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Abstract. Let � = (�1, . . . , �n) be an n-tuple of positive real numbers, and

let N(�) denote the space of equivalence classes of oriented n-gons in R
3 with

consecutive sides of lengths �1, . . . , �n, identified under translation and rotation
of R3. Using known results about the integral cohomology ring, we prove that
its topological complexity satisfies TC(N(�)) = 2n− 5, provided that N(�) is
nonempty and contains no straight-line polygons.

1. Main result

The topological complexity, TC(X), of a topological space X is, roughly, the
number of rules required to specify how to move between any two points of X. A
“rule” must be such that the choice of path varies continuously with the choice
of endpoints. (See [3, §4].) We study TC(X), where X = N(�) is the space
of equivalence classes of oriented n-gons in R

3 with consecutive sides of length
�1, . . . , �n, identified under translation and rotation of R3. (See, e.g., [6] or [5].)
Here � = (�1, . . . , �n) is an n-tuple of positive real numbers. Thus

N(�) = {(z1, . . . , zn) ∈ (S2)n : �1z1 + · · ·+ �nzn = 0}/SO(3).

We can think of the sides of the polygon as linked arms of a robot, and then
TC(N(�)) is the number of rules required to program the robot to move from any
configuration to any other.

We say that � is generic if there is no subset S ⊂ [n] such that
∑

i∈S

�i =
∑

i �∈S

�i, and

nondegenerate if for all i, �i <
∑

j �=i

�j . Being generic says that there are no straight-

line polygons in N(�), while being nondegenerate says that N(�) is nonempty. If �
is generic and nondegenerate, then N(�) is a nonempty simply-connected (2n− 6)-
manifold ([4, Lemma 10.3.33]) and hence satisfies

(1.1) TC(N(�)) ≤ 2n− 5

by [3, Thm 4.16].
In this paper, we determine precisely the topological complexity of N(�).

Theorem 1.1. If � is generic and nondegenerate, then TC(N(�)) ≥ 2n − 5 (and
hence TC(N(�)) = 2n− 5 by (1.1)).
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The proof of Theorem 1.1 uses the integral cohomology ring H∗(N(�)), first
described in [5, Thm 6.4]. Throughout the paper, all cohomology groups have
integral coefficients. To prove Theorem 1.1, we will find 2n−6 classes yi ∈ H2(N(�))
such that

∏
(yi × 1− 1× yi) �= 0 in H∗(N(�)×N(�)). This implies the theorem by

the basic result that if in H∗(X ×X) there is an m-fold nonzero product of classes
of the form yi × 1− 1× yi, then TC(X) ≥ m+ 1 ([3, Cor 4.40]).

The significance of this paper is to show that the 2n− 5 motion planning rules
for moving between any two n-gons in 3-space with fixed side lengths, which are
guaranteed by (1.1), cannot be improved; i.e., no smaller set of rules can do the
job. Constructing explicit motion-planning rules for polygons in 3-space seems to
be a difficult problem. For polygons in the plane, some progress has been made in
[7].

2. Proof

In this section we prove Theorem 1.1. We begin by stating the information
about the cohomology ring H∗(N(�)) needed for our proof. Complete information
is known, but the most delicate parts are not required here.

Theorem 2.1. Let � be generic and nondegenerate.

(1) The algebra H∗(N(�)) is generated by classes R, V1, . . . , Vn−1 in H2(N(�)).
(2) The product of n− 2 distinct Vi’s is 0.

(3) For 1 ≤ i ≤ n− 1 and j ≥ 1, V j+1
i = RjVi.

Proof. The complete result was given in [5, Theorem 6.4], which contains much
more detailed information about which products of Vi’s must be 0. Our part (2)
follows from their result and nondegeneracy, since the sum of any n−1 �i’s is greater
than half the sum of all the �i’s. (For any subset S of [n− 1] of cardinality n− 2,
S ∪ {n} is long.) Our R is the negative of the R in [5]. This turns their relation
V 2
i +RVi into our equality V 2

i = RVi, which easily implies part (3). �

Proof of Theorem 1.1. Since N(�) is a nonempty connected orientable (2n − 6)-
manifold,

H2n−6(N(�)) ≈ Z.

Thus, using Theorem 2.1(3), some monomial Rn−3−rVi1 · · ·Vir must be nonzero.
Choose one with minimal r. By Theorem 2.1(2), r ≤ n − 3. Then, using the
Künneth isomorphism,

(R⊗ 1− 1⊗R)2n−6−2r ·
r∏

j=1

(Vij ⊗ 1− 1⊗ Vij )
2

is our desired nonzero product. This includes the possibility that r = 0. Note that
a nonzero term in the expansion of the product must involve just the middle term
of

(Vij ⊗ 1− 1⊗ Vij )
2 = V 2

ij
⊗ 1− 2Vij ⊗ Vij + 1⊗ V 2

ij

by minimality of r. The only possible nonzero part of the product is that in

H2n−6(N(�))⊗H2n−6(N(�)),
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and this will equal

(−1)n−3
(
2n−6−2r
n−3−r

)
2rRn−3−rVi1 · · ·Vir ⊗Rn−3−rVi1 · · ·Vir �= 0.

Thus TC(N(�)) ≥ 2n− 5 by [3, Cor 4.40]. �
In [1] and [2], we obtain some similar (but slightly weaker and much more re-

stricted) results for planar polygon spaces, by similar, but much more complicated,
calculations. The difficulty there is that all we know about is mod-2 cohomology,
and it is much harder to find nonzero products.
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