 for cases (1) and (2) of the twisted torus knots
specified in Theorem 11. Case (1) is a generalization of Theorems 12 and 13; case
(2) is an entirely new family of twisted torus knots. In light of Theorem 11, these
results support Conjecture 3.

The paper is organized as follows. In Section 2, we compute the knot groups

of T �,m
p,pk±1 and their corresponding peripheral subgroups. In Section 3, we prove

Theorem 14.

2. Computing knot groups and peripheral subgroups

First, we fix some notation. For the knot groups of twisted torus knots, we will
generalize the notation of [CW13] by defining

G�,m
p,q = π1(S

3 − T �,m
p,q ).

We will denote by G�,m
p,q (r) the fundamental group of M �,m

p,q (r).
It is a well-known fact (see, for instance, [Lic97]) that, for a nontrivial knot, the

fundamental group of the boundary of the knot complement injects into the knot
group. Its image (up to conjugation) is the peripheral subgroup, which means that
the peripheral subgroup is abelian.

We now derive the knot groups of two general cases, T �,m
p,pk+1 and T �,m

p,pk−1. From
these, we can then get the knot groups of the L-space twisted torus knots specified
in Theorem 11 by plugging in specific values of � and m. Our approach to both
cases is the same as that of Clay and Watson [CW13]: we will use the Seifert-
van Kampen Theorem applied to a genus-two Heegaard splitting, with the knot
appearing on the Heegaard surface (see Figures 2 and 7, which depict T 2,m

5,5k−1 and

T 2,m
5,5k+1 as examples).

Proposition 15. For the (p, pk − 1, �, m)-twisted torus knot, the following hold.

(a) The knot group is

G�,m
p,pk−1 = 〈a, b | ap−�(a(b1−k(p−�)ap−�)m)�−1a

= bk(p−�)−1(bk(b1−k(p−�)ap−�)m)�−1bk〉.
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(b) The peripheral subgroup is generated by the meridian

μ = a−1bk

and the surface framing

s = μp(pk−1)+�2mλ = ap−�−1(a(b1−k(p−�)ap−�)m)�a.

Proof. Let S3 = U ∪Σ V be the genus-two Heegaard splitting of S3 specified by
Figure 2. Then π1(U) is the free group on the generators a and c, and π1(V ) is
the free group on the generators b and d (see Figure 3). Using the Seifert-Van

Kampen Theorem, we can then express G�,m
p,pk−1 as a free product with amalga-

mation of π1(U) and π1(V ). To do this, we need the images of the generators of

π1(Σ \ ν(T �,m
p,pk−1)) under inclusion into π1(U) and π1(V ).

m twists
k twists

Figure 2. Generators for the fundamental group of Σ\ν(T �,m
p,pk−1).

Here, we show T 2,m
5,5k−1 as an example. The knot is shown in gray.

Denote by R, G, and B the red, green, and blue oriented curves, respectively, in

Figure 3. Now, Σ \ ν(T �,m
p,pk−1) deformation retracts onto the wedge product of R,

G, and BR−1 (understood as an operation in π1(Σ \ ν(T �,m
p,pk−1))), so R, G, and B

generate the fundamental group of Σ \ ν(T �,m
p,pk−1). The green loop has image c in

π1(U) and image dm in π1(V ), so we get the relation

c = dm.

Likewise, the red loop gives

ap−� = b(p−�)k−1d

and the blue loop gives

ap−�(ac)�−1a = b(p−�)k−1(bkdm)�−1bk.
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c

d b

a

Figure 3. Generators for the fundamental group of the Heegaard
surface Σ.

Using the first two relations to solve for c and d, we are left with only one relation:

ap−�(a(b1−k(p−�)ap−�)m)�−1a = bk(p−�)−1(bk(b1−k(p−�)ap−�)m)�−1bk.

Thus, we have

G�,m
p,pk−1 = 〈a, b | ap−�(a(b1−k(p−�)ap−�)m)�−1a

= bk(p−�)−1(bk(b1−k(p−�)ap−�)m)�−1bk〉.

For the peripheral subgroup, we will compute the meridian μ and the surface
framing s as specified in Figure 4. From Figure 4, it is immediately clear that

s = ap−�c(ac)�−1a = ap−�−1(a(b1−k(p−�)ap−�)m)�a.

In order to compute μ, we focus on the right half of the handlebody in Figure 4.
This part of the knot is shown along with a and b in Figure 5.

As a base case, we consider k = 1. Figure 6 demonstrates that the word a−1b is
homotopic to μ in this case. For larger k, we note that b is homotopic to the core
of one full twist, as seen in Figure 5. So, for each of the k − 1 twists added to the
k = 1 base case, we must append one extra copy of b to the end of the word a−1b
in order to create a word which is homotopic to μ. Thus,

μ = a−1bk.

Finally, we note that the linking number between T �,m
p,q and a push-off along Σ, by

the construction of the twisted torus knot, is pq + �2m, which gives us

s = μp(pk−1)+�2mλ.

�
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m twists k twists

s μ

Figure 4. Generators for the peripheral subgroup of T �,m
p,pk−1.

Here, we show T 2,m
5,5k−1 as an example. The knot is shown in gray.

b

a

m
twists

Figure 5. Generators a and b for the knot group of T 2,m
5,5k−1. We

show k = 1 as a base case. Note that this braid is a view from the
back of the above handlebody diagrams.

μ a−1β

Figure 6. Homotopy between μ and a−1b for the base case k = 1.
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m twists k twists

Figure 7. Generators for the fundamental group of Σ\ν(T �,m
p,pk+1).

Here, we show T 2,m
5,5k+1 as an example. The knot is shown in gray.

Proposition 16. For the (p, pk + 1, �, m)-twisted torus knot, the following hold.

(a) The knot group is

G�,m
p,pk+1 = 〈a, b | a((bk(p−�)+1a�−p)ma)�−1ap−�

= bk((bk(p−�)+1a�−p)mbk)�−1bk(p−�)+1〉.
(b) The peripheral subgroup is generated by the meridian

μ = b−ka

and the surface framing

s = μp(pk+1)+�2mλ = ((bk(p−�)+1a�−p)ma)�ap−�.

Proof. Let S3 = U ∪Σ V be the genus-two Heegaard splitting of S3 specified by

Figure 7. We use the same reasoning as in Proposition 15 to write G�,m
p,pk+1 as a

free product with amalgamation of 〈a, c〉 and 〈b, d〉 (see Figure 3).

The generators for the fundamental group of Σ \ ν(T 2,m
5,5k+1) are shown in Figure

7. From the green loop, we get

c = dm,

from the red loop, we get

ap−� = d−1bk(p−�)+1,

and from the blue loop, we get

(ac)�−1ap−�+1 = (bkdm)�−1bk(p−�+1)+1.

Using the first two relations to solve for c and d, we are left with only one relation:

(a(bk(p−�)+1a�−p)m)�−1ap−�+1 = (bk(bk(p−�)+1a�−p)m)�−1bk(p−�+1)+1.
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m twists
k twists

μ
s

Figure 8. Generators for the peripheral subgroup of T �,m
p,pk+1.

Here, we show T 2,m
5,5k+1 as an example. The knot is shown in gray.

Rewriting this slightly to create the same form as the group relation in Proposition
15, we get

G�,m
p,pk+1 = 〈a, b | a((bk(p−�)+1a�−p)ma)�−1ap−�

= bk((bk(p−�)+1a�−p)mbk)�−1bk(p−�)+1〉.

The reasoning for the peripheral subgroup also follows that of Proposition 15
very closely. It is immediate from Figure 8 that

s = (ca)�ap−� = ((bk(p−�)+1a�−p)ma)�ap−�.

To compute μ, we focus on the right half of the handlebodies in Figure 8. This
part of the knot is shown along with a and b in Figure 9. We consider k = 1 as
a base case: here, Figure 10 demonstrates that the word b−1a is homotopic to μ.
For larger k, we note that b is homotopic to the core of one full twist, as depicted
in Figure 9. So, for each of the k − 1 twists added to the k = 1 base case, we must
append one extra copy of b−1 to the start of the word b−1a in order to create a
word which is homotopic to μ. Thus,

μ = b−ka.

Finally, the linking number between T �,m
p,pk+1 and a push-off along Σ is p(pk + 1)+

�2m, so that

s = μp(pk+1)+�2mλ.

�
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m
twists

b

a

Figure 9. Generators a and b for the knot group of T 2,m
5,5k+1. Here,

we show k = 1 as a base case. Note that this braid is a view from
the back of the above handlebody diagrams.

m
twists

b−1a μ

Figure 10. Homotopy between μ and b−1a for the base case k = 1.

3. Non-left-orderability of L-space twisted torus knots

In this section, we prove Theorem 14. The proof relies on applications of Theo-
rem 10 to the twisted torus knots specified in cases (1) and (2) of Theorem 11.

First, we note that for all the T �,m
p,q which are L-space knots, we have knot groups

with 2 generators, and we have computed expressions for the meridian μ and the
pq + �2m-framed longitude s (see Propositions 15 and 16). To apply Theorem 10,
then, we have to find generators x and y such that

(1) for any homomorphism Φ : G�,m
p,q (r) → Homeo+(R), x(t) > t for all t ∈ R

implies y(t) ≥ t for all t ∈ R; and
(2) x is (a conjugate of) μ, and (the corresponding conjugate of) s can be

written with only positive powers of x and y and at least one x.

Then, we can apply Theorem 10 to conclude that r-surgery on T �,m
p,q yields a 3-

manifold with non-left-orderable fundamental group for all r ≥ pq + �2m.
We begin with two lemmas that verify condition (1) of the above list for the first

two cases in Theorem 11.
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Lemma 17. Consider G�,m
p,pk−1 as in Proposition 15. Let x = a−1bk and y =

b1−ka. Then, x is a meridian of T �,m
p,pk−1, x and y generate G�,m

p,pk−1, and for any

homomorphism Φ : G�,m
p,pk−1(r) → Homeo+(R), x(t) > t for all real t implies that

y(t) ≥ t for all real t.

Proof. By Proposition 15, x is a meridian of T �,m
p,pk−1. Moreover, b = yx and a =

(yx)k−1y, so x and y generate G�,m
p,pk−1. Next, we examine the group relation from

Proposition 15 in terms of x and y:

((yx)k−1y)p−�((yx)k−1yCm)�−1(yx)k−1y = (yx)k(p−�)−1((yx)kCm)�−1(yx)k

where C = b1−k(p−�)ap−�. If we assume x(t) > t for all t, we can add x anywhere
we want on one side of the relation to get a strict inequality on any t. In symbols,
if we have w1(t) = w2(t) and w3w4 = w1, then we know that xw4(t) > w4(t), so
w3xw4(t) > w3w4(t) = w1(t) = w2(t). Adding x multiple times to the left side of
the relation, we get

[(yx)k(p−�)−1y((yx)kCm)�−1(yx)k](t) > [(yx)k(p−�)−1((yx)kCm)�−1(yx)k](t).

Since every word corresponds to a homeomorphism on R, we know that for all
t′ ∈ R there exists t such that ((yx)kCm)�−1(yx)k(t) = t′. Thus, we have

[(yx)k(p−�)−1y](t′) > [(yx)k(p−�)−1](t′)

which implies that
y(t′) > t′

for all t′ ∈ R. �
Lemma 18. Consider G�,m

p,pk+1 as in Proposition 16. Let x = b−ka and y =

a−1bk+1. Then, x is a meridian of T �,m
p,pk+1, x and y generate G�,m

p,pk+1, and for

any homomorphism Φ : G�,m
p,pk+1(r) → Homeo+(R), x(t) > t for all real t implies

y(t) ≥ t for all real t.

Proof. By Proposition 16, x is a meridian of T �,m
p,pk+1. Moreover, b = xy and a =

(xy)kx, so x and y generate G�,m
p,pk+1. Using the group relation from Proposition 16

and rewriting in terms of x and y, we get

(xy)kx(Cm(xy)kx)�−1((xy)kx)p−� = (xy)k(Cm(xy)k)�−1(xy)k(p−�)+1

where C = bk(p−�)+1a�−p. Assume xt > t for all t ∈ R. Then, adding x’s to the
right-hand side of the above equation gives us

[(xy)kx(Cm(xy)kx)�−1((xy)kx)p−�](t) < [(xy)kx(Cm(xy)kx)�−1((xy)kx)p−�]y(t).

Now, the word (xy)kx(Cmx(xy)kx)�−1((xy)kx)p−� corresponds to an order-
preserving homeomorphism on R. By order preservation, the above inequality can
only be true if

t < y(t)

for all t ∈ R. �
Theorem 14 follows from the next four propositions, which verify condition (2)

of the list outlined above.

Proposition 19. Mp−1,m
p,pk−1(r) has a non-left-orderable fundamental group for r ≥

p(pk − 1) + (p − 1)2m.
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Proof. To satisfy the hypotheses of Theorem 10, by Lemma 17, it is sufficient to
check that s can be written with only positive powers of x and y, with x and y as
defined in the lemma. In terms of x and y, the expression for s in Proposition 15
with � = p − 1 becomes

s = (a(b1−ka)m)p−1a = ((yx)k−1ym+1)p−1(yx)k−1y

which contains only positive powers of x and y and at least one x. We can then

apply Theorem 10, noting that s = μp(pk−1)+(p−1)2mλ. �

Proposition 20. Mp−2,1
p,pk−1(r) has a non-left-orderable fundamental group for r ≥

p(pk − 1) + (p − 2)2

Proof. It is again sufficient to check that s only contains positive powers of x and
y, with x and y as in Lemma 17. Now, we consider the expression for s from
Proposition 15 with � = p − 2 and m = 1 and rewrite it using the group relation:

s = a−1a2(ab−2k+1a2)p−2a = a−1b2k−1(b1−ka2)p−2a.

In terms of x and y, this becomes

s = x(yx)k−1(y(yx)k−1y)p−2(yx)k−1y

which contains only positive powers of x and y and at least one x. We can then

apply Theorem 10, noting that s = μp(pk−1)+(p−2)2λ. �

Proposition 21. Mp−1,m
p,pk+1(r) has a non-left-orderable fundamental group for r ≥

p(pk + 1) + (p − 1)2m.

Proof. To satisfy the hypotheses of Theorem 10, by Lemma 18, it is sufficient to
check that s can be written with only positive powers of x and y, with x and y as
defined in the lemma. Using the expression for s in Proposition 16 with � = p − 1,
we get

s = ((bk+1a−1)ma)p−1a = (bk+1(a−1bk+1)m−1)p−1a = ((xy)k+1ym−1)p−1(xy)kx

which contains only positive powers of x and y, with at least one x. We can then

apply Theorem 10, noting that s = μp(pk+1)+(p−1)2mλ. �

Proposition 22. Mp−2,1
p,pk+1(r) has a non-left-orderable fundamental group for r ≥

p(pk + 1) + (p − 2)2.

Proof. It is again sufficient to check that s can be written with only positive powers
of x and y, with x and y as in Lemma 18. Using the expression for s in Proposi-
tion 16 with � = p − 2 and m = 1, we get

s = (b2k+1a−1)p−2a2 = b2k+1(a−1b2k+1)p−3a = (xy)2k+1(y(xy)k)p−3(xy)kx

which contains only positive powers of x and y and at least one x. We can then

apply Theorem 10, noting that s = μp(pk+1)+(p−2)2λ. �
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