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HYPERCYCLICITY OF COMPOSITION OPERATORS

IN STEIN MANIFOLDS

SYLWESTER ZAJAC

(Communicated by Franc Forstneric)

Abstract. We characterize hypercyclic composition operators Cϕ : f �→ f ◦ϕ
on the space of holomorphic functions on a connected Stein manifold Ω with
ϕ being a holomorphic self-map of Ω.

In turns out that in the case when all balls with respect to the Carathéodory
pseudodistance are relatively compact in Ω, a much simpler characterization
may be obtained (many natural classes of domains in CN satisfy this condi-

tion). Moreover, we show that in such a class of manifolds, as well as in simply
connected and infinitely connected planar domains, hypercyclicity of Cϕ im-
plies its hereditary hypercyclicity with respect to the full sequence of natural
numbers.

1. Introduction

Given a domain Ω and a holomorphic mapping ϕ : Ω → Ω, consider the com-
position operator Cϕ : O(Ω) � f �→ f ◦ ϕ ∈ O(Ω) defined on the space O(Ω) of
holomorphic functions on Ω, endowed with the usual compact-open topology. We
shall investigate this operator from the point of view of its hypercyclic properties.
In this paper by T [n] we denote the n-th iterate of a mapping T . Recall that given
a linear operator T : X → X on a topological vector space X and an increasing se-
quence (nl)l ⊂ N, we call T hypercyclic with respect to (nl)l if it admits an element
x ∈ X for which the set {T [nl]x : l ∈ N} is dense in X, and it is called hereditarily
hypercyclic with respect to (nl)l if it is hypercyclic with respect to every subse-
quence of (nl)l. For short we call T hypercyclic (resp. hereditarily hypercyclic) if it
is hypercyclic (resp. hereditarily hypercyclic) with respect to the full sequence of
natural numbers; note that hereditarily hypercyclic operators are sometimes called
strongly hereditarily hypercyclic.

In the case when Ω is a domain in C, a rather complete characterization of
hypercyclicity was presented by Grosse-Erdmann and Mortini in [8]. In higher-
dimensional settings only partial results, mostly in cases when Ω is a polydisc, a
euclidean ball or the whole CN with ϕ being of special form, have been obtained
(see [14], [3], [2]). Analogous problems were considered, among others, in spaces of
real analytic functions in [4], kernels of general (not necessarily Cauchy-Riemann)
partial differential equations in [11], and spaces of bounded holomorphic functions
on a domain in CN in [6].
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The aim of this present paper is to give certain equivalent conditions for hy-
percyclicity of Cϕ for an arbitrary Stein manifold. Recall that every domain of
holomorphy in CN is a Stein manifold. On the other hand, every N -dimensional
Stein manifold can be properly embedded in C2N+1, so we can always look at it as
at a (closed) complex analytic submanifold of some CM .

The paper is organized as follows. In Section 3 we give equivalent conditions
for hypercyclicity and hereditary hypercyclicity of Cϕ with rescpect to a given
sequence of natural numbers (Theorem 6 and Corollary 8). Here we involve the
ideas developed by several authors, e.g. K. G. Grosse-Erdmann and R. Mortini
[8], L. Bernal-González [3]. These conditions are expressed in the language of
holomorphic convexity, which is natural for working with hypercyclicity of Cϕ on the
space O(Ω) as it is strongly connected with a fundamental approximation theorem
for that space: the Oka-Weil theorem. In the general case these conditions require
more than those obtained in the one-dimensional situation in [8]. However, we will
see that in some class of higher-dimensional Stein manifolds these conditions can be
simplified and they take the same form as in planar domains (Theorem 11). This
family of manifolds consists of those connected Stein manifolds in which all balls
w.r.t. the Carathéodory pseudodistance are relatively compact in the topology of
Ω. Many ‘nice’ domains in CN lie in this class, e.g. bounded convex domains,
strictly pseudoconvex domains, analytic polyhedra, etc. In Section 3 we also give
a nice criterion for hereditary hypercyclicity of Cϕ (Lemma 10): if for some z0 ∈ Ω

the Carathéodory distance between z0 and ϕ[nl](z0) tends to infinity when l does
so, then Cϕ is hereditarily hypercyclic w.r.t. (nl)l, provided that some necessary
conditions are fulfilled. The former condition holds e.g. if there exists a holomorphic
function F : Ω → D (D is the unit disc in C) such that |F (ϕ[nl](z0))| tends to 1
when l → ∞.

In Section 4 we show that in the class of manifolds mentioned above another
interesting property holds: for any ϕ the operator Cϕ is hypercyclic if and only if it
is hereditarily hypercyclic (Theorem 14). Next we show that the same result holds
also for planar domains (Proposition 15). It remains an open question whether
every hypercyclic operator Cϕ is automatically hereditarily hypercyclic when Ω is
an arbitrary connected Stein manifold.

2. Preliminaries

In this paper D denotes the open unit disc in C. Any topological vector space
is assumed to lie over the field C. Any submanifold of CM is assumed to be
complex analytic and closed. Throughout this section Ω and Ω′ are connected
Stein manifolds. By ∞Ω we denote the ‘point at infinity’ for Ω so that Ω∪{∞Ω} is
the usual one-point compactification of Ω by an element ∞Ω 
∈ Ω. By O(Ω,Ω′) we
mean the set of all holomorphic mappings f : Ω → Ω′. When Ω′ is a submanifold
of CM , we equip O(Ω,Ω′) with the topology of uniform convergence on compact
subsets of Ω. Instead of O(Ω,C) we write O(Ω) for brevity.

We say that a sequence of holomorphic mappings fn : Ω → Ω′ is compactly
divergent (in O(Ω,Ω′)) if for each compact set K ⊂ Ω, L ⊂ Ω′ there is a number
n0 such that fn(K) ∩ L = ∅ for all n ≥ n0. If Ω′ = Ω, then (fn)n is called a
run-away sequence (in O(Ω,Ω)) if for each compact set K ⊂ Ω there is n such that
fn(K) ∩K = ∅. Since Stein manifolds can be exhausted by countable families of
compact subsets, a sequence (fn)n ⊂ O(Ω,Ω) is run-away if and only if it has a
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compactly divergent subsequence, and it is compactly divergent if and only if each
of its subsequences is run-away.

For a compact set K ⊂ Ω by K̂Ω or (K) Ω̂ we denote the holomorphic hull of
the set K with respect to Ω, i.e.

K̂Ω := (K) Ω̂ := {z ∈ Ω : |f(z)| ≤ sup
w∈K

|f(w)| for every f ∈ O(Ω)}.

The set K is called holomorphically convex if K = K̂Ω; for brevity we call such a

set O(Ω)-convex. For Ω = CN we write K̂, (K)̂ instead of K̂CN , (K) ĈN , and we
call this set the polynomial hull of K. If we assume that Ω is a submanifold of CM ,
then it follows from [9, Theorem 7.2.11] that for every compact K ⊂ Ω there holds

K̂Ω = K̂CM .
In this article we extensively use the Oka-Weil theorem (see e.g. [9, Corollary

5.2.9]), which we recall below. Its one-dimensional version, known as the Runge
theorem, was extensively used in [8].

Theorem 1 (Oka-Weil). Let Ω be a Stein manifold and let K ⊂ Ω be a compact
O(Ω)-convex set. Then every function which is holomorphic in a neighbourhood of
K can be approximated uniformly on K by functions from O(Ω).

To simplify notation in the rest of the paper, we introduce the following notion:
we say that compact sets K,L ⊂ Ω are separable in Ω if there exists a function
F ∈ O(Ω) which separates K and L, i.e.

F̂ (K) ∩ F̂ (L) = ∅.

In this situation there holds
K̂Ω ∩ L̂Ω = ∅,

because, by the definition of hulls, K̂Ω ⊂ F−1(F̂ (K)) and L̂Ω ⊂ F−1(F̂ (L)). Con-

versely, in the case when Ω = C the condition K̂Ω ∩ L̂Ω = ∅ is sufficient for K and
L to be separable ([9, Theorem 1.3.3]), but generally it is not so, even in the case
when Ω = CN with N ≥ 2.

In the two lemmas below we present some natural properties of the holomorphic
hull of a union of two compact subsets. Lemma 2 (see also [2, Section 1]), when
applied to Ω = CN , is a special case of the Kallin lemma (see [12], [13] or [16,
Theorem 1.6.19]).

Lemma 2. Let Ω be a connected Stein manifold and let K,L ⊂ Ω be compact
subsets. Then the following conditions are equivalent:

(i) The sets K,L are separable in Ω.

(ii) K̂Ω ∩ L̂Ω = ∅ and (K ∪ L) Ω̂ = K̂Ω ∪ L̂Ω.

In particular, if K and L are disjoint and O(Ω)-convex, then K ∪ L is O(Ω)-
convex if and only if K and L are separable in Ω.

Proof. We may assume that Ω is a submanifold of some CM . If (i) holds, then in
view of [9, Theorem 7.4.8], the function which separates K and L may be extended
holomorphically on CM . Thus K, L are separable in CM and (ii) follows directly
from the Kallin lemma. The opposite implication is a consequence of the Oka-
Weil theorem, because if condition (ii) holds, then the function defined as 0 in a

neighbourhood of K̂Ω and as 1 in a neighbourhood of L̂Ω can be approximated on

K̂Ω ∪ L̂Ω by elements of O(Ω). �
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Lemma 3. Let Ω be a connected Stein manifold and let K,L ⊂ Ω be compact
subsets of Ω. If K ∩ L = ∅ and the set K ∪ L is O(Ω)-convex, then K and L are
both O(Ω)-convex.

Proof. Assuming that Ω is a submanifold of CM , we get K ∪ L = (K ∪ L) Ω̂ =
(K ∪ L) ĈM , so the set K ∪ L is polynomially convex in CM . Now the conclusion
follows from [16, Corollary 1.5.4]. �

We say a domain U ⊂ Ω is a Runge domain with respect to Ω if every function
from O(U) can be approximated locally uniformly on U by functions from O(Ω).
Let us recall the following fact which characterizes Runge domains in the language
of holomorphic hulls: if U ⊂ Ω is a domain which is also a Stein manifold, then U
is a Runge domain in Ω if and only if for every compact subset K ⊂ U we have

K̂Ω = K̂U (for the proof of this fact see e.g. the proof of [9, Theorem 4.3.3]).

3. Characterisation of hypercyclicity of Cϕ

In this section we give necessary and sufficient conditions for hypercyclicity and
hereditary hypercyclicity of the composition operator

Cϕ : O(Ω) � f �→ f ◦ ϕ ∈ O(Ω)

induced by a holomorphic self-map ϕ of a connected Stein manifold Ω. Next, we
show that there is a quite wide class of Stein manifolds in which hypercyclicity of
Cϕ may be described in a simpler way than in general.

We start with formulating some necessary conditions.

Observation 4. Let Ω be a connected Stein manifold, ϕ ∈ O(Ω,Ω) and let (nl)l ⊂
N be an increasing sequence. Suppose that Cϕ is hypercyclic w.r.t. (nl)l. Then:

(i) the mapping ϕ is injective,
(ii) the image ϕ(Ω) is a Runge domain w.r.t. Ω,
(iii) the sequence (ϕ[nl])l is run-away.

In general, the above necessary conditions are not sufficient for hypercyclicity
(e.g. Ω = D \ {0}, ϕ(z) = 1

2z; in view of Theorem 6, Cϕ is not hypercyclic).
However, there are Stein manifolds in which they are so. We deal with this topic
in the latter part of this section.

Proof. Let f ∈ O(Ω) be such that the functions f ◦ϕ[nl], l ∈ N, form a dense subset
of O(Ω). The first part follows from the fact that O(Ω) separates points of Ω. For
the second we need to prove that the restrictions g|ϕ(Ω), g ∈ O(Ω), are dense in
O(ϕ(Ω)). If h ∈ O(ϕ(Ω)), then h ◦ϕ ∈ O(Ω), so there is a sequence (lk)k such that

f ◦ ϕ[nlk
] → h ◦ ϕ on Ω. Hence f ◦ ϕ[nlk

−1] → h on ϕ(Ω), as the mapping ϕ is a
biholomorphism on its image.

We prove the third part. Let K ⊂ Ω be compact. For each j ∈ N there exists lj
such that |f ◦ ϕ[nlj

] − j| ≤ 1
j on K. This implies

inf
z∈ϕ

[nlj
]
(K)

|f(z)| = inf
z∈K

|f ◦ ϕ[nlj
](z)| ≥ j − 1

j
> sup

z∈K
|f(z)| for large j,

so ϕ[nlj
](K) ∩K = ∅. �
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If, in the situation as in Observation 4, Cϕ is hereditarily hypercyclic w.r.t. (nl)l,
then condition (iii) is fulfilled for every subsequence of (nl)l, which means exactly
that (ϕ[nl])l is compactly divergent. This leads to a certain version of the observa-
tion for hereditary hypercyclicity. Almost every statement on the hypercyclicity of
Cϕ in this paper has an analogous version concerning hereditary hypercyclicity of
Cϕ, which can be obtained in the above way.

Remark 5. Note that (i) gives that ϕ is a biholomorphism on its image, which
implies that ϕ(Ω) is a Stein manifold and a domain in Ω. Hence from (ii) it follows
that if a compact K ⊂ Ω is O(Ω)-convex, then

ϕ̂(K)Ω = ϕ̂(K)ϕ(Ω) = ϕ(K̂Ω) = ϕ(K),

so the set ϕ(K) is also O(Ω)-convex. This immediately gives that for any natural
number n the set ϕ[n](K) is O(Ω)-convex.

Theorem 6. Let Ω be a connected Stein manifold, ϕ ∈ O(Ω,Ω) and let (nl)l ⊂ N

be an increasing sequence. Then the operator Cϕ is hypercyclic w.r.t. (nl)l iff ϕ is
injective and for every O(Ω)-convex compact subset K ⊂ Ω there exists l ∈ N such
that K ∩ ϕ[nl](K) = ∅ and the set K ∪ ϕ[nl](K) is O(Ω)-convex.

To prove Theorem 6, we need the notion of topological transitivity. Let Tn :
X → X, n ∈ N, be continuous self-maps of a topological space X. We say that
the sequence (Tn)n is topologically transitive if for every non-empty open subset
U, V ⊂ X there exists n ∈ N such that Tn(U)∩V 
= ∅. Clearly, to verify topological
transitivity it suffices to check this condition only for all sets U , V from a basis of the
topology of X. We need the following lemma, which is an immediate consequence
of two classical results: [7, Theorem 1] and [7, Proposition 1].

Lemma 7. Let X be a separable Fréchet space, let T : X → X be a continuous
linear map, and let (nl)l ⊂ N be an increasing sequence. Then T is hypercyclic
w.r.t. (nl)l iff the sequence (T [nl])l is topologically transitive.

If Ω is a connected Stein manifold, then O(Ω) is a separable Fréchet space. This
observation allows us to use Lemma 7 for the space X = O(Ω). A basis of the
topology of O(Ω) is given by the family of the sets

Wg,K,ε := {f ∈ O(Ω) : |f − g| < ε on K},
with g ∈ O(Ω), ε > 0 and K ⊂ Ω being compact and O(Ω)-convex.

Proof of Theorem 6. Assume that Cϕ is hypercyclic w.r.t. (nl)l, which in view

of Lemma 7 means that the sequence (Cϕ
[nl])l is topologically transitive. Hence,

if a set K ⊂ Ω is compact and O(Ω)-convex, then there exists l ∈ N such that

Cϕ
[nl](W0,K, 12

) ∩ W1,K, 12

= ∅, which means that for some f ∈ W0,K, 12

we have

f ◦ ϕ[nl] ∈ W1,K, 12
. Then

|f | < 1

2
on K and |f − 1| < 1

2
on ϕ[nl](K),

that is, f(K) ⊂ 1
2D and f(ϕ[nl](K)) ⊂ 1 + 1

2D. This implies that K and ϕ[nl](K)
are separable in Ω. Moreover, by Observation 4 and Remark 5 we get that ϕ is
injective and the set ϕ[nl](K) is O(Ω)-convex. Hence, Lemma 2 yields that the
union K ∪ ϕ[nl](K) is O(Ω)-convex, as desired.
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Now assume that the condition from the conclusion is satisfied. We will prove

that the sequence (Cϕ
[nl])l is topologically transitive. For this, it is enough to check

that for each g, h ∈ O(Ω), ε > 0 and K ⊂ Ω being compact and O(Ω)-convex there

exists l ∈ N such that Cϕ
[nl](Wg,K,ε)∩Wh,K,ε 
= ∅. Fix g, h, ε and K. There exists

l ∈ N such that K ∩ ϕ[nl](K) = ∅ and K ∪ ϕ[nl](K) is O(Ω)-convex. By Lemma
3 we get that the set ϕ[nl](K) is O(Ω)-convex. Moreover, as ϕ is injective, so is
ϕ[nl]. Hence ϕ[nl] is a biholomorphism on its image and its inverse (ϕ[nl])−1 is a
holomorphic map from ϕ[nl](Ω) to Ω. In particular, the function h ◦ (ϕ[nl])−1 is
well defined in a neighbourhood of the set ϕ[nl](K). By the Oka-Weil theorem, the
function defined as g in a neighbourhood of K and h◦ (ϕ[nl])−1 in a neighbourhood
of ϕ[nl](K), being well defined and holomorphic in a neighbourhood of K∪ϕ[nl](K),
can be approximated on the latter union by elements of O(Ω). This leads to the
conclusion that there exists a function f ∈ O(Ω) such that |f − g| < ε on K
and |f − h ◦ (ϕ[nl])−1| < ε on ϕ[nl](K). The latter condition means exactly that

|f ◦ ϕ[nl] − h| < ε on K. Consequently, f ◦ ϕ[nl] ∈ Cϕ
[nl](Wg,K,ε) ∩Wh,K,ε. �

Corollary 8. Let Ω be a connected Stein manifold, ϕ ∈ O(Ω,Ω) and let (nl)l ⊂ N

be an increasing sequence. Then the operator Cϕ is hypercyclic w.r.t. (nl)l iff ϕ
is injective, ϕ(Ω) is a Runge domain w.r.t. Ω and for every O(Ω)-convex compact
subset K ⊂ Ω there is l ∈ N such that the sets K and ϕ[nl](K) are separable in Ω.

Proof. It is a direct consequence of Theorem 6 and Lemma 2. �

Corollary 9. Let Ω be a connected Stein manifold, ϕ ∈ O(Ω,Ω) and let (nl)l ⊂ N

be an increasing sequence. Then the operator Cϕ is hypercyclic w.r.t. (nl)l iff it is
hereditarily hypercyclic w.r.t. some subsequence of (nl)l.

In Section 4 we shall prove that in many ‘nice’ Ω’s there holds a stronger im-
plication than the above: for any ϕ ∈ O(Ω,Ω), hypercyclicity of Cϕ implies its
hereditary hypercyclicity with respect to the full sequence of natural numbers. Let
us note that in general these two properties are not equivalent. We refer the reader
to [7, p. 358] for more details.

Proof. Assume that Cϕ is hypercyclic w.r.t. (nl)l and let (Kμ)μ∈N be a sequence
of O(Ω)-convex compact sets which exhausts Ω; that is, Kμ ⊂ int Kμ+1 and⋃

μ∈N
Kμ = Ω. By Corollary 8, for each μ there is lμ such that the sets Kμ and

ϕ[nlμ ](Kμ) are separable in Ω. We may assume that the sequence (lμ)μ is increasing.
Then Cϕ is hereditarily hypercyclic w.r.t. (nlμ)μ, for if K ⊂ Ω is compact, then

there is μ0 such that K ⊂ Kμ for every μ ≥ μ0 and thus the sets K and ϕ[nlμ ](K)
are separable in Ω. �

Let ρ denote the Poincaré distance in D. For points z, w ∈ Ω set

cΩ(z, w) := sup{ρ(F (z), 0) : F ∈ O(Ω,D), F (w) = 0}.

The function cΩ is the Carathéodory pseudodistance in Ω. Directly from the defi-
nition it follows that the family {cΩ}Ω, where Ω passes over all complex analytic
manifolds, is holomorphically invariant, i.e. cΩ′(f(z), f(w)) ≤ cΩ(z, w) for each
holomorphic map f : Ω → Ω′ and points z, w ∈ Ω.
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Lemma 10. Let Ω be a connected Stein manifold, ϕ ∈ O(Ω,Ω) and let (nl)l ⊂ N

be an increasing sequence. Suppose that ϕ is injective and that ϕ(Ω) is a Runge
domain w.r.t. Ω. If there exists a point z0 ∈ Ω such that

lim
l→∞

cΩ(z0, ϕ
[nl](z0)) = ∞,

then the operator Cϕ is hereditarily hypercyclic w.r.t. (nl)l.

The assumption liml→∞ cΩ(z0, ϕ
[nl](z0)) = ∞ is fulfilled e.g. if there exists a

function F ∈ O(Ω,D) such that |F ◦ ϕ[nl](z0)| → 1 as l → ∞.

Proof. Since every subsequence of (nl)l satisfies the same assumptions, it suffices
to prove hypercyclicity. The limit condition in the assumptions means that there
exists a sequence (Fl)l ⊂ O(Ω,D) such that Fl(z0) = 0 and Fl(ϕ

[nl](z0)) → 1
as l → ∞. Using the Montel theorem and passing to a subsequence we may
assume that Fl ◦ ϕ[nl] → G and Fl → H for some functions G,H ∈ O(Ω) with
G(Ω), H(Ω) ⊂ D. Since G(z0) = 1 and H(z0) = 0, it follows from the maximum
principle that G ≡ 1 and H(Ω) ⊂ D.

Fix a compact O(Ω)-convex subset K ⊂ Ω. There is an α ∈ (0, 1) such
that H(K) ⊂ αD, so for large l there holds Fl(K) ⊂ αD. On the other hand,
Fl(ϕ

[nl](K)) ⊂ 1 + (1 − α)D, because Fl ◦ ϕ[nl] → 1. This implies that for large l
the function Fl separates K and ϕ[nl](K). Now apply Corollary 8. �

In the theorem below, the assumption that limΩ�z→∞Ω
cΩ(z, z0) = ∞ (if it

holds for some z0, then it holds for every z0 ∈ Ω) means that all balls w.r.t. the
Carathéodory pseudodistance are relatively compact in Ω. Let us recall that it is
fulfilled in particular by the following classes of bounded domains in CN : convex
domains, strictly pseudoconvex domains, domains for which each boundary point
admits a weak peak function (i.e. for each a ∈ ∂Ω there is a holomorphic function
F : Ω → D with limΩ�z→a F (z) = 1), etc. (see e.g. [10, page 217], [15, Theorem
2.3]).

As a corollary, we obtain:

Theorem 11. Let Ω be a connected Stein manifold for which there exists a point
z0 ∈ Ω so that

lim
Ω�z→∞Ω

cΩ(z, z0) = ∞,

let ϕ ∈ O(Ω,Ω) and let (nl)l ⊂ N be an increasing sequence. Then the operator Cϕ

is hypercyclic w.r.t. (nl)l iff ϕ is injective, ϕ(Ω) is a Runge domain w.r.t. Ω and
(ϕ[nl])l is a run-away sequence.

Proof. Assume that ϕ is injective, ϕ(Ω) is a Runge domain w.r.t. Ω and the se-
quence (ϕ[nl])l is run-away. Passing to a subsequence we may assume that (ϕ[nl])l
is compactly divergent in O(Ω,Ω). Then ϕ[nl](z0) → ∞Ω, so cΩ(z0, ϕ

[nl](z0)) → ∞
and the conclusion follows from Lemma 10. �

The only difference between the conditions in Corollary 8 and Theorem 11 is
that the statement ‘K and ϕ[nl](K) are separable in Ω for some l’ was replaced by
‘K and ϕ[nl](K) are disjoint for some l’ (not necessarily the same), as the latter
statement is just the run-away property. But generally, it is rather hard to check
whether two compact, disjoint, O(Ω)-convex subsets of Ω are separable in Ω (or
equivalently, whether their union is O(Ω)-convex), and hence Theorem 11 is a
quite nice simplification of the characterisation of hypercyclicity in the case of Ω’s
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having relatively compact cΩ-balls. Let us also note that the equivalent condition
in Theorem 11 is exactly the same as conditions (i), (ii), (iii) from Observation 4,
so for such Ω’s these necessary conditions become equivalent.

Remark 12. From [8, Theorem 3.19] it follows that if Ω ⊂ C is a simply connected
or an infinitely connected domain, then there holds the same simpler description as
in the above theorem: Cϕ is hypercyclic w.r.t. (nl)l iff conditions (i), (ii), (iii) from
Observation 4 are fulfilled (in other planar domains Cϕ cannot be hypercyclic, in
view of the same theorem in [8]).

4. Hereditary hypercyclicity of Cϕ

We saw in Corollary 9 that hypercyclicity of Cϕ is equivalent to its hereditary
hypercyclicity w.r.t. some increasing sequence (nl)l ∈ N. We shall see in this section
that there are manifolds in which for every mapping ϕ ∈ O(Ω,Ω) hypercyclicity
of Cϕ gives its hereditary hypercyclicity. However, we do not know whether there
exist a connected Stein manifold Ω and a holomorphic map ϕ : Ω → Ω such that
Cϕ is hypercyclic but non-hereditarily hypercyclic.

In what follows we assume that Ω is a submanifold of CM . Recall that Ω is said
to be taut if every sequence (fn)n ⊂ O(D,Ω) is compactly divergent in O(D,Ω) or
has a subsequence convergent in O(D,Ω). We need the following fact ([1, Theorem
2.4.3]):

Theorem 13. Let Ω be a connected taut manifold, and let ϕ ∈ O(Ω,Ω). If the
sequence (ϕ[n])n is not compactly divergent in O(Ω,Ω), then it is relatively compact
in O(Ω,Ω).

The following theorem guarantees equivalence between hypercyclicity and hered-
itary hypercyclicity of the operator Cϕ in the same class of Stein manifolds as in
Section 3.

Theorem 14. Let Ω be a connected Stein manifold for which there exists a point
z0 ∈ Ω so that

lim
Ω�z→∞Ω

cΩ(z, z0) = ∞.

If ϕ ∈ O(Ω,Ω) and the operator Cϕ if hypercyclic, then it is hereditarily hypercyclic.

Proof. Since all balls w.r.t. the Carathédory pseudodistance are relatively compact
in the topology of Ω, the manifold Ω is taut. This result is probably known.
However, we could not find it in the literature in the required form, so for the
reader’s convenience we sketch its proof. We will follow the argument applied in
the proof of [1, Theorem 2.3.18]. Let diam cΩ and diam ρ denote the diameters of
sets with respect to cΩ and ρ (respectively). Take a sequence (fn)n ⊂ O(D,Ω) and
suppose that it is not compactly divergent. Passing to a subsequence if necessary, we
may assume that there are compact sets K0 ⊂ D and L ⊂ Ω such that fn(K0)∩L 
=
∅ for every n.

Fix a point w0 ∈ L and a compact set K ⊂ D containing K0. One has that
cΩ(fn(z), fn(w)) ≤ ρ(z, w) for all z, w ∈ K, so diam cΩfn(K) ≤ diam ρK. There-
fore, as fn(K) ∩ L 
= ∅, for all z ∈ K and n ∈ N we have

cΩ(fn(z), w0) ≤ diam cΩfn(K) + diam cΩL ≤ diam ρK + diam cΩL < ∞.

Thus, the union
⋃

n fn(K) lies in a cΩ-ball, so it is bounded in CM . The set K was
chosen arbitrarily, so the Montel theorem guarantees that (fn)n admits a convergent
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subsequence. Its limit belongs to O(D,Ω), because Ω is closed in CM . The proof
of the tautness is complete.

Take ϕ ∈ O(Ω,Ω) such that Cϕ is hypercyclic. From Observation 4 and Theorem

13 it follows that the sequence (ϕ[l])l is compactly divergent. Therefore, each of its
subsequences is run-away, so in view of Theorem 11 the operator Cϕ is hypercyclic
w.r.t. every increasing sequence of natural numbers, as desired. �

Proposition 15. Let Ω ⊂ C be a simply connected or an infinitely connected
domain. If ϕ ∈ O(Ω,Ω) and the operator Cϕ is hypercyclic, then it is hereditarily
hypercyclic.

Proof. It is known that a domain Ω ⊂ C is taut iff the set C \ Ω has at least two
points (see [10, Remark 3.2.3 (d)]). Thus, if Ω 
= C, then Ω is taut and, in view of
Remark 12, we can prove the conclusion arguing in the same way as in the proof
of Theorem 14. On the other hand, if Ω = C, then ϕ, as an injective holomorphic
mapping from C to C, is affine. Now employ [3, Theorem 3.1]. �
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the author’s research stay at the Faculty of Mathematics and Computer Science,
Adam Mickiewicz University, Poznań, Poland.
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