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Abstract. In this paper, we consider problems associated with the higher
order fractional Laplacian. Through the method of moving planes, we derive
rotational symmetry of positive solutions and show their dependence on the xn
variable only. We also establish the equivalence between a semilinear higher
order fractional Laplacian equation and its corresponding integral equation,
so as to further deduce a Liouville type theorem and obtain a priori estimates
for positive solutions.

1. Introduction

Nonlocal problems have emerged in various applications among different scientific
fields, such as molecular dynamics in biology, stable Lévy process in probability (see
[1], [4] and [28]), modeling in finance (see [25]), and anomalous diffusion phenomena
in physics (see [9], [10] and [24]).

The fractional Laplacian (−Δ)α/2 is a nonlocal pseudo-differential operator de-
fined by

(1) (−Δ)α/2u(x) := Cn,α PV

∫
Rn

u(x)− u(y)

|x− y|n+α
dy,

where PV stands for the Cauchy principal value and 0 < α < 2. This operator is
well defined in S, the Schwartz space of rapidly decreasing C∞ functions in Rn.
Through the Fourier transform, (−Δ)α/2 can be equivalently defined as

̂(−Δ)α/2f(ξ) = |ξ|αf̂(ξ).

In addition, the fractional Laplacian can be extended as a distribution by

〈(−�)α/2f, φ〉 =
∫
Rn

f (−�)α/2φ dx, ∀φ ∈ C∞
0 (Rn)

in

Lα = {f : Rn→R |
∫
Rn

|f(x)|
1 + |x|n+α

dx < ∞}.
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Let s = m + α
2 , m ∈ N . The higher order fractional Laplacian can be defined

inductively (see [41]) as

(−Δ)s = (−Δ)
α
2 ◦ (−Δ)m.

From here it’s easy to see that (−Δ)s is nonlocal and defined in S as well.
In this paper, we study Navier problems involving (−�)s and (−�)α/2 in the

upper half-space Rn
+ = {x = (x1, . . . , xn) ∈ Rn | xn > 0}. Due to the nonlocality of

both operators, which arises from the defining integral, the proof will be different
from that of the Laplacian operator.

Extensive study has been carried out on the property of solutions to equations
associated with (−�)α/2. Fruitful results have been obtained on the existence,
nonexistence, symmetry and regularity, and so on. In [33], T. Weth and S. Jarohs
considered semilinear Dirichlet problems involving a class of nonlocal operators in
a bounded open set Ω ⊂ Rn:

(2)

{
Iu = g(x, u), x ∈ Ω,
u = 0, x ∈ Rn \ Ω,

where g : Ω × R → R is a measurable function with certain properties, and I is a
nonlocal linear operator. In particular, I = (−Δ)

α
2 . Using the method of moving

planes, they proved that the positive solution u(x) of (2) is symmetric in x1.
Recently, M. M. Fall and T. Weth (see [30]) proved a nonexistence result for the

positive solution to

(3)

{
(−�)αu = f(u), x ∈ Ω,
u = 0, x ∈ Rn \ Ω.

In [46], the authors proved the existence of weak solutions inHα(Rn) for (3) for f(u)
with subcritical growth. Later, X. Ros-Oton and and J. Serra (see [41]) deduced
the nonexistence of nontrivial solutions in star-shaped domains for supercritical
nonlinearities. Our goal is to deduce such results on the higher order Laplacian.
For more results concerning the fractional Laplacian please see [15], [28], [36], [11]
and the references therein.

So far as we know, there have not been many results on the higher order fractional
Laplacian. Our study of the higher order Laplacian was partly inspired by the work
of Y. Sire and J. Wei in [45]. There the authors considered a fractional version of
the Henon equation in Rn:

(4)

⎧⎨
⎩

(−�)1+α/2u = |x|αup, x ∈ B1,
u = 0, x ∈ Bc

1,
−�u = 0, x ∈ ∂B1,

where m is the integer part of s ∈ (1, n/2), p > 1, α > 0 and n ≥ 2. Using the
Pohozaev identity and the mountain pass theorem, they proved the existence of
positive weak solutions in the subcritical case and nonexistence in the supercritical
case. In particular, they showed the existence of positive solutions for α = 0 in Bc

1.
We start with the higher order fractional Laplace equation

(5)

{
(−Δ)su(x) = 0, x ∈ Rn

+,
(−�)iu(x) = 0, x /∈ Rn

+,
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with i = 0, 1, 2, · · ·,m, and prove that

Theorem 1.1. Suppose u ∈ C2m,1
loc (Rn

+) is a positive solution of (5). If (−�)mu ∈
Lα(R

n
+) and (−�)iu are nonnegative, then u(x) only depends on the xn variable

and

u(x) = u(xn) = a0x
α
2 +2m
n +

m∑
j=1

ajx
1+2(m−j)
n

with some nonnegative constants ai.

To this end, we first obtain the decay rate of solutions at infinity via the Kelvin
transform. Then by applying the method of moving planes, we are able to derive
that the solution is rotationally symmetric about any line parallel to the xn-axis.
And this implies that the solution depends on the xn variable only. For more results
concerning the method of moving planes, please see [8], [18] and the references
therein.

Then we focus on the following nonlinear high order fractional equation:

(6)

{
(−Δ)su(x) = up(x), x ∈ Rn

+,
(−�)iu(x) = 0, x /∈ Rn

+,

with i = 0, 1, 2, · · ·,m. Instead of dealing with the differential equations directly,
we seek its equivalent pseudo-integral equation first. Let G+

2s(x, y) be the Green’s
function of the (−Δ)s operator in Rn

+ with the same boundary conditions. In
section 4, we will show that

G+
2s(x, y) =

∫
Rn

+

G+
2m(x, z)Gα(z, y)dz,

where G+
2m(x, z) is the Green’s function of (−�)m in Rn

+ and Gα(z, y) is the Green’s

function of (−Δ)α/2 in Rn
+. We establish the equivalence between (6) and the

following integral equation:

(7) u(x) =

∫
Rn

+

G+
2s(x, y)u

p(y)dy.

Theorem 1.2. Suppose u is a positive solution of the pseudo-differential equation
(6). If (−Δ)mu ≥ 0 and 2m < n, then u must satisfy the integral equation (7), and
vice versa.

Remark 1.1. Replacing up in (6) by f(u), which has good monotonicity in u, the
equivalence between PDE and IE can be obtained as well.

With the established equivalence, we will try to solve the conjecture below in a
second paper.

Conjecture 1.3. Assume that u ∈ L
n(p−1)

2s

loc (Rn
+) for q > 1 is a nonnegative solution

to (6). Then u must be trivial.

We believe that under the assumption above, a similar symmetry result is at-
tainable by applying the method of moving planes in integral forms to (7). Such
symmetry has proved useful in deriving the nonexistence of positive solutions for
the corresponding equations, often known as the Liouville type theorem. The clas-
sical Liouville’s Theorem states that any harmonic function bounded below in Rn is
a constant. Recently, it has been generalized to the fractional Laplacian by many
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researchers. One important application of such a theorem is to derive the a priori
estimates, a key ingredient in proving the existence of solutions for elliptic equations
of local or nonlocal nature. Readers who are interested in Liouville type theorems
and their applications may refer to [2], [6], [38], [39], [47] and the references therein.

Last, we will study an equation involving the “lower order” fractional Laplacian:

(8)

{
(−Δ)α/2u(x) = f(xn), x ∈ Rn

+,
u(x) = 0, x /∈ Rn

+.

We will show that

Theorem 1.4. Suppose u is a positive solution of (8). f is positive and strictly
monotone increasing about the xn variable. If u ∈ Ls(R

n
+), then u(x) only depends

on the xn variable, i.e. u(x) = u(xn).

Symmetry results on positive solutions have been proved helpful in obtaining
regularity results and Sobolev inequalities for the fractional Laplacian problems
(see [12], [14], [23] and the references therein). We believe that it plays an equally
important role in lifting regularity for (−Δ)s equations. Readers who are interested
in the method of moving planes in integral forms may refer to [17], [18], [19], [20],
[21], [31], [37], [48], [49], [15] and [36] for more details.

In Section 2, we introduce some lemmas essential to later argument. Section 3
evolves around the proof of Theorem 1 and Theorem 3. In Section 4, we verify
Theorem 2.

2. Some lemmas

To prove the theorems, we need the following lemmas.

Lemma 2.1 ([44]). Let Ω ⊂ Rn be a bounded open set, and let g be a lower-
semicontinuous function in Ω̄ such that (−�)α/2g ≥ 0 in Ω and g ≥ 0 in Rn \ Ω.
Then g ≥ 0 in Rn.

Lemma 2.2. If u ∈ C1,1
loc (R

n
+) is a nonnegative solution of

(9)

{
−Δu(x) = f(xn), x ∈ Rn

+,
u(x) = 0, x ∈ ∂Rn

+,

and f is strictly increasing about xn, then u only depends on the xn variable.

Proof. In [13], Cao and Chen have shown that PDE (9) is equivalent to the integral
equation

(10) u(x) =

∫
Rn

+

G2(x, y) f(yn) dy,

where

G2(x, y) = Cn(
1

|x− y|n−2
− 1

|x∗ − y|n−2
)

is the Green’s function associated with the Navier boundary condition on the upper
half-space and x∗ is the reflection of x about ∂Rn

+.
Using the result above, we will prove Lemma 2.2 by the method of moving planes.
For any real number λ, we denote

Σλ =
{
x = (x1, x2, · · · , xn) ∈ Rn

+ | x1 < λ
}

Tλ =
{
x ∈ Rn

+ | x1 = λ
}
,
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and let
xλ = (2λ− x1, x2, · · · , xn)

be the reflection of the point x = (x1, x2, · · · , xn) about the plane Tλ.
Because there is no decay assumption on u at infinity, we cannot apply the

method of moving planes to u directly. To circumvent this difficulty, we use the
Kelvin transform.

For z0 = (z01 , · · · , z0n−1, 0) ∈ ∂Rn
+, we denote the Kelvin transform of u as

v(x) =
1

|x− z0|n−2
u(

x− z0

|x− z0|2 + z0).

By (10), we have

v(x)(11)

= u(
x− z0

|x− z0|2 + z0)
1

|x− z0|n−2

= Cn

∫
Rn

+

(
1

| x−z0

|x−z0|2 + z0 − y|n−2
− 1

|( x−z0

|x−z0|2 + z0)∗ − y|n−2

)
f(yn)dy

|x− z0|n−2

= Cn

∫
Rn

+

(
1

| x−z0

|x−z0|2 − z−z0

|z−z0|2 |n−2
− 1

|( x−z0

|x−z0|2 )
∗ − z−z0

|z−z0|2 |n−2

)
f(

zn
|z − z0|2 )

dz

|z − z0|2n|x− z0|n−2

= Cn

∫
Rn

+

(
1

|x− z|n−2
− 1

|x∗ − z|n−2

)
f(

zn
|z − z0|2 )

dz

|z − z0|n+2
.

(12)

It’s easy to see that

(13)

{
−Δv(x) = 1

|x−z0|n+2 f(
xn

|x−z0|2 ), x ∈ Rn
+ \ {z0},

v(x) = 0, x ∈ ∂Rn
+.

Next we apply the method of moving planes to v. First we move the plane Tλ

from −∞ to the right along the x1-direction and compare the values of v at x with
those at the reflection of x. Let

vλ(x) = v(xλ) and wλ(x) = vλ(x)− v(x).

We will show that for λ < z01 ,

(14) wλ(x) ≥ 0, ∀x ∈ Σλ.

Obviously,

wλ(x)

= vλ(x)− v(x)

=
1

|xλ − z0|n−2
u(

xλ − z0

|xλ − z0|2 + z0)− 1

|x− z0|n−2
u(

x− z0

|x− z0|2 + z0)

→ 0, as |x|→∞.(15)

We argue by contradiction. Suppose that wλ(x) < 0 somewhere in Σλ. By (15),
there exists x0 ∈ Σλ such that wλ(x

0) is a negative minimum of wλ; then we have

(16) −Δwλ(x
0) ≤ 0.
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In fact, for λ < z01 , elementary calculations give

−Δwλ(x)

=
1

|xλ − z0|n+2
f(

xn

|xλ − z0|2 )−
1

|x− z0|n+2
f(

xn

|x− z0|2 )

=
1

|xλ − z0|n+2

[
f(

xn

|xλ − z0|2 )− f(
xn

|x− z0|2 )
]

+f(
xn

|x− z0|2 )
[

1

|xλ − z0|n+2
− 1

|x− z0|n+2

]
> 0.(17)

This is a contradiction. Hence (14) holds.
Define

λ0 = sup
{
λ ≤ z01 | wμ(x) ≥ 0, ∀x ∈ Σμ, μ ≤ λ

}
.

We claim that

λ0 = z01 .

Hence,

(18) wz0
1
(x) ≥ 0, ∀x ∈ Σz0

1
.

Similarly, we can move the plane Tλ from ∞ to the left and derive

(19) wz0
1
(x) ≤ 0, ∀x ∈ Σz0

1
.

A combination of (18) and (19) yields

(20) wz0
1
(x) ≡ 0, ∀x ∈ Σz0

1
.

Therefore, we conclude that v(x) is rotationally symmetric about the line parallel
to the xn-axis and passing through z0.

Let x1 = (x1
1, · · · , x1

n−1, xn) and x2 = (x2
1, · · · , x2

n−1, xn) be any two points in

Rn
+. Choose z0 to be the projection of x0 = x1+x2

2 onto ∂Rn
+. It follows from

the argument above that v(x) is axially symmetric with respect to x0z0. Set z1 =
x1−z0

|x1−z0|2 + z0 and z2 = x2−z0

|x2−z0|2 + z0. It’s easy to see that v(z1) = v(z2); therefore

u(x1) = u(x2). This implies that u(x) only depends on the xn variable.
This completes the proof of Lemma 2.2. �

3. Symmetry of positive solutions to higher order fractional

and the fractional Laplace equations

Theorem 3.1. Suppose u ∈ C2m,1
loc (Rn

+) is a positive solution of

(21)

{
(−Δ)su(x) = 0, x ∈ Rn

+,
(−�)iu(x) = 0, x /∈ Rn

+,

(−�)mu ∈ Lα(R
n
+) and (−�)iu are nonnegative. Then

u(x) = u(xn) = a0x
α
2 +2m
n +

m∑
j=1

ajx
1+2(m−j)
n

with some nonnegative constants ai.
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Proof. Let w = (−Δ)mu and u = v0; then (21) can be divided into two systems:

(22)

{
(−Δ)α/2w = 0, x ∈ Rn

+,
w(x) = 0, x /∈ Rn

+,

and

(23)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−Δvm−1 = w,
−Δvm−2 = vm−1,
· · ·
−Δv0 = v1,
vi > 0, x ∈ Rn

+,
vi = 0, x /∈ Rn

+,

with i = 0, 1, 2, · · ·,m.
Previously, Chen, Li, Zhang and Cheng (see [22]) proved that the solution of

(22) either satisfies

w(x) = C0 xα/2
n ,

where C0 is a nonnegative constant, or it is identically zero. Hence here we only
need to consider the following equation:

(24)

{
−Δvm−1(x) = C0x

α/2
n , x ∈ Rn

+,
vm−1(x) = 0, x /∈ Rn

+.

Applying Lemma 2.2 to (24), we derive that vm−1 only depends on the xn variable.
Thus, (24) essentially becomes

(25)

{
−v′′m−1(xn) = C0x

α/2
n , xn > 0 ,

vm−1(0) = 0,

and its solutions take the form of

vm−1(x) = vm−1(xn) = a0x
α/2+2
n + a1xn,

where a0 and a1 are some nonnegative constants.
Going through the argument above for another m− 1 times yields

u(x) = u(xn) = a0x
α
2 +2m
n +

m∑
j=1

ajx
1+2(m−j)
n .

This completes the proof. �
Theorem 3.2. Suppose u ∈ Lα(R

n
+) is a positive solution of

(26)

{
(−Δ)α/2u(x) = f(xn), x ∈Rn

+,
u(x) = 0, x /∈Rn

+.

If f(xn) ≥ 0 is strictly increasing about xn, then u(x) only depends on the xn

variable.

Proof. Since our proof is mainly based on the method of moving planes in integral
forms, we need the following integral equation of (26):

(27) u(x) =

∫
Rn

+

Gα(x, y)f(yn)dy,

with

Gα(x, y) =
Cn

|x− y|n−α

∫ 4xnyn
|x−y|2

0

zα/2−1

(z + 1)
n
2
dz
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being the corresponding Green’s function in the upper half-space (see [34]).
For any real number λ, let

Σλ =
{
x = (x1, x2, · · · , xn) ∈ Rn

+ | x1 < λ
}
,

Tλ =
{
x ∈ Rn

+ | x1 = λ
}
,

and let

xλ = (2λ− x1, x2, · · · , xn)

be the reflection of the point x = (x1, x2, · · · , xn) about the plane Tλ.
For z0 = (z01 , · · · , z0n−1, 0) ∈ ∂Rn

+, let the Kelvin transform of u be

ū(x) =
1

|x− z0|n−α
u(

x− z0

|x− z0|2 + z0).

By [42], it’s easy to verify that

(28) (−Δ)α/2ū(x) =
1

|x− z0|n+α
f(

xn

|x− z0|2 ), x ∈ Rn
+ \ {z0}.

Set

ūλ(x) = ū(xλ), w̄λ(x) = ūλ(x)− ū(x).

We begin by moving the plane Tλ along the x1-axis from −∞ to the right until it
hits the limiting point λ = z01 . We will show that the solution is axially symmetric
about the line passing through z0 and parallel to the xn-axis.

An elementary calculation gives

w̄λ(x)

= ūλ(x)− ū(x)

=
1

|xλ − z0|n−α
u(

xλ − z0

|xλ − z0|2 + z0)− 1

|x− z0|n−α
u(

x− z0

|x− z0|2 + z0)

→ 0, as |x| → ∞.(29)

It follows easily from the definition of w̄λ(x) that w̄λ(x) is anti-symmetric, i.e.

w̄λ(x
λ) = −w̄λ(x), ∀x ∈ Σλ.

Step 1. We will show that for λ < z01 ,

(30) w̄λ(x) ≥ 0, ∀x ∈ Σλ.

If (30) doesn’t hold, from (29) we know that there exists some point x0 ∈ Σλ such
that w̄λ(x

0) is the negative minimum of w̄λ. From the definition of the fractional



EQUATIONS INVOLVING HIGHER ORDER FRACTIONAL LAPLACIAN 4311

Laplacian, we have

(−Δ)α/2w̄λ(x
0)

= Cn,α PV

∫
Rn

+

w̄λ(x
0)− w̄λ(y)

|x0 − y|n+α
dy

= Cn,α PV

∫
Σλ

w̄λ(x
0)− w̄λ(y)

|x0 − y|n+α
dy + Cn,α PV

∫
Rn

+\Σλ

w̄λ(x
0)− w̄λ(y)

|x0 − y|n+α
dy

= Cn,α PV

∫
Σλ

w̄λ(x
0)− w̄λ(y)

|x0 − y|n+α
dy + Cn,α PV

∫
Σλ

w̄λ(x
0) + w̄λ(y)

|x0 − yλ|n+α
dy

≤ Cn,α PV

∫
Σλ

2w̄λ(x
0)

|x0 − yλ|n+α
dy

< 0.(31)

On the other hand, from the definition of ūλ, one can see that ūλ satisfies the
same equation as ū does. Thus we have

(−Δ)α/2w̄λ(x)

=
1

|xλ − z0|n+α
f(

xn

|xλ − z0|2 )−
1

|x− z0|n+α
f(

xn

|x− z0|2 )

=
1

|xλ − z0|n+α
[f(

xn

|xλ − z0|2 )− f(
xn

|x− z0|2 )]

+f(
xn

|x− z0|2 )(
1

|xλ − z0|n+α
− 1

|x− z0|n+α
).(32)

When λ < z01 , the monotonicity of f indicates that

(33) (−Δ)α/2w̄λ(x) > 0, ∀x ∈ Σλ.

This is a contradiction with (31). Therefore inequality (30) holds.

Step 2. Define

λ0 = sup
{
λ ≤ z01 | w̄μ(x) ≥ 0, ∀x ∈ Σμ, μ ≤ λ

}
.

Combining (30) and the definition of λ0, we know that

λ0 = z01 .

Therefore,

(34) w̄z0
1
(x) ≥ 0, ∀x ∈ Σz0

1
.

Similarly, by moving the plane Tλ from ∞ to the left along the x1-axis, we are
able to derive that

(35) w̄z0
1
(x) ≤ 0, ∀x ∈ Σz0

1
.

By (34) and (35), we have

(36) w̄z0
1
(x) ≡ 0, ∀x ∈ Σz0

1
.

This implies that ū(x) is rotationally symmetric about the line passing through z0

and parallel to the xn-axis. Through a similar argument to that of Lemma 2.2, one
is able to assert that the positive solution u(x) is rotationally symmetric about any
line parallel to the xn-axis. Hence we conclude that u(x) only depends on the xn

variable, i.e. u(x) = u(xn).
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This proves the theorem. �

4. The equivalence between PDE and integral equation

In this section, we establish the equivalence between the pseudo-differential equa-
tion

(37)

{
(−Δ)su(x) = up(x), x ∈ Rn

+,
(−�)iu(x) = 0, x /∈ Rn

+,

and the integral equation

(38) u(x) =

∫
Rn

+

G+
2s(x, y)u

p(y)dy,

where s = m+ α/2, i = 0, 1, · · ·,m, and

(39)

{
(−Δ)sG+

2s(x, y) = δ(x− y), x, y ∈ Rn
+,

(−�)iG+
2s(x, y) = 0, x or y /∈ Rn

+.

G+
2s(x, y) can be expressed as

(40) G+
2s(x, y) =

∫
Rn

+

G+
2m(x, z)Gα(z, y)dz,

with

G+
2m(x, z) =

1

|x− y|n−2m
− 1

|x∗ − y|n−2m

satisfying

(41)

{
(−Δ)mG+

2m(x, y) = δ(x− y), x, y ∈ Rn
+,

(−�)iG+
2m(x, y) = 0, x or y /∈ Rn

+,

and Gα(z, y) satisfies (−Δ)α/2:

(42)

{
(−Δ)α/2Gα(x, y) = δ(x− y), x, y ∈ Rn

+,
Gα(x, y) = 0, x or y /∈ Rn

+.

Theorem 4.1. Suppose (−Δ)iu ≥ 0 and 2m < n. If u is a positive solution of
PDE (37), then u must satisfy the integral equation (38) and vice versa.

Proof. Set w(x) = (−Δ)iu(x). It’s easy to see that (37) can be divided into two
systems:

(43)

{
(−Δ)α/2w(x) = up(x), x ∈ Rn

+,
w(x) = 0, x /∈ Rn

+,

and

(44)

{
(−Δ)mu(x) = w(x), x ∈ Rn

+,
(−�)iu(x) = 0, x /∈ Rn

+.

Our proof consists of three steps.

Step 1. We first deal with equation (43).
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Set PR = (0, . . . , 0, R) and BR(PR) = {x ∈ Rn | |x− PR| < R}. Let

(45) w̄R(x) =

∫
B+

R

GR,α(x, y)u
p(y)dy,

where GR,α(x, y) is the Green’s function of (−Δ)α/2 on BR(PR) (see [15] and [34]).
Then

(46)

{
(−Δ)α/2w̄R(x) = up(x), x ∈BR(PR),
w̄R(x) = 0, x /∈BR(PR).

Let

w̄(x) =

∫
Rn

+

Gα(x, y)u
p(y)dy.

By (43), we have

(47)

{
(−Δ)α/2w(x) = up(x), x ∈BR(PR),
w(x) ≥ 0, x /∈BR(PR).

Set VR(x) = w(x)− w̄R(x), and then we have

(48)

{
(−Δ)α/2VR(x) = 0, x ∈BR(PR),
VR(x) ≥ 0, x /∈BR(PR).

Applying the maximum principle (see Lemma 2.1) to the equation above gives

VR(x) = w(x)− w̄R(x) ≥ 0, x ∈ BR(PR).

Therefore, for any fixed x ∈ Rn
+, there exists an R such that

(49) w̄R(x) ≤ w(x) < ∞, x ∈ Rn
+.

It’s known (see [15]) that

(50) GR,α(x, y) → Gα(x, y), asR → ∞.

Combining (49) and (50) yields

(51) w̄R(x) → w̄(x), asR → ∞.

Together with (49), we deduce that

(52) w(x) ≥ w̄(x), x ∈ Rn
+.

Set V (x) = w(x)− w̄(x); then

V (x) ≥ 0

and

(53)

{
(−Δ)α/2V (x) = 0, x ∈Rn

+,
V (x) = 0, x /∈Rn

+.

In [22], the authors proved that if V (x) is a positive solution of (53), then

either V (x) ≡ 0 or V (x) = C0 x
α/2
n ,

where C0 ≥ 0 is some constant. This implies that

(54) w(x) = C0 x
α/2
n +

∫
Rn

+

Gα(x, y)u
p(y)dy, C0 ≥ 0.
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Step 2. Let B+
R = BR(0)∩Rn

+ and G+
R,2m(x, y) be the Green’s the function of −�

in B+
R . It’s known (see [13]) that

G+
R,2m(x, y) =

1

|x− y|n−2m
− 1

(|x− y|2 + (R− |x|2
R )(R− |y|2

R ))
n−2m

2

− 1

|x∗ − y|n−2m
+

1

(|x∗ − y|2 + (R− |x|2
R )(R− |y|2

R ))
n−2m

2

and

(55)
∂G+

R,2m

∂ν
< 0, x ∈ B+

R , y ∈ ∂B+
R

and

(56) G+
R,2m(x, y) → G+

2m(x, y), asR → ∞.

Integrating by parts, we have∫
B+

R

−Δu(y)G+
R,2m(x, y)dy

=

∫
B+

R

−ΔG+
R,2m(x, y)u(y)dy +

∫
∂B+

R

u
∂G+

R,2m

∂ν
ds.(57)

Combining (57), (55) with (56) gives

(58)

∫
B+

R

w(y)G+
R,2m(x, y)dy ≤ u(x), x ∈ B+

R .

When R → ∞ in (58), we have∫
Rn

+

w(y)G+
2m(x, y)dy ≤ u(x), x ∈ Rn

+.

Let

H(x) = u(x)−
∫
Rn

+

G+
2m(x, y)w(y)dy.

It’s easy to see that

(59)

{
−ΔH(x) = 0, x ∈ Rn

+,
H(x) = 0, x /∈ Rn

+.

By Lemma 2.2, we have
H(x) = C1xn, C1 ≥ 0.

Therefore,

(60) u(x) = C1xn +

∫
Rn

+

w(y)G+
2m(x, y)dy, C1 ≥ 0.

Step 3. We claim that
C0 = C1 = 0.

Otherwise, if C1 > 0, then (60) implies that

(61) u(x) ≥ C1xn.

For any fixed x, it follows from (54) that

+∞ > w(x) ≥ C0x
α/2
n +

∫
Rn

+

Gα(x, y)(C1yn)
pdy = ∞,
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a contradiction. Hence, C1 = 0.

To show that C0 > 0, we notice that (54) implies

(62) w(x) ≥ C0 x
α/2
n .

Substituting (62) into (60), we arrive at

+∞ > u(x) ≥
∫
Rn

+

G+
2m(x, y)C0 y

α/2
n dy = ∞,

a contradiction. Therefore, C0 = 0.
Thus,

(63) w(x) =

∫
Rn

+

Gα(x, y)u
p(y)dy,

and

(64) u(x) =

∫
Rn

+

G+
2m(x, y)w(y)dy.

Substituting (63) into (64) gives

u(x) =

∫
Rn

+

G+
2m(x, y)

∫
Rn

+

Gα(y, z)u
p(z)dzdy

=

∫
Rn

+

(∫
Rn

+

G+
2m(x, y)Gα(y, z)dy

)
up(z)dz

=

∫
Rn

+

G+
2s(x, z)u

p(z)dz.

What remains is to show that if u is a solution of the integral equation (38),
then u satisfies (37). Indeed,

(−Δ)su(x) =

∫
Rn

+

(∫
Rn

+

(−Δ)sG+
2m(x, y)Gα(y, z)dy

)
up(z)dz

=

∫
Rn

+

(∫
Rn

+

(−Δ)α/2((−Δ)mG+
2m(x, y))Gα(y, z)dy

)
up(z)dz

=

∫
Rn

+

(−Δ)α/2Gα(x, z)u
p(z)dz

= up(x).

This proves the theorem. �
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