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ON THE REDUCIBILITY OF 2-DIMENSIONAL LINEAR

QUASI-PERIODIC SYSTEMS WITH SMALL PARAMETERS

JUNXIANG XU, WANG KUN, AND ZHU MIN

(Communicated by Yingfei Yi)

Abstract. In this paper we consider a real analytic linear quasi-periodic sys-
tem of 2-dimension, whose coefficient matrix depends on a small parameter
Cm-smoothly and closes to constant. Under some non-resonance conditions
about the basic frequencies and the eigenvalues of the constant matrix and
without any non-degeneracy assumption with respect to the small parame-
ter, we prove that the system is reducible for many of the sufficiently small
parameters.

1. Introduction and main result

1.1. Problems. The reducibility of linear differential systems has been studied
widely by many authors. The earliest result in this field is the well-known Floquet’s
theory, which says that linear periodic systems are always reducible. This means
that for linear periodic systems there exist periodic transformations which change
the systems to constant ones.

However, quasi-periodic systems are more complicated. Consider a linear quasi-
periodic system

ẋ = A(t)x, x ∈ R
n,

where A(t) ∈ gl(n,R) is an analytic quasi-periodic matrix or a C
r-smooth one. It

is said to be reducible if there exists a non-singular quasi-periodic Φ(t) ∈ GL(n,R),
which is at least C1-smooth, such that the transformation x = Φ(t)y changes it to
the form ẏ = By, where B is a constant matrix. If Φ(t) is analytic (or Cr-smooth),
we say the quasi-periodic system is analytic (or Cr) reducible. Here gl(n,R) denotes
the Lie algebra of n× n real matrices and GL(n,R) the linear group of n× n real
invertible matrices.

Johnson and Sell [10] first obtained that if the quasi-periodic matrix A(t) is
sufficiently smooth and satisfies the “full spectrum” condition, then the system
ẋ = A(t)x is reducible.
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In [11] Jorba and Simó considered a class of linear quasi-periodic systems close
to constant,

(1.1) ẋ = (A+ εQ(t, ε))x, x ∈ R
n,

where A ∈ gl(n,R) is a constant matrix with n different eigenvalues λ1, λ2, · · · , λn,
ε is a small parameter and Q(t, ε) ∈ gl(n,R) is analytic quasi-periodic in time t and
C1-smooth in the parameter ε. Suppose that the following non-resonance condition
holds:

(1.2) |i〈ω, k〉+ λi − λj | ≥
α

|k|τ , ∀k ∈ Z
r \ {0}, ∀i, j = 1, 2, · · · , n,

where i =
√
−1, α > 0 and τ > r − 1 are constants. Let λ0

j(ε) (j = 1, 2, · · · , n) be
eigenvalues of A + ε[Q]. The authors proved that if the non-degeneracy condition
holds,

(1.3)
d

dε
(λ0

i (ε)− λ0
j(ε))|ε=0 �= 0, ∀ i �= j,

then, for sufficiently small ε0 > 0, there exists a non-empty Cantor subset E ⊂
(0, ε0) such that the system (1.1) is reducible for ε ∈ E .

The non-degeneracy condition (1.3) is important for the subset E to be non-
empty. It is used for the measure estimate of the parameter ε of small divisor
conditions, which shows that E occupies relatively larger Lebesgue measure in
(0, ε0).

More recently, Eliasson [4] obtained the almost reducibility for a class of quasi-
periodic systems and the result implies that in [11]. Then Her and You [7] proved the
full measure reducibility for a generic family of quasi-periodic systems. Moreover,
an infinite-dimensional case is considered in [5]. In [17] the authors obtained a
similar result on the reducibility of (1.1) under a weaker non-degeneracy condition.
Furthermore, the result in [11] was generalized to a class of non-linear quasi-periodic
systems [12] by the same authors.

The 2-dimensional quasi-periodic system is very important since it concerns the
one-dimensional Schrödinger equation with quasi-periodic potentials

−x′′(t) + q(t)x = Ex,

which is equivalent to the following two-dimensional quasi-periodic system:

(1.4) ẋ = y, ẏ = (q(t)− E)x,

where q(t) is a quasi-periodic function and E is the energy parameter. Dinaburg and
Sinai [2] proved that if the frequency vector is Diophantine, then the system (1.4)
is reducible for most sufficiently large energy parameters E. Since the reducibility
is related to the spectrum of linear Schrödinger operators, the problem becomes
more important; see [3–5, 9, 14, 15].

In particular, there are some interesting aspects for 2-dimensional systems. In
[16] Rüssmann considered an analytic Hamiltonian system with two degrees of
freedom and obtained the convergence of the transformation into a norm form.
Similarly, Fayad and Krikorian [6] proved the accumulation of invariant curves
for a two-dimensional area preserving surface diffeomorphism without any non-
degeneracy condition. More recently, Avila, Fayad and Krikorian [1] developed a
new KAM method to consider the rotations reducibility of SL(2,R) cocycles with
Liouvillean frequencies. Their method is based on the continued fraction expansion
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of irrational numbers and the CD bridge. Then Hou and You [8] used a general-
ized KAM-type scheme and Floquet theory to prove the almost reducibility and
non-perturbative reducibility for two-dimensional linear quasi-periodic Hamilton-
ian systems with Liouvillean frequencies. In particular, they obtained the rotations
reducibility if the basic frequencies and the rotation number satisfy a non-resonance
condition. Later, in [20] Zhou and Wang used the periodic approximation and a
KAM scheme to extend the above results to quasi-periodic G-cocycles with one
frequency.

Usually, some non-degeneracy condition is required for the reducibility of (1.1).
However, in the case where n = 2, without any non-degeneracy assumption it is
proved in [18] that if the system (1.1) depends analytically on the small parameter ε,
it is reducible for most sufficiently small parameters. In this paper we will consider a
2-dimensional linear quasi-periodic Hamiltonian system, which depends on a small
parameter Cm-smoothly. Without imposing any non-degeneracy condition and by
the KAM technique developed in [19], we will prove that the system is reducible
for many of the sufficiently small parameters. This is an interesting phenomena of
2-dimensional quasi-periodic systems.

1.2. Definitions and notation. Before stating our results, we first give some
notation and definitions.

As usual, Rr (Cr) denotes the r-dimensional real (complex) space. Let Z
r be

the subset of Rr, which consists of all the vectors whose components are integers.
Let Tr = Rr/2πZr be the r-dimensional torus and

T
r
s =

{
θ = (θ1, θ2, · · · , θr) ∈ C

r/2πZr
∣∣ |Imθj | ≤ s, j = 1, 2, · · · , r

}
be a strip domain in Cr with s-width. sl(2,R) denotes the Lie subalgebra of gl(2,R),
which consists of 2×2 real Hamiltonian matrices, and SL(2,R) the linear subgroup
of GL(2,R), which consists of 2× 2 real symplectic matrices.

A function f(t) is called quasi-periodic in time t with frequency vector ω =
(ω1, ω2, · · · , ωr) if there is a function F (θ)

(
θ = (θ1, θ2, · · · , θr)

)
, which is 2π

periodic in all its arguments θi, such that f(t) = F (ωt). If F (θ) is analytic on T
r
s, we

call f(t) analytic quasi-periodic on Tr
s. Expand f(t) as a Fourier series with f(t) =∑

k∈Zr fke
i〈k,ω〉t, where i =

√
−1, k = (k1, k2, · · · , kr) ∈ Zr and 〈k, ω〉 =

∑r
j=1 kjωj .

Define a norm by ‖f‖s =
∑

k∈Zr |fk|es|k|, where |k| =
∑r

j=1 |kj |. Denote by [f ] = f0
the average of f .

Consider a matrix function Q(t) = (qij(t))1≤i,j≤2. If all qij are analytic quasi-
periodic with frequency vector ω, we call Q(t) analytic quasi-periodic with the fre-
quency vector ω. Denote by Ca

(
Tr
s, sl(2,R)

)
the set of all Q(t) ∈ sl(2,R) which are

real analytic quasi-periodic on Tr
s with the frequency vector ω. For Q = (qij)1≤i,j≤2

∈ Ca
(
Tr
s, sl(2,R)

)
, define ‖Q‖s = 2 × max1≤i,j≤2 ‖qij‖s. It is easy to see that

‖Q1 · Q2‖s ≤ ‖Q1‖s · ‖Q2‖s. If Q is a constant matrix, denote ‖Q‖ = ‖Q‖s for
simplicity. Denote the average of Q by [Q] =

(
[qij ]

)
1≤i,j≤2

.

Let Uδ = [0, δ]. Denote by Ca,m
(
T
r
s × Uδ, sl(2,R)

)
the set which consists of

all Q(t, ε) ∈ sl(2,R) such that Q are analytic quasi-periodic in t on Tr
s with the

frequency vector ω and Cm-smooth in ε on Uδ. Let Q(t, ε) =
∑

k∈Zr Qk(ε)e
i〈ω,k〉t

and define

‖Q‖s,δ =
∑
k∈Zr

sup
0≤ε≤δ

‖Qk(ε)‖es|k|.
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Similarly, we have the notation Ca
(
Tr
s, SL(n,R)

)
and Ca,m

(
Tr
s ×Uδ, SL(n,R)

)
.

1.3. Main results.

Theorem 1.1. Consider the following real linear quasi-periodic Hamiltonian sys-
tem:

(1.5) ẋ = (A+Q(t, ε))x, x ∈ R
2,

where A ∈ sl(2,R) is a constant matrix, ε is a small parameter and Q belongs
to Ca,m(Tr

s × Uδ, sl(2,R)) (m = 1 or 0) with the frequency vector ω. Let ±λ0 be
eigenvalues of A and (ω, λ0) satisfy the non-resonance condition

(1.6)

{
|〈ω, k〉| ≥ α0

|k|τ ,

|i〈ω, k〉 ± 2λ0| ≥ α0

|k|τ

for all 0 �= k ∈ Zr, where α0 > 0 and τ > r − 1. Then the following conclusions
hold true:

(i) Let m = 1. If ‖Q‖s,δ → 0 and ‖∂εQ‖s,δ ≤ M as δ → 0, then there exists a
sufficiently small ε0 > 0 and a non-empty subset E ⊂ (0, ε0), such that for ε ∈ E
the system (1.5) is reducible. Moreover, the set E ∩ (0, δ) has positive Lebesgue
measure for any δ > 0.

(ii) Let m = 0. If ‖Q‖s,δ → 0 as δ → 0, there exists a sufficiently small ε0 > 0 and
a non-empty subset E ⊂ (0, ε0), such that for ε ∈ E the system (1.5) is reducible.
Moreover, the set E ∩ (0, δ) has cardinality number of the continuum for any δ > 0.

Remark. As in the previous papers, when the system depends Cm-smoothly on the
small parameter, it usually requires some non-degeneracy condition to guarantee
the reducibility of (1.5) for most of the sufficiently small parameters. Our theorem
says that in the C1-smooth case, the system (1.5) can be reducible for many of
the sufficiently small parameters with positive measure without imposing any non-
degeneracy assumption. However, we cannot have some precise measure estimate
of parameters as in [18]. In the continuous case, we can still obtain the reducibility
of (1.5) for many of the sufficiently small parameters. In fact, these results are
obvious if the rotation number of the system such as (1.4) has some monotonicity
with respect to the parameter. This fact was first observed by Dinaburg-Sinai and
later by Moser-Pöschel and also by Eliasson for the one-dimensional Schrödinger
equation [2,3,13]. In this case, since the rotation numbers can take all numbers in an
interval, there are many rotation numbers non-resonant with the basic frequencies,
which implies the reducibility of the system.

2. Lemma

In this section we state a lemma, which is used in the proof of Theorem 1.1.

Lemma 2.1. Consider the following Hamiltonian system:

(2.1) ẋ = (A+Q(t, ε))x, x ∈ R
2.

Suppose A ∈ sl(2,R) with the eigenvalues ±λ0 and Q ∈ Ca,m
(
Tr
s × Uδ, sl(2,R)

)
satisfying that Q(t, 0) ≡ 0 and for all ε ∈ [0, δ],

(2.2) ‖Q(·, ε)‖s ≤ γ and
∥∥∂εQ(·, ε)

∥∥
s
≤ M if m = 1,

where ∂εQ = ∂Q
∂ε and M > 0 is a constant. Assume that the non-resonance con-

dition (1.6) holds. Let α > 0 and τ ′ > τ . Then, there exists a sufficiently small
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γ0 > 0, which only depends on α0, α,M, s, τ, τ ′, such that if γ ≤ γ0, the following
conclusions hold true:

(i) There exists a matrix function Φ(t, ε) ∈ SL(2,R), which is analytic quasi-
periodic in t and Cm-smooth in ε, such that Φ ∈ Ca,m

(
Tr
s/2 × Uδ, SL(2,R)

)
with

‖Φ(·, ε)− I‖ s
2
≤ cγ/α2

0αs
v and ‖∂εΦ(·, ε)‖ s

2
≤ cM/α2

0αs
v, v = τ ′ + 2τ + r.

(ii) There exists an ε-dependent Hamiltonian matrix A∞ ∈ Cm
(
[0, δ], sl(2,R)

)
such that

A∞(0) = A and ‖A∞(ε)−A‖ ≤ 2γ, ε ∈ [0, δ].

(iii) Let

(2.3) Π∞ =
{
ε ∈ [0, δ]

∣∣ ∣∣ |〈ω, k〉|2 − 4 det(A∞(ε))
∣∣ ≥ α

|k|τ ′ , ∀k �= 0
}
.

If ε ∈ Π∞, then under the symplectic transformation x = Φ(t, ε)y, the system (2.1)
is transformed into ẏ = A∞(ε)y.

Below we first use Lemma 2.1 to prove Theorem 1.1 and delay the proof of
Lemma 2.1 until later.

3. Proof of Theorem 1.1

By Lemma 2.1 we need to prove that Π∞ always includes many sufficiently small
parameters. The proof of Theorem 1.1 is divided into two parts: differentiable case
and continuous case.

3.1. Differentiable case. We first prove a lemma about measure estimate.

Lemma 3.1. Suppose ω ∈ R
r and λ0 ∈ C satisfy (1.6). Let 0 < α ≤ α2

0/2, τ
′ >

4τ + r and
ϕk(ε) = |〈ω, k〉|2 + 4λ2

0 − ε.

Let η > 0 be an arbitrarily small positive constant and set

(3.1) E± =
{
ε ∈ (0,±η)

∣∣ |ϕk(ε)| ≥
α

|k|τ ′ , ∀k �= 0
}
,

where the notation (0,−η) denotes the interval (−η, 0) for simplicity. Then

(3.2) meas((0,±η) \ E±) ≤ cη2
α

α4
0

,

where c is a constant.

Note that in our problem the number λ0 is real or pure imaginary, since ±λ0

are the eigenvalues of a Hamiltonian matrix A. Here we are only interested in the
pure imaginary case since it is simpler when λ0 is a real number.

Proof. Let

Ok =

{
ε ∈ (0, η)

∣∣ |ϕk(ε)| <
α

|k|τ ′

}
.

Now suppose ε ∈ (0, η). If

0 < ε ≤ α2
0

2|k|2τ ,

by (1.6) it follows that

(3.3)
∣∣|〈ω, k〉|2 + 4λ2

0

∣∣ ≥ α2
0

|k|2τ and so |φk(ε)| ≥
α2
0

2|k|2τ ≥ α

|k|τ ′ .
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Thus we only need to consider the ε belonging to (
α2

0

2|k|2τ , η). Then we have

meas(Ok) ≤
2α

|k|τ ′ ≤ (
2|k|2τη
α2
0

)2
2α

|k|τ ′ ≤ 8 · η2 · α

α4
0

· 1

|k|τ ′−4τ
.

Since τ ′ − 4τ > r, it follows that

meas((0, η) \ E+) ≤
∑
k �=0

meas(Ok) ≤ cη2
α

α4
0

,

where c = 8
∑

k �=0
1

|k|τ′−4τ .

E− can be considered similarly and so we omit the details. �

Now we prove Theorem 1.1. At first, let α = α2
0/2, τ

′ > 4τ + r. By assumption,
there is a constant M > 0 such that ‖∂εQ‖s ≤ M . Let γ0 > 0 be the sufficiently
small number as given in Lemma 2.1. By assumption, when δ is sufficiently small,
we have ‖Q‖s ≤ γ0 for all ε ∈ [0, δ]. Moreover, we have Q(t, 0) ≡ 0. Below we prove
meas(Π∞) > 0. Note det(A) = −λ2

0. Let det(A∞(ε)) = −λ2
0 + μ(ε). Noting that

A∞(0) = A, then it is easy to see μ(ε) is differentiable on [0, δ] with μ(0) = 0. Let

η0 = 4 max
0≤ε≤δ

|μ(ε)| = 4|μ(ε0)|, 0 ≤ ε0 ≤ δ.

Without loss of generality, we assume η0 �= 0, ε0 �= 0 and η0 = 4μ(ε0). Since μ is
continuous, we have {

4μ(ε) | ε ∈ [0, ε0]
}
⊃ [0, η0].

Recall α = α2
0/2 and τ ′ > 4τ + r. By Lemma 3.1, Eη0

= E+ with η = η0 is
non-empty and meas(Eη0

) > 0. Let

Πε0 = {ε ∈ [0, ε0] | 4μ(ε) ∈ Eη0
}.

Then 4μ(Πε0) = Eη0
and it follows that meas(μ(Πε0)) > 0.

Since μ is differentiable and |μ′(ε)| ≤ c, ∀ε ∈ [0, δ], we have

meas(μ(Πε0)) ≤
∫
Πε0

|μ′(ε)| dε ≤ c ·meas(Πε0),

hence meas(Πε0) > 0. Obviously, Πε0 ⊂ Π∞ and so meas(Π∞) > 0. �

3.2. Continuous case. By the above discussion of the differentiable case, we have
4μ(Πε0) = Eη0

. Because the mapping μ : Πε0 → 1
4Eη0

is continuous and surjective,
the cardinality of the set Πε0 is not less than that of the set Eη0

. Since meas(Eη0
) >

0, both Eη0
and Πε0 have cardinality number of the continuum. Noting that Πε0 ⊂

Π∞, Π∞ also has cardinality number of the continuum.

4. Proof of Lemma 2.1

In the same way as in [19], we can make a formal convergent KAM iteration
without any non-degeneracy condition. Of course, the KAM iteration only makes
sense for such parameters that the non-resonance conditions hold.
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4.1. Outline of the KAM step. In the same way as in [11, 12, 17], we want to
construct a linear quasi-periodic transformation of the form x = eP (t,ε)x+, which
transforms the system (1.5) into

ẋ+ = (A− Ṗ − PA+AP +Q+R)x+,

where

R = −PAP + (e−P − I + P )AeP + (I − P )A(eP − I − P ) + (e−P − I)QeP

+Q(eP − I)− (e−P − I)Ṗ − e−P d

dt
(eP − I − P ).

Let QK be the truncation of Q, which is defined by QK =
∑

|k|≤K Qke
i〈k,ω〉t.

Let A+ = A+ [Q]. If P solves the homological equation

(4.1) Ṗ + PA− AP = QK − [Q],

then the transformed system becomes

(4.2) ẋ+ =
(
A+(ε) +Q+(t, ε)

)
x+,

where A+ = A+ [Q], Q+ = (Q−QK) +R.
Thus, if Q is sufficiently small, the new perturbation Q+ is much smaller. If this

step can iterate infinitely many times, then the new perturbation becomes smaller
and smaller and the system finally approaches to a constant one.

4.2. Solving the linear homological equation. Solving the linear homological
equation (4.1) is most important for our KAM step, from which arises the notorious
small divisor problem.

Let A ∈ sl(2,R) and define a linear operator LX = XA − AX, where X =
(Xij)1≤i,j≤2. Correspond the matrix X to the 4-dimensional vector

(X)v = (X11, X12, X21, X22);

then L is a linear operator from C4 to itself. Denote it by L : (X)v → (LX)v.
Below, without confusion we use L to indicate the corresponding matrix of the
linear operator L . Thus the linear equation is equivalent to

(4.3) (Ṗ )v + L(P )v = (QK)v − ([Q])v.

Since A ∈ sl(2,R), it has two eigenvalues ±
√
− det(A). Then the matrix L has four

eigenvalues 0, 0, 2
√
− det(A), −2

√
− det(A), with characteristic polynomial

det(L − λI4) = λ2(λ2 + 4det(A)),

where I4 denotes the 4× 4 unit matrix.
Let Pk and Qk be the Fourier coefficients of P and Q, respectively. From (4.3)

it follows that

(i〈ω, k〉I4 + L)(Pk)v = (Qk)v, i =
√
−1, 0 < |k| ≤ K.

It is easy to see that

(4.4) det(i〈ω, k〉I4 + L) = |〈ω, k〉|2
(
|〈ω, k〉|2 − 4det(A)

)
.

If the non-resonance condition

(4.5) 〈ω, k〉 �= 0, |〈ω, k〉|2 − 4det(A) �= 0, ∀k �= 0,
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holds, then the coefficient matrix i〈ω, k〉I4 + L is non-singular and so we solve Pk

with

(Pk)v =
(
i〈ω, k〉 I4 + L

)−1
(Qk)v.

Moreover, A(ε) and Q(t, ε) both belong to sl(2,R), and so does the solution P (t, ε),
thus eP (t,ε) ∈ SL(2,R) and x = eP (t,ε)x+ is a symplectic transformation.

4.3. Small divisors extension. Let A(ε) ∈ sl(2,R) for ε ∈ [0, δ]. By the above
discussion, our small divisors are given by (4.5). By the assumption (1.6), we only
need to consider

|〈ω, k〉|2 − 4 det(A(ε)).

The non-resonance condition is given by∣∣ |〈ω, k〉|2 − 4 det(A(ε))
∣∣ ≥ α

|k|τ ′ , ∀k �= 0.

Now take a C∞(R)-smooth function ϕ(t) such that

ϕ(t) =

⎧⎨
⎩ 0, |t| ≤ 1

2
,

1, |t| ≥ 1.

For h > 0, let ϕh(t) = ϕ(t/h). Then ϕh(t) ∈ C∞(R) with

(4.6) |d
	

dt	
ϕh(t)| ≤ c	/h

l, ∀t ∈ R, ∀� ≥ 1,

where c	 is a constant depending on �.
Let

h =
α

|k|τ ′ , tk(ε) = |〈ω, k〉|2 − 4 det(A(ε)), gk(ε) =
ϕh(tk(ε))

tk(ε)
.

Define

Π =
{
ε ∈ [0, δ]

∣∣ ∣∣ |〈ω, k〉|2 − 4 det(A(ε))
∣∣ ≥ α

|k|τ ′ , ∀0 < |k| ≤ K
}
.

Then gk(ε) is well defined on [0, δ] and

gk(ε) =
1

|〈ω, k〉|2 − 4 det(A(ε))
, ∀ε ∈ Π.

Note that even if Π = ∅, the above extension is still valid. Furthermore, if
det(A(ε)) ∈ Cm[0, δ], by (4.6) it follows that gk(ε) ∈ Cm[0, δ] with∣∣dmgk

dεm
(ε)

∣∣ ≤ ch−m−1, ε ∈ [0, δ],

where c depends on ‖ det(A)‖Cm[0,δ].
Let D = i〈ω, k〉 I4 + L. If det(D(ε)) �= 0, then we have the inverse matrix

D−1(ε) = (D(ε))∗/ det(D(ε)).

As usual, we should avoid some ε such that det(D(ε)) is too small. For this we

define D̃(ε) = gk(ε)
|〈ω,k〉|2 (D(ε))∗, and then D̃(ε) is well defined for all ε. In particular,

for ε ∈ Π we have D̃(ε) = D−1(ε).

Below we estimate D̃. Suppose sup0≤ε≤δ ‖A(ε)‖ ≤ c1. It is easy to see that

there exists a sufficiently large c2 > c1 such that if |〈ω, k〉| ≥ c2, ‖D̃(ε)‖ =
‖D−1(ε)‖ ≤ c, where c is independent of k. Otherwise, if |〈ω, k〉| < c2, we have
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‖(D(ε))∗‖ ≤ c and so ‖D−1(ε)‖ ≤ c
| det(D(ε))| , where c only depends on c2. Thus, if

A ∈ C1
(
[0, δ], sl(2,R)

)
, we have D̃(ε) ∈ C1[0, δ] with

(4.7) ‖D̃(ε)‖ ≤ c|k|τ ′+2τ

α2
0α

, ‖D̃′(ε)‖ ≤ c|k|2τ ′+2τ

α2
0α

2
,

where c is independent of k. Note that the constant c in (4.7) can depend on c1 and
c2, however, c1 and c2 are independent of KAM steps, and so is c.

Then for ε ∈ Π we solve the linear homological equation with

(Pk)v =
(
i〈ω, k〉 I4 + L

)−1
(Qk)v.

To extend Pk, we let

(4.8) (P̃k)v = D̃(ε) (Qk)v.

It is easy to see that {P̃k} are well defined on [0, δ], moreover, P̃k = Pk for ε ∈ Π.

4.4. KAM iteration. Below we make our KAM iteration, which consists of several
parts.

A. One KAM step. Consider the following quasi-periodic system:

(4.9) ẋ =
(
A(ε) +Q(t, ε)

)
x, ε ∈ [0, δ].

Let A∈Cm
(
[0, δ], sl(2,R)

)
with ‖A‖Cm[0,δ]≤c. Suppose Q∈Ca,m

(
Tr
s×Uδ, sl(2,R)

)
with Q(t, 0) ≡ 0, ‖Q‖s ≤ γ and ‖∂εQ‖s ≤ M for all ε ∈ [0, δ] if m = 1.

We first have a transformation x = eP (t,ε)x+, where P satisfies (4.1). Let

(4.10) Π =
{
ε ∈ [0, δ]

∣∣ ∣∣ |〈ω, k〉|2 − 4 det(A(ε))
∣∣ ≥ α̃

|k|τ ′ , ∀0 < |k| ≤ K
}
.

By (4.7) and (4.8), to extend P in ε from Π to [0, δ], we have P̃k with

‖P̃k‖ ≤ c|k|τ ′+2τ

α2
0α̃

‖Qk‖, ∀0 < |k| ≤ K, ∀ε ∈ [0, δ].

Let P̃ (t, ε) =
∑

|k|≤K P̃ke
i〈k,ω〉t. Then for 0 < ρ < s and ε ∈ [0, δ] it follows that

‖P̃ (·, ε)‖s−ρ ≤ cγ

α2
0α̃ρ

v
� Γ, v = τ ′ + 2τ + r.

Moreover, it is easy to see that P̃ (t, 0) ≡ 0. In the differentiable case where m = 1,
by ‖∂εQ‖s ≤ M and (4.7), we have∥∥∂εP̃ (·, ε)

∥∥
s−ρ

≤ cM

α2
0α̃ρ

v
+

cγ

α2
0α̃

2ρv+τ ′ � Γ′, ε ∈ [0, δ].

Let

Q+ = (Q−QK)− P̃AP̃ + (e−P̃ − I + P̃ )AeP̃ + (I − P̃ )A(eP̃ − I − P̃ )

+(e−P̃ − I)QeP̃ +Q(eP̃ − I)− (e−P̃ − I) ˙̃P − e−P̃ d

dt
(eP̃ − I − P̃ ).

Then we have Q+ ∈ Ca,m
(
Tr
s−ρ × Uδ, sl(2,R)

)
. Moreover, we have Q+(t, 0) ≡ 0.

Note that for ε ∈ Π, we have P̃ = P ; then the transformation x = eP̃ (t,ε)x+

changes the system (4.9) to

ẋ+ =
(
A+(t, ε) +Q+(t, ε)

)
x+.
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B. Estimate for the new perturbation. Suppose ‖P̃ (·, ε)‖s−ρ ≤ Γ ≤ 1. Note that

eP̃ =
∑

n≥0
1
n! P̃

n. It is easy to see
∥∥e±P̃ (·,ε)∥∥

s+
≤ e, where s+ = s − ρ. Moreover,

if m = 1, we have ∥∥∂εe±P̃ (·,ε)∥∥
s+

≤ eΓ′.

Let K > 0 such that e−Kρ = γ/α2
0α̃ρ

v. If Γ ≤ 1, by the standard KAM estimate it
follows that

‖Q+(·, ε)‖s+ ≤ cγ2

α2
0α̃ρ

v
� γ+,

∥∥∂εQ+(·, ε)
∥∥
s+

≤ M+ � cMγ

α4
0α̃

2ρ2v
+

cγ2

α4
0α̃

3ρ2v+τ ′ for m = 1.

C. KAM Iteration. Below we choose some suitable parameter sequences such that
the KAM step can be iterated infinitely many times. Recall the assumption (2.2).
Let A0 = A and Q0 = Q. At the initial step n = 0, we set

s0 = s, ρ0 = s/4, α̃0 = α, γ0 = γ, M0 = M,

Γ0 =
cγ0

α2
0α̃0ρv0

, Γ′
0 =

cM0

α2
0α̃0ρv0

+
cγ0

α2
0α̃

2
0ρ

v+τ ′
0

.

If these parameters are well defined at the (n− 1)-th step, at the n-th step, let

sn = sn−1 − ρn−1, ρn = ρn−1/2 , α̃n = α(1− 1/2n), e−Knρn = γn/α
2
0α̃nρ

v
n,

(4.11) γn =
cγ2

n−1

α2
0α̃n−1ρvn−1

, Mn =
cγn−1Mn−1

α4
0α̃

2
n−1ρ

2v
n−1

+
cγ2

n−1

α4
0α̃

3
n−1ρ

2v+τ ′
n−1

,

(4.12) Γn =
cγn

α2
0α̃nρvn

, Γ′
n =

cMn

α2
0α̃nρvn

+
cγn

α2
0α̃

2
nρ

v+τ ′
n

.

Note that the constants c in (4.11) and (4.12) are independent of n.
Define Πn by (4.10) with An, Kn and α̃n in place of A, K and α̃, respectively.

By the above discussion, we have P̃n(t, ε) ∈ Ca,m
(
Tr
sn+1

× Uδ, sl(2,R)
)
with

‖P̃n(·, ε)‖sn+1
≤ Γn,

∥∥e±P̃n(·,ε)
∥∥
sn+1

≤ e.

Moreover, if m = 1, we have∥∥∂εP̃n(·, ε)
∥∥
sn+1

≤ Γ′
n,

∥∥∂εe±P̃n(·,ε)
∥∥
sn+1

≤ eΓ′
n.

Let
Φn = eP̃0 eP̃1 · · · eP̃n−1 with Φ0 = I.

If Γk ≤ 1, for ε ∈
⋂n−1

k=0 Πk, by the transformation x = Φn(t, ε)xn with x0 = x,
the system (2.1) becomes

(4.13) ẋn =
(
An(ε) +Qn(t, ε)

)
xn,

where An = An−1 + [Qn−1]. Moreover, Qn(t, ε) ∈ Ca,m
(
Tr
sn × Uδ, sl(2,R)

)
with

(4.14) ‖Qn(·, ε)‖sn ≤ γn, ‖[Qn](ε)‖ ≤ γn.

Noting that Q0(t, 0) = Q(t, 0) ≡ 0, we have Qn(t, 0) ≡ 0 and so An(0) = A0 = A.
Furthermore, if m = 1, we have

(4.15)
∥∥∂εQn(·, ε)

∥∥
sn

≤ Mn,
∥∥d
dε

[Qn](ε)
∥∥ ≤ Mn.
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D. Convergence. Now we first verify Γn ≤ 1. By (4.11), it follows that cΓn =
(cΓn−1)

2 ≤ (cΓ0)
2n . It is easy to see that if γ is sufficiently small such that cΓ0 ≤ 1,

we have Γn ≤ 1.
Now we claim that if γ0 is sufficiently small, we have Mn ≤ M0, ∀n ≥ 1. In fact,

we can choose γ0 sufficiently small such that

cγn−1

α4
0α̃

2
n−1ρ

2v
n−1

=
cΓn−1

α2
0α̃n−1ρvn−1

≤ 1/2,
cγ2

n−1

α4
0α̃

3
n−1ρ

2v+τ ′
n−1

=
cΓ2

n−1

α̃n−1ρτ
′

n−1

≤ M0/2;

thus we have Mn ≤ Mn−1/2+M0/2. Inductively it follows that Mn ≤ M0, ∀n ≥ 1.
Therefore, we have

Mn ≤ cΓn−1

α2
0α̃n−1ρvn−1

.

By the estimate of Γn, it follows that for ε ∈ [0, δ], Φn(t, ε) is convergent to Φ(t, ε)
as n → ∞. In the same way as [11] it follows that ‖Φ(·, ε)− I‖ s

2
≤ cΓ0, ∀ε ∈ [0, δ].

Now we consider ∂εΦ(t, ε). By definition we have Φn = Φn−1e
P̃n−1 . It follows

that

∂εΦn − ∂εΦn−1 = ∂εΦn−1(e
P̃n−1 − 1) + ∂εΦn−1∂εe

P̃n−1 .

It is easy to see that ‖∂εΦn−1(·, ε)‖sn ≤ c and Γn ≤ Γ′
n, ∀n ≥ 0 . Thus for ε ∈ [0, δ]

we have

‖∂εΦn(·, ε)− ∂εΦn−1(·, ε)‖sn ≤ cΓ′
n−1

and so

‖∂εΦ(·, ε)‖s/2 ≤ c
∑
n≥0

Γ′
n ≤ cM

α2
0αs

v
.

Thus we prove the conclusion (i).

Since An = A+
∑n−1

j=0 [Qj ], by (4.14), (4.15) and the above estimates for Γn and

Mn, if γ0 is sufficiently small, we have that {An(ε)} is convergent in C1[0, δ].
By (4.14) it is easy to see

(4.16) ‖An(ε)−A(ε)‖ ≤
n−1∑
j=0

γj ≤ 2γ0.

Moreover, it is easy to see that for all j ≥ 0, [Qj ](0) = 0, thus An(0) = A, ∀n ≥ 0.
Furthermore, if m = 1, by (4.15) it follows that

(4.17)
∥∥d
dε

An(ε)−
d

dε
A(ε)

∥∥ ≤
n−1∑
j=0

Mj ≤ 2M0.

Let An → A∞ as n → ∞. Then (4.16) and (4.17) yield A∞(0) = A, ‖A∞(ε)−A‖ ≤
2γ0 and ‖A′

∞(ε)‖ ≤ 2M0 when m = 1. Thus the conclusion (ii) holds.

E. Reducibility. It is easy to see

| det(An(ε))− det(An+1(ε))| ≤ cγn.

Obviously, if cγn ≤ α/Kτ ′

n 2n+3, then Πn+1 ⊂ Πn. Let Π∗ =
⋂

n≥0 Πn. It is easy
to see that for ε ∈ Π∗, the KAM iteration is convergent and the transformation
x = Φy changes the system (2.1) to ẏ = A∞(ε)y; thus the system is reducible.
Below we prove Π∞ ⊂ Π∗, which implies the conclusion (iii).
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Obviously, it is enough to verify that Π∞ ⊂ Πn, ∀n ≥ 1. Suppose ε ∈ Π∞. Now
that

‖An(ε)−A∞(ε)‖ ≤
∞∑
j=n

γj ≤ 2γn,

then

| det(An(ε))− det(A∞(ε))| ≤ cγn.

In the same way as the above, if cγn ≤ α
2n+2Kτ′

n

, then for |k| ≤ Kn we have

∣∣|〈ω, k〉|2 − 4 det(An(ε))
∣∣ ≥ α

|k|τ ′ − 4| det(An(ε))− det(A∞(ε))| ≥ α̃n

|k|τ ′ ,

therefore, ε ∈ Πn.
It remains to verify that if γ0 is sufficiently small, there holds cγn ≤ α

2n+3Kτ′
n

. By

the definition of Kn and noting that v = τ ′ + 2τ + r, we have Knρn = − ln Γn and

2n+3Kτ ′

n cγn
α

=
cα2

0α̃nρ
v−τ ′

n Γn(− ln Γn)
τ ′
2n+3

α
≤ cα2

0ρ
v−τ ′

0 Γn(− ln Γn)
τ ′
.

Thus, if γ0 is sufficiently small, then Γn is sufficiently small such that cγn · 2n+3Kτ ′

n

≤ α, ∀n ≥ 1. Thus we finish the proof of Lemma 2.1. �
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