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FLAT CONNECTED FINITE QUANDLES

YOSHITAKA ISHIHARA AND HIROSHI TAMARU

(Communicated by Ken Ono)

Abstract. Quandles can be regarded as generalizations of symmetric spaces.
In the study of symmetric spaces, the notion of flatness plays an important role.
In this paper, we define the notion of flat quandles, by referring to the theory
of Riemannian symmetric spaces, and classify flat connected finite quandles.

1. Introduction

Quandles were introduced by Joyce ([4]), and have been used for studying knot
theory. A set X with a binary operator ∗ : X × X → X is called a quandle if it
satisfies three axioms, derived from the Reidemeister moves of a classical knot. It is
worthwhile to mention that quandles are also related to symmetric spaces. Recall
that a (Riemannian) manifold M is said to be symmetric if it is equipped with a
globally defined “symmetry” sx : M → M for each x ∈ M . It has been shown
in [4] that every symmetric space is a quandle, by defining the binary operator
y ∗ x := sx(y). From this correspondence, several notions and ideas for symmetric
spaces can be transferred to quandles. There have already been several studies of
quandles from this viewpoint ([6], [8], [10], [11]). These studies can be regarded as
an approach to the theory of “discrete symmetric spaces” ([8]).

In this paper, we define the notion of flat quandles by referring to the theory of
Riemannian symmetric spaces. A Riemannian symmetric space is said to be flat if
the curvature tensor vanishes identically. It is known that a Riemannian symmetric
space is flat if and only if the group of displacements, the group generated by
compositions sx ◦ sy of two symmetries, is commutative ([7]). Note that one can
easily define the group of displacements for a quandle, and we define the flatness
of a quandle by the commutativity of the group of displacements.

The main result of this paper is an explicit classification of flat connected finite
quandles. We prove the following theorem:

Theorem 1.1. A quandle is flat, connected, and finite if and only if it is isomorphic
to a direct product of dihedral quandles with odd prime power cardinalities.

Here the dihedral quandle with cardinality n is the set of n-equal dividing points
on the unit circle S1, equipped with the natural symmetry. They can be regarded
as a “discrete S1”. Therefore, this theorem can be regarded as a discrete version of
the following well-known fact: every flat connected compact Riemannian symmetric
space is isomorphic to a flat torus, that is, a direct product of S1.
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Note that the flatness is an important notion in the structure theory of Rie-
mannian symmetric spaces. Therefore, flat quandles would be potentially useful
for studying the structure theory of quandles, which will be studied in forthcoming
papers.

This paper is organized as follows. In Section 2, we recall some necessary back-
ground on quandles, such as the dihedral quandles, connected quandles, and direct
products of quandles. In Section 3, we define quandle triplets, which correspond
to homogeneous quandles. This notion is analogous to the notion of “symmetric
pairs”, and plays a fundamental role in the proof of Theorem 1.1. In Section 4, we
define the notion of flat quandles. We then study the structures of flat connected
quandles in Section 5, and flat connected finite quandles in Section 6.

2. Preliminaries

In this section, we recall some necessary notions, such as the dihedral quandles,
connected quandles, and direct products of quandles.

2.1. Quandles and the dihedral quandles. Quandles are usually defined by
sets with binary operators satisfying three axioms, derived from the Reidemeister
moves of a classical knot. However, we employ a formulation similar to symmetric
spaces, as in [8]. Let X be a set, and denote

Map(X,X) := {f : X → X : a map}.

Definition 2.1. Let X be a set, and consider a map

s : X → Map(X,X) : x → sx.

Then the pair (X, s) is called a quandle if

(Q1) For any x ∈ X, sx(x) = x.
(Q2) For any x ∈ X, sx is bijective.
(Q3) For any x, y ∈ X, sx ◦ sy = ssx(y) ◦ sx.

For a quandle (X, s), the map s is called a quandle structure. One knows that
every connected Riemannian symmetric space is a quandle ([4]). Here we mention
some other easy examples of quandles.

Example 2.2. The following (X, s) are quandles:

(1) The trivial quandle: X is any set and sx := idX for any x ∈ X.
(2) The dihedral quandle of order n: X := Zn and, for any x, y ∈ X,

sx(y) := 2x− y.

Here Zn is the cyclic group of order n. In the remainder of this paper, we denote
by Rn the dihedral quandle of order n.

Definition 2.3. Let (X, sX) and (Y, sY ) be quandles. Then f : X → Y is called a
homomorphism if, for any x ∈ X, it satisfies

f ◦ sXx = sYf(x) ◦ f.

A bijective homomorphism is called an isomorphism. If there exists an iso-
morphism between two quandles (X, sX) and (Y, sY ), then they are said to be
isomorphic and we write (X, sX) � (Y, sY ).
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Remark 2.4. The dihedral quandle Rn is isomorphic to the set of n-equal dividing
points on the unit circle S1, equipped with the natural symmetry. Recall that the
natural symmetry sx at x ∈ S1 ⊂ R2 is the reflection with respect to the line
Rx ⊂ R2. Denote by R′

n the set of n-equal dividing points on S1, and let us put
numbers x0, . . . , xn−1 ∈ R′

n clockwise (or counterclockwise). Then f(i) := xi gives
an isomorphism f : Rn → R′

n.

2.2. Homogeneous and connected quandles. In this subsection, we recall the
notions of homogeneous and connected quandles. One needs the automorphism
groups and the inner automorphism groups of quandles.

An isomorphism from a quandle (X, s) onto (X, s) itself is called an automor-
phism of (X, s). We denote the automorphism group of (X, s) by

Aut(X, s) := {f : X → X : an automorphism}.

It follows from (Q2) and (Q3) that sx ∈ Aut(X, s) for any x ∈ X.

Definition 2.5. Let (X, s) be a quandle. The group generated by {sx | x ∈ X} is
called the inner automorphism group of (X, s), and denoted by Inn(X, s).

Definition 2.6. Let (X, s) be a quandle.

(1) (X, s) is said to be homogeneous if Aut(X, s) acts transitively on X.
(2) (X, s) is said to be connected if Inn(X, s) acts transitively on X.

One knows Inn(X, s) ⊂ Aut(X, s). Therefore, a connected quandle is homoge-
neous. Note that the converse does not hold in general. For example, the trivial
quandle (X, s) is always homogeneous, but it is connected if and only if the cardi-
nality of X is 1. The following gives another example.

Example 2.7. The dihedral quandle Rn is always homogeneous, but it is connected
if and only if n is odd.

2.3. The direct products of quandles. In this subsection, we define the notion
of direct products of quandles and study their properties. Let M,M ′, N,N ′ be sets.
For maps f : M → M ′ and g : N → N ′, we define

f × g : M ×N → M ′ ×N ′ : (x, y) �→ (f(x), g(y)).

One can easily show the following lemma.

Lemma 2.8. Let (X, sX) and (Y, sY ) be quandles. Then the pair (X×Y, sX ×sY )
is also a quandle.

This quandle (X × Y, sX × sY ) is called the direct product of quandles (X, sX)
and (Y, sY ) and denoted by (X, sX) × (Y, sY ). For the direct products of three
quandles, one can easily see that

((X, sX)× (Y, sY ))× (Z, sZ) � (X, sX)× ((Y, sY )× (Z, sZ)).

Hence we denote it by (X, sX)× (Y, sY )× (Z, sZ).

Proposition 2.9 (cf. [1]). Let (X, sX) and (Y, sY ) be quandles. Then we have

(1) Inn((X, sX)× (Y, sY )) ⊂ Inn(X, sX)× Inn(Y, sY ).
(2) The direct product (X, sX)×(Y, sY ) is connected if and only if both (X, sX)

and (Y, sY ) are connected.
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Proof. We show (1). Recall that Inn((X, sX)× (Y, sY )) is generated by

{(sX × sY )(x,y) | (x, y) ∈ X × Y }.

Hence one can easily complete the proof of (1) by

(sX × sY )(x,y) = (sXx × sYy ) ∈ Inn(X, sX)× Inn(Y, sY ).

The assertion (2) has been shown (for example, see [1, Lemma 1.20]). Note that
the “only if” part can also be proved directly from (1). �

3. The quandle triplets

In this section, we define and study quandle triplets. Note that the idea of
quandle triplets was introduced by Joyce ([4], Section 7). Here we shall reformulate
it in a similar way to “symmetric pairs”, which play a fundamental role in the study
of symmetric spaces.

3.1. Quandle triplets and homogeneous quandles. In this subsection, we de-
fine quandle triplets, and give a correspondence to homogeneous quandles. Let G
be a group and let e be the unit element of G. For a map σ : G → G, we denote

Fix(σ,G) := {g ∈ G | σ(g) = g}.

We also denote by Aut(G) the automorphism group of G as a group.

Definition 3.1. Let K be a subgroup of G and σ ∈ Aut(G). Then (G,K, σ) is
called a quandle triplet if K ⊂ Fix(σ,G).

We give a correspondence between quandle triplets and homogeneous quandles.
First of all, we construct a homogeneous quandle from a quandle triplet. Note that
the following has essentially been shown by Joyce ([4], Section 7). See also [2],
Lemma 3.2.

Proposition 3.2. Let (G,K, σ) be a quandle triplet. We define s as follows:

s[g]([h]) := [gσ(g−1h)] ([g], [h] ∈ G/K).

Then we have

(1) s : G/K → Map(G/K,G/K) is well defined.
(2) s is a quandle structure on G/K.
(3) (G/K, s) is a homogeneous quandle.

Proof. Let (G,K, σ) be a quandle triplet. Then one can directly prove (1) by using
K ⊂ Fix(σ,G).

We show (2). Conditions (Q1) and (Q3) can be checked directly. One can show
(Q2) as follows: for each [g] ∈ G/K, the map given by

s−1
[g] ([h]) := [gσ−1(g−1h)] ([h] ∈ G/K)

is well defined and coincides with the inverse map of s[g].
We show (3). We denote by φ the natural action ofG onG/K, which is transitive.

One can see that

φ(G) ⊂ Aut(G/K, s),

which yields that (G/K, s) is homogeneous. �
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The quandle constructed from a quandle triplet (G,K, σ) in the way of Propo-
sition 3.2 is denoted by Q(G,K, σ).

We next construct a quandle triplet from a homogeneous quandle. For an action
of a group G on a set X, we denote the isotropy subgroup at x ∈ X by

Gx := {g ∈ G | g.x = x}.
Here we denote by g.x the action of g ∈ G on x ∈ X.

Proposition 3.3 (cf. [2], [4], [9]). Let (X, s) be a quandle, G be a subgroup of
Aut(X, s), and x ∈ X. Assume that sxGs−1

x ⊂ G holds, that is,

σ : G → G : g �→ sx ◦ g ◦ s−1
x

is well defined. Then we have

(1) (G,Gx, σ) is a quandle triplet.
(2) If G acts on X transitively, then Q(G,Gx, σ) � (X, s).

Proof. One can find the proof for the cases of G = Aut(X, s) and Inn(X, s) in [4]
and [9], respectively. Moreover, the case of G being a normal subgroup of Aut(G)
is studied in Proposition 3.5 of [2]. The proof of this proposition is almost the same
as the arguments there. In fact, the proof of (1) is straightforward. In order to
show (2), one has only to prove that the following map is a quandle isomorphism:

f : G/Gx → X : [g] �→ g.x.

This follows by construction of the quandle structure on G/Gx. �

Here we summarize the correspondence between quandle triplets and homoge-
neous quandles. Note that the following is a direct corollary of Propositions 3.2
and 3.3.

Theorem 3.4 ([4]). If (G,K, σ) is a quandle triplet, then Q(G,K, σ) is a homo-
geneous quandle. Conversely, all homogeneous quandles can be constructed in this
way up to isomorphism.

3.2. Splitting of quandle triplets. In this subsection, we study the splitting of
quandle triplets. Throughout this subsection, let Gi be a group, Ki a subgroup of
Gi, and σi ∈ Map(Gi, Gi) (i = 1, 2).

Lemma 3.5. Assume that σ1×σ2 : G1×G2 → G1×G2 is a group automorphism.
Then σ1 and σ2 are also group automorphisms.

The proof of this lemma is an exercise in group theory. This describes a splitting
of a group automorphism. Next we see a splitting of a quandle triplet.

Lemma 3.6. Assume that (G1 ×G2,K1 ×K2, σ1 × σ2) is a quandle triplet. Then
(G1,K1, σ1) and (G2,K2, σ2) are also quandle triplets.

Proof. One knows that σ1 and σ2 are group automorphisms by Lemma 3.5. There-
fore, we have only to show that

K1 ⊂ Fix(σ1, G1), K2 ⊂ Fix(σ2, G2).

Since (G1 ×G2,K1 ×K2, σ1 × σ2) is a quandle triplet, one has

K1 ×K2 ⊂ Fix(σ1 × σ2, G1 ×G2).
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Furthermore, one can directly see that

Fix(σ1 × σ2, G1 ×G2) = Fix(σ1, G1)× Fix(σ2, G2),

which completes the proof. �

Finally in this subsection, we describe a splitting of the quandle constructed
from a quandle triplet.

Proposition 3.7. Assume that (G1 × G2,K1 ×K2, σ1 × σ2) is a quandle triplet.
Then we have

Q(G1 ×G2,K1 ×K2, σ1 × σ2) � Q(G1,K1, σ1)×Q(G2,K2, σ2).

Proof. Note that (G1,K1, σ1) and (G2,K2, σ2) are quandle triplets by Lemma 3.6.
Define the quandle structures s, s′, and s′′ as follows:

((G1 ×G2)/(K1 ×K2), s) := Q(G1 ×G2,K1 ×K2, σ1 × σ2),

(G1/K1, s
′) := Q(G1,K1, σ1),

(G2/K2, s
′′) := Q(G2,K2, σ2).

We show that the following f is a quandle isomorphism:

f : (G1 ×G2)/(K1 ×K2) → G1/K1 ×G2/K2 : [(g1, g2)] �→ ([g1], [g2]).

It is clear that f is well defined and bijective. We show that f is a homomorphism.
Take any [(g1, g2)], [(h1, h2)] ∈ (G1 ×G2)/(K1 ×K2). Then we have

f ◦ s[(g1,g2)]([(h1, h2)]) = f([(g1, g2)(σ1 × σ2)((g1, g2)
−1(h1, h2))])

= f([(g1σ1(g
−1
1 h1), g2σ2(g

−1
2 h2))])

= ([g1σ1(g
−1
1 h1)], [g2σ2(g

−1
2 h2)]),

(s′ × s′′)f([(g1,g2)]) ◦ f([(h1, h2)]) = (s′ × s′′)([g1],[g2])([h1], [h2])

= ([g1σ1(g
−1
1 h1)], [g2σ2(g

−1
2 h2)]).

This shows that f is a homomorphism, which completes the proof. �

3.3. The quandle triplets of the direct products of dihedral quandles.
In this subsection, we study the quandle triplets which correspond to the direct
products of dihedral quandles.

Lemma 3.8. (Zn, {0},−idZn
) is a quandle triplet, and Q(Zn, {0},−idZn

) is iso-
morphic to the dihedral quandle Rn of order n.

Proof. One can easily see that (Zn, {0},−idZn
) is a quandle triplet. Denote

(Zn, s) := Rn and (Zn/{0}, s′) := Q(Zn, {0},−idZn
). Consider the map

f : Zn → Zn/{0} : x → [x].

We show that f is an isomorphism. It is clear that f is bijective. In order to show
that f is a homomorphism, take any x, y ∈ Zn. Since σ = −idZn

, we have

f ◦ sx(y) = f(2x− y) = [2x− y],

s′f(x) ◦ f(y) = s′[x]([y]) = [xσ(−x+ y)] = [x− (−x+ y)] = [2x− y].

This shows that f is a homomorphism, which completes the proof. �
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Proposition 3.9. Let q1, . . . , qn ∈ Z>0. Then (Zq1 ×· · ·×Zqn , {0},−idZq1
×···×Zqn

)
is a quandle triplet, and we have

Q(Zq1 × · · · × Zqn , {0},−idZq1
×···×Zqn

) � Rq1 × · · · ×Rqn .

Proof. One can easily see the first assertion. Furthermore, we know

−idZq1
×···×Zqn

= −idZq1
× · · · × −idZqn

.

Hence, from Proposition 3.7 and Lemma 3.8, we have

Q(Zq1 × · · · × Zqn , {0},−idZq1
× · · · × −idZqn

)

� Q(Zq1 , {0},−idZq1
)× · · · ×Q(Zqn , {0},−idZqn

)

� Rq1 × · · · ×Rqn .

This completes the proof. �

By this proposition, one can observe the following, which is relevant to our main
theorem.

Remark 3.10. Suppose that m and n are coprime to each other. Then one has a
group isomorphism Zmn � Zm × Zn. Hence Proposition 3.9 yields that

Rmn � Rm ×Rn.

Therefore, every dihedral quandle can be expressed as a direct product of dihedral
quandles with prime power cardinalities.

4. Flat quandles

In this section, we define two new notions. One is the group of displacements of
a quandle, and another is a flat quandle.

4.1. The groups of displacements of quandles. In this subsection, we define
the groups of displacements of quandles, and study their properties.

Definition 4.1. Let (X, s) be a quandle. The group generated by

{sx ◦ sy | x, y ∈ X}

is called the group of displacements of (X, s), and denoted by G0(X, s).

Note that, for any x, y ∈ X, one has

sx ◦ s−1
y = sx ◦ sx ◦ s−1

x ◦ s−1
y = (sx ◦ sx) ◦ (sy ◦ sx)−1 ∈ G0(X, s).

Remark 4.2. Note that our terminology is different from the usual one.

(1) The name of G0(X, s), the group of displacements, is derived from [7], and
seems to be standard in the study of symmetric spaces. On the other hand,
in the study of quandles, the group generated by {sx ◦ s−1

y | x, y ∈ X} is
called the group of displacements, and denoted by Dis(X, s) (see [2, 3]).

(2) One knows Dis(X, s) ⊂ G0(X, s), and the equality holds if (X, s) is a sym-
metric space. However, they are different groups in general. As an example,
we consider the tetrahedron quandle X := {1, 2, 3, 4}, whose quandle struc-
ture is defined by the cyclic permutations

s1 := (234), s2 := (143), s3 := (124), s4 := (132).
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Then one can directly see that

G0(X, s) = Inn(X, s) ∼= Alt4,

Dis(X, s) = {e, (12)(34), (13)(24), (14)(23)} ∼= Z2 × Z2.

Hence it satisfies Dis(X, s) � G0(X, s).

By definition, one knows G0(X, s) ⊂ Inn(X, s). Therefore, if G0(X, s) acts
transitively on X, then (X, s) is connected. In fact, the converse also holds.

Lemma 4.3. A quandle (X, s) is connected if and only if G0(X, s) acts transitively
on X.

Proof. We have only to show the “only if” part. Assume that (X, s) is connected.
Take any x, y ∈ X. Then there exists f ∈ Inn(X, s) such that f(x) = y. If
f /∈ G0(X, s), then we have

f ◦ sx ∈ G0(X, s), f ◦ sx(x) = f(x) = y.

This shows that G0(X, s) acts transitively on X. �

Finally in this subsection, we study the group of displacements of a direct product
quandle. A quandle (X, s) is said to be involutive if s2x = idX for any x ∈ X.

Proposition 4.4. Let (X, sX) and (Y, sY ) be quandles. Then one has

G0((X, sX)× (Y, sY )) ⊂ G0(X, sX)×G0(Y, sY ).

Moreover, the equality holds if both (X, sX) and (Y, sY ) are involutive.

Proof. In a way similar to Proposition 2.9 (1), one can show the first assertion. We
show the second assertion. Assume that both (X, sX) and (Y, sY ) are involutive.
Note that G0(X, sX)×G0(Y, sY ) is generated by

{(sXx1
◦ sXx2

)× idY | x1, x2 ∈ X} ∪ {idX × (sYy1
◦ sYy2

) | y1, y2 ∈ Y }.

Take any x1, x2 ∈ X and y ∈ Y . Since (sYy )
2 = idY , one has

(sXx1
◦ sXx2

)× idY = (sX × sY )(x1,y) ◦ (sX × sY )(x2,y)

∈ G0((X, sX)× (Y, sY )).

Similarly, for any y1, y2 ∈ Y , one has

idX × (sYy1
◦ sYy2

) ∈ G0((X, sX)× (Y, sY )).

This proves the second assertion. �

4.2. Definition of flat quandles. In this subsection, we define flat quandles. We
refer to [7] for a general theory of Riemannian symmetric spaces.

Theorem 4.5 ([7]). Let (M, g) be a connected Riemannian symmetric space, and
let sx be the symmetry at x in M . Then the following conditions are equivalent:

(1) (M, g) is flat (that is, the Riemannian curvature vanishes identically).
(2) The group generated by {sx ◦ sy | x, y ∈ M} is commutative.

We here define flat quandles by referring to this theorem.

Definition 4.6. A quandle (X, s) is said to be flat if the group of displacements
G0(X, s) is commutative.
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Here we give some examples of flat quandles.

Example 4.7. The trivial quandles and the dihedral quandles are flat.

Proof. Let (X, s) be the trivial quandle. Recall that sx = idX for every x ∈ X.
Hence G0(X, s) = {idX} is commutative.

Recall that the dihedral quandle Rn = (Zn, s) is given by sx(y) = 2x− y. Hence
one can see that

sx ◦ sy(z) = sx(2y − z) = 2(x− y) + z.

Let us denote rx(z) := 2x+ z. Then we have

G0(Rn) = {rx | x ∈ Zn}.
This is clearly commutative. �

Here we study a relationship between the flatness and direct products of quan-
dles.

Proposition 4.8. Let (X, sX) and (Y, xY ) be quandles. Then the direct product
(X, sX)× (Y, sY ) is flat if and only if both (X, sX) and (Y, sY ) are flat.

Proof. The “if” part easily follows from Proposition 4.4. We show the “only if” part.
Assume that the direct product (X, sX)×(Y, sY ) is flat. Take any x1, x2, x3, x4 ∈ X
and y ∈ Y . Then one knows

(sXx1
◦ sXx2

)× (sYy ◦ sYy ), (sXx3
◦ sXx4

)× (sYy ◦ sYy ) ∈ G0((X, sX)× (Y, sY )).

By assumption, they are commutative. Therefore, sXx1
◦ sXx2

and sXx3
◦ sXx4

are com-

mutative. This proves that G0(X, sX) is commutative, and hence (X, sX) is flat.
Similarly, (Y, sY ) is flat. �

Finally in this subsection, we mention medial quandles, which are relevant to
flat quandles.

Definition 4.9. A quandle (X, s) is medial if ssx(y) ◦ sz = ssx(z) ◦ sy holds for
every x, y, z ∈ X.

It has been shown that a quandle (X, s) is medial if and only if the group
Dis(X, s) introduced in Remark 4.2 is commutative (see Proposition 2.4 of [2],
Proposition 2.1 of [3]). Since Dis(X, s) ⊂ G0(X, s), the next proposition immedi-
ately follows.

Proposition 4.10. A flat quandle is medial.

The converse is not true. By Remark 4.2, the tetrahedron quandle is medial,
but not flat. In view of our main theorem, flat quandles seem to be much more
restrictive.

5. Flat connected quandles

In this section, we study flat connected quandles (but not necessarily finite). We
show that such quandles are constructed from particular kinds of quandle triplets.

First of all, we give a general lemma for quandle triplets of connected quandles.
Namely, one can construct quandle triplets by the group of displacements.
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Lemma 5.1. Let (X, s) be a connected quandle and x ∈ X. We put

G := G0(X, s), K := Gx, σ(g) := sx ◦ g ◦ s−1
x (g ∈ G).

Then (G,K, σ) is a quandle triplet and (X, s) � Q(G,K, σ).

Proof. Let (X, s) be a connected quandle and x ∈ X. In view of Proposition 3.3,
we have only to prove that σ(G) ⊂ G holds and G acts transitively on X. Take
any g ∈ G. Then we have

σ(g) = sx ◦ g ◦ s−1
x = g ◦ (sg−1.x ◦ s−1

x ) ∈ G.

This shows σ(G) ⊂ G. Furthermore, since (X, s) is connected, the action of G =
G0(X, s) on X is transitive from Lemma 4.3. �

We next show that, if (X, s) are flat connected quandles, then the quandle triplets
defined above are of particular forms.

Proposition 5.2. Let (X, s) be a flat connected quandle, x ∈ X, and (G,K, σ) the
quandle triplet defined in Lemma 5.1. Then we have

(1) G is commutative.
(2) K = {idX}.
(3) σ is involutive.

Proof. Since (X, s) is flat, one knows by definition that G = G0(X, s) is commuta-
tive. This proves (1).

We show (2). Take any k ∈ K and y ∈ X. Since the action of G on X is
transitive, there exists g ∈ G such that g.x = y. One has gk = kg since G is
commutative, and hence we have

k.y = k.(g.x) = g.(k.x) = g.x = y.

This yields that k = idX , which proves (2).
We show (3). Take any g ∈ G. Since s2x ∈ G and G is commutative, one has

s2x ◦ g = g ◦ s2x.
This yields that

σ2(g) = σ(sx ◦ g ◦ s−1
x ) = s2x ◦ g ◦ s−2

x = g ◦ s2x ◦ s−2
x = g.

This completes the proof. �

Remark 5.3. Let G be a commutative group and σ ∈ Aut(G). Then the quandle
Q(G, {e}, σ) is called an affine quandle (or an Alexander quandle). Hence, by
Proposition 5.2 (1) and (2), a flat connected quandle is affine. This result agrees
with the following fact: a connected quandle is medial if and only if it is affine
(Corollary 3.4 of [3]). On the other hand, Proposition 5.2 (3) would be new, which
does not hold for a connected affine quandle in general.

For a flat connected quandle, we have constructed a particular kind of quandle
triplet (G,K, σ). In the remainder of this section, we study the converse. To be
precise, we study the quandles Q(G,K, σ) with G commutative, K = {e}, and
σ involutive. Note that such quandles Q(G,K, σ) might be disconnected, since
the dihedral quandles with even cardinalities can be constructed in this way (see
Subsection 3.3). First of all, we show the following two lemmas.
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Lemma 5.4. Let (G,K, σ) be a quandle triplet, and assume that σ is involutive.
Then the quandle Q(G,K, σ) is involutive.

Proof. Denote (X, s) := Q(G,K, σ), and take any g ∈ G. We have only to show
that s2[g] = idX . For any h ∈ G, one has

s2[g]([h]) = s[g]([gσ(g
−1h)]) = [gσ(g−1(gσ(g−1h)))] = [gσ2(g−1h)] = [h],

since σ2 = idG. This completes the proof. �

Lemma 5.5. Let (G,K, σ) be a quandle triplet, and assume that G is commutative
and σ is involutive. Denote (X, s) := Q(G,K, σ). Then one has

s[g] ◦ s[h]([e]) = s[gh−1]([e]) (∀g, h ∈ G).

Proof. Take any g, h ∈ G. Since σ is an involutive automorphism, we have

s[g] ◦ s[h]([e]) = s[g]([hσ(h
−1)]) = [gσ(g−1hσ(h−1))] = [gσ(g−1h)h−1],

s[gh−1]([e]) = [gh−1σ(hg−1)].

They coincide, since G is commutative. This completes the proof. �

We are now in position to study our quandles Q(G,K, σ). The following gives a
criteria for our Q(G,K, σ) to be connected.

Proposition 5.6. Let (G,K, σ) be a quandle triplet, and assume that G is com-
mutative, K = {e}, and σ is involutive. We identify G ∼= G/{e}, and denote
(G, s) := Q(G,K, σ). Then (G, s) is connected if and only if the following ϕ is
surjective:

ϕ : G → G : g �→ sg(e).

Proof. In order to show this proposition, it is enough to prove

Inn(G, s).e = ϕ(G).

We prove this equality. The inclusion (⊃) is clear, since sg ∈ Inn(G, s). We show
(⊂). Take any k ∈ Inn(G, s). Since σ is involutive, Lemma 5.4 yields that (G, s)
is involutive. That is, s−1

g = sg holds for any g ∈ G. Therefore, there exist
g1, . . . , gn ∈ G such that k = sg1 ◦ · · · ◦ sgn . Furthermore, an easy induction in
terms of Lemma 5.5 shows that there exists g0 ∈ G such that

k.e = sg0(e).

This completes the proof, since sg0(e) = ϕ(g0) ∈ ϕ(G). �

Note that the map ϕ defined above is a group homomorphism. We will use this
map ϕ in the next section.

6. Flat connected finite quandles

In this section, we prove Theorem 1.1, which classifies flat connected finite quan-
dles completely. First of all, we show the “if” part of Theorem 1.1. Recall that Rn

denotes the dihedral quandle of order n.

Proposition 6.1. Let q1, . . . , qn be odd prime powers. Then the direct product
Rq1 × · · · ×Rqn is a flat connected finite quandle.
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Proof. We show that X := Rq1 ×· · ·×Rqn is flat, connected, and finite. One knows
that Rq1 , . . . , Rqn are flat from Example 4.7, and hence X is flat from Proposi-
tion 4.8. Furthermore, since q1, . . . , qn are odd, Rq1 , . . . , Rqn are connected from
Example 2.7, and hence X is connected from Proposition 2.9 (2). In addition, X
is obviously finite. This completes the proof. �

In the remainder of this section, we show the “only if” part of Theorem 1.1. For
this purpose, we study properties of the corresponding quandle triplets.

Lemma 6.2. Let (X, s) be a flat, connected, and finite quandle, and let (G,K, σ)
be the quandle triplet defined in Lemma 5.1. Then we have

(1) G is finite.
(2) Fix(σ,G) = {e}.
(3) σ(g) = g−1 for every g ∈ G.

Proof. The assertion (1) is clear, since X is finite. We show (2). Take any g ∈
Fix(σ,G), and consider the mapping ϕ : G → G defined in Proposition 5.6. Then
one has

ϕ(g) = sg(e) = gσ(g−1) = gg−1 = e = se(e) = ϕ(e).

Here we recall that ϕ is surjective from Proposition 5.6. Hence ϕ is injective, since
G is finite. This shows that g = e, which proves (2).

We show (3). Take any g ∈ G. One knows from Proposition 5.2 that σ is
involutive and G is commutative. We thus have

σ(gσ(g)) = σ(g)g = gσ(g).

This means gσ(g) ∈ Fix(σ,G). It then follows from (2) that gσ(g) = e, and hence
σ(g) = g−1. This completes the proof. �

In order to study flat connected finite quandles, it is sufficient to study the above
quandle triplets. The following proposition completes the proof of Theorem 1.1.

Proposition 6.3. Let (X, s) be a flat, connected, and finite quandle. Then there
exist odd prime powers q1, . . . , qn such that (X, s) � Rq1 × · · · ×Rqn .

Proof. Let (G,K, σ) be the quandle triplet defined in Lemma 5.1. Note that this
satisfies the assumptions in Proposition 5.2 and Lemma 6.2. In particular, G is
finite and commutative. Then the fundamental theorem of finite commutative
groups yields that there exist prime powers q1, . . . , qn such that

G � Zq1 × · · · × Zqn ,

which is an isomorphism as groups. Hence, the inverse element of g ∈ G can be
written as −g. It then follows from Lemma 6.2 (3) that

σ = −idZq1
×···×Zqn

.

Therefore, Lemma 5.1 and Proposition 3.9 show that

(X, s) � Q(Zq1 × · · · × Zqn , {0},−idZq1
×···×Zqn

) � Rq1 × · · · ×Rqn .

It remains to show that q1, . . . , qn are odd. Since (X, s) is connected, Proposition 2.9
yields that all of Rq1 , . . . , Rqn are connected. Therefore, from Example 2.7, we
conclude that q1, . . . , qn are odd. �
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