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(Communicated by Jeremy Tyson)

Abstract. The distortion of distances between points under maps is studied.
We first prove a Schwarz-type lemma for quasiregular maps of the unit disk
involving the visual angle metric. Then we investigate conversely the quasi-
conformality of a bilipschitz map with respect to the visual angle metric on
convex domains. For the unit ball or half space, we prove that a bilipschitz
map with respect to the visual angle metric is also bilipschitz with respect
to the hyperbolic metric. We also obtain various inequalities relating the vi-
sual angle metric to other metrics such as the distance ratio metric and the
quasihyperbolic metric.

1. Introduction

One of the main problems of geometric function theory is to study the way in
which maps distort distances between points. The standard method to discuss this
problem is to study uniform continuity of maps between suitable metric spaces.
For example, one of the cornerstones of geometric function theory, the Schwarz
Lemma originally formulated for bounded analytic functions of the unit disk, has
been extended to several other classes of functions and to several metrics other than
the Euclidean metric.

Let G � Rn be a domain and x, y ∈ G. The visual angle metric is defined as

vG(x, y) = sup
z∈∂G

�(x, z, y) ,

where ∂G is not a proper subset of a line. This paper is based on our earlier paper
[KLVW], where we introduced this metric and studied some of the basic properties
of the visual angle metric. In particular, we gave some estimates for the visual
angle metric in terms of the hyperbolic metric in the case when the domain is
either the unit ball or the upper half space. Our goal here is to study how the
visual angle metric behaves under quasiconformal maps. The main result is the
following theorem.
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Theorem 1.1. If f : B2 → R2 is a non-constant K-quasiregular map with fB2 ⊂
B2, then

vB2(f(x), f(y)) ≤ C(K)max{vB2(x, y), vB2(x, y)1/K}
for all x, y ∈ B2, where C(K) = 2 · 41−1/K and C(1) = 2.

Remark 1.2. It is clear that the visual angle metric is similarity invariant. It is
not difficult to show that it fails to be Möbius invariant. However, by Lemma 3.4
the visual angle metric is not changed by more than a factor 2 under the Möbius
transformations of G onto G′ for G ,G′ ∈ {Bn,Hn}. For Möbius transformations of
the unit disk onto itself, we know that the best constant in place of C(K) is 2 by
[KLVW, Theorem 1.2]. Therefore, we see that the constant C(K) is asymptotically
sharp when K → 1 .

Moreover, we prove

Theorem 1.3. Let G1 , G2 be proper convex subdomains of Rn. Let f : G1 → G2 =
f(G1) be an L-bilipschitz map with respect to the visual angle metric. Then f is
quasiconformal and with linear dilatation at most 4L2.

Theorem 1.4. For G1, G2 ∈ {Bn,Hn}, let f : G1 → G2 be a bilipschitz map with
respect to the visual angle metric. Then f is also a bilipschitz map with respect to
the hyperbolic metric.

We also prove various inequalities relating the visual angle metric to other met-
rics such as the distance ratio metric and the quasihyperbolic metric. Agard and
Gehring [AG, Theorems 2 and 3 ] have studied the transformation of angles under
quasiconformal maps. Our results differ from their work, because in our case the
vertex of the angle is on the boundary of the domain of definition of the mapping.

2. Preliminaries

2.1. Notation. Throughout this paper we will discuss domains G ⊂ Rn, i.e., open
and connected subsets of Rn. For x, y ∈ G, the Euclidean distance between x and
y is denoted by |x − y| or d(x, y), as usual. The notation d(x, ∂G) or d(x) for
abbreviation, stands for the distance from the point x to the boundary ∂G of the
domain G.

The Euclidean n-dimensional ball with center z and radius r is denoted by
Bn(z, r), and its boundary sphere by Sn−1(z, r). In particular, Bn(r) = Bn(0, r),
Sn−1(r) = Sn−1(0, r), and Bn = Bn(0, 1), Sn−1 = Sn−1(0, 1).

The upper Lobachevsky-Poincaré n-dimensional half space (as a set) is denoted
by Hn = {(z1, z2, · · · , zn) ∈ Rn : zn > 0}. For t ∈ R and a ∈ Rn \ {0}, we denote
a hyperplane in Rn = Rn ∪ {∞} by P (a, t) = {x ∈ Rn : x · a = t} ∪ {∞}.

Given a vector u ∈ Rn \ {0} and a point x ∈ Rn, the line passing through x with
direction vector u is denoted by L(x, u) = {x + tu : t ∈ R} and the ray starting
at x with direction u is ray(x, u) = {x + tu : t > 0} . Given two points x and y,
the segment between them is denoted by [x, y] = {(1− t)x+ ty : 0 ≤ t ≤ 1}.

Given three distinct points x, y and z ∈ Rn, the notation �(x, z, y) means the
angle in the range [0, π] between the segments [x, z] and [y, z].

Let G be a set for which a metric mG is defined. We define the open m-ball
Bm(x, t) with center x and radius t, and the corresponding boundary m-sphere
Sm(x, t), in m-metric, as the set

Bm(x, t) = {z ∈ G : mG(x, z) < t}
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and

Sm(x, t) = {z ∈ G : mG(x, z) = t},
respectively.

2.2. Visual angle metric. The visual angle metric has the following monotonicity
property: if G1 , G2 are proper subdomains of Rn and x , y ∈ G1 ⊂ G2, then
vG1

(x, y) ≥ vG2
(x, y).

In the unit ball, for the special case x 	= 0 , y = 0, we have the following useful
formula:

vBn(0, x) = arcsin |x| ∈ (0, π/2),(2.1)

and for |x| = |y| 	= 0, θ = 1
2�(x, 0, y) ∈ (0, π/2], we have

vBn(x, y) = 2 arctan
|x| sin θ

1− |x| cos θ .(2.2)

(a) (b)

Figure 1. Figure in B2: (a) Special case (2.1), where y = 0. (b)
Special case (2.2), where |x| = |y| and �(x, 0, y) = 2θ.

It is well known that the diameter of a Euclidean sphere is twice of its radius,
but this is not the case for the visual angle metric in Bn.

Remark 2.1. Choose x ∈ (0, e1), M = vBn(0, x) ∈ (0, π/2). Then by (2.1), Bv(0,M)
is a Euclidean ball with radius |x| = sinM . By (2.2), the diameter of the v-sphere
Sv(0,M) is

vBn(−x, x) = 2 arcsin
|x|√

1 + |x|2
.

Hence it follows that vBn(−x, x) < 2M and therefore the diameter of Sv(0,M) is
less than twice of the radius M .

2.3. Hyperbolic metric. The explicit formulas of the hyperbolic metric are as
follows:

(2.3) chρHn(x, y) = 1 +
|x− y|2

2d(x, ∂Hn)d(y, ∂Hn)

for all x, y ∈ Hn [B, p. 35], and

(2.4) sh
ρBn(x, y)

2
=

|x− y|√
1− |x|2

√
1− |y|2
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for all x, y ∈ Bn [B, p. 40]. The hyperbolic metric is invariant under Möbius
transformations of G onto G′ for G, G′ ∈ {Bn,Hn}. Hyperbolic geodesics are arcs
of circles which are orthogonal to the boundary of the domain. The problem of
finding the midpoint of a hyperbolic segment has been studied in [VW].

2.4. Distance ratio metric. For a proper open subset G ⊂ Rn and for all x, y ∈
G, the distance ratio metric jG is defined as

jG(x, y) = log

(
1 +

|x− y|
min{d(x, ∂G), d(y, ∂G)}

)
.

The distance ratio metric was introduced by Gehring and Palka [GP] and in the
above simplified form by Vuorinen [Vu1]. Both definitions are frequently used in
the study of hyperbolic type metrics [HIMPS], geometric theory of functions [Vu2],
and quasiconformality in Banach spaces [Va1].

2.5. Quasihyperbolic metric. Let G be a proper subdomain of Rn . For all
x, y ∈ G, the quasihyperbolic metric kG is defined as

kG(x, y) = inf
γ

∫
γ

1

d(z, ∂G)
|dz|,

where the infimum is taken over all rectifiable arcs γ joining x to y in G [GP]. The
quasihyperbolic metric has found many applications in geometric function theory
[Va1,Vu2]. For some geometric properties of this metric, see [K,L].

It is well known that the following comparison relations hold for x, y ∈ Bn:

(2.5)
1

2
ρBn(x, y) ≤ jBn(x, y) ≤ ρBn(x, y),

(2.6)
1

2
ρBn(x, y) ≤ kBn(x, y) ≤ ρBn(x, y).

2.6. Lipschitz mappings. Let (X, dX) and (Y, dY ) be metric spaces. Let f : X →
Y be continuous and let L ≥ 1. We say that f is L-lipschitz if

dY (f(x), f(y)) ≤ LdX(x, y), forx, y ∈ X,

and L-bilipschitz if f is a homeomorphism and

dX(x, y)/L ≤ dY (f(x), f(y)) ≤ LdX(x, y), forx, y ∈ X.

A 1-bilipschitz mapping is called an isometry.

2.7. Linear dilatation. Let f : G → Rn be a continuous discrete function (i.e.
the set f−1(y), y ∈ fG, consists of isolated points), where G is a domain of Rn.
The linear dilatation of f at a point x ∈ G is given by

H(x, f) = lim sup
r→0+

L(x, f, r)

l(x, f, r)
,

where

L(x, f, r) = max
z

{|f(z)− f(x)| : |z − x| = r} ,

l(x, f, r) = min
z

{|f(z)− f(x)| : |z − x| = r} ,

for r ∈ (0, d(x)).
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2.8. Quasiregular mappings. Let G1 and G2 be domains in Rn. A non-constant
mapping f : G1 → G2 is said to be quasiregular if it satisfies the following condi-
tions:

(1) f is sense-preserving continuous, discrete, and open;
(2) H(x, f) is locally bounded in G1;
(3) there exists a < ∞ such that H(x, f) ≤ a for a.e. x ∈ G1 \ Bf , where Bf is

the branch set of f .
A quasiregular homeomorphism is called quasiconformal. Hence, a homeomor-

phism f is quasiconformal if and only if H(x, f) is bounded; see [MRV, Theorem
4.13].

2.9. Automorphisms of Bn. We denote a∗ = a
|a|2 for a ∈ Rn \ {0}, and 0∗ = ∞,

∞∗ = 0. For a fixed a ∈ Bn \ {0}, let
σa(z) = a∗ + r2(x− a∗)∗, r2 = |a|−2 − 1

be the inversion in the sphere Sn−1(a∗, r) orthogonal to Sn−1. Then σa(a) = 0,
σa(a

∗) = ∞.
Let pa denote the reflection in the (n − 1)-dimensional hyperplane P (a, 0) and

define a sense-preserving Möbius transformation by

(2.7) Ta = pa ◦ σa.

Then, TaB
n = Bn, Ta(a) = 0, and Ta(ea) = ea, Ta(−ea) = −ea. For a = 0

we set T0 = id, where id stands for the identity map. It is easy to see that
(Ta)

−1 = T−a. Let GM(Bn) be the group of Möbius transformations which map
Bn onto itself. It is well known that for a given g ∈ GM(Bn) there is an orthogonal
map k such that g = k ◦ Ta, where a = g−1(0) [B, Theorem 3.5.1]. For x , y ∈ Bn,
|Tx(y)| = th1

2ρBn(x, y) [Vu2, (2.25)].
The next lemma, the so-called monotone form of l’Hôpital’s Rule, has recently

found to have numerous applications in proving inequalities. See the extensive
bibliography of [AVZ].

Lemma 2.2. [AVV, Theorem 1.25] Let −∞ < a < b < ∞, and let f, g : [a, b] → R

be continuous on [a, b], differentiable on (a, b). Let g′(x) 	= 0 on (a, b). Then, if
f ′(x)/g′(x) is increasing(decreasing) on (a, b), so are

f(x)− f(a)

g(x)− g(a)
and

f(x)− f(b)

g(x)− g(b)
.

If f ′(x)/g′(x) is strictly monotone, then the monotonicity in the conclusion is also
strict.

3. The Schwarz-type Lemma

In this section, we will prove the result related to the Schwarz-type Lemma of
the visual angle metric under K-quasiregular maps of the unit disk.

We first study the properties of some special functions involved in the proof of
Theorem 1.1. For r ∈ (0, 1) and K > 0, we define the distortion function

ϕK(r) = μ−1(μ(r)/K),

where μ(r) is the modulus of the planar Grötzsch ring; see [Vu2, Exercise 5.61]. It

is clear that ϕ1(r) = r. From now on we let r′ =
√
1− r2. Let K and E be the
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complete elliptic integral of the first and second kind, respectively. The following
derivative formulas of ϕK(r) hold for r ∈ (0, 1), K ∈ (0,∞) [AVV, (10.6)]:

∂ϕK(r)

∂r
=

1

K

ss′2K(s)2

rr′2K(r)2
,

∂ϕK(r)

∂K
=

4

π2K2
ss′2K(s)2μ(r),

where s = ϕK(r). By [WZC, Corollary], the function ϕK(r) is concave in r if K > 1
and convex if 0 < K < 1.

Lemma 3.1. For r ∈ (0, 1), K > 1, let s = ϕK(r). Then the function
(1) f1(r) ≡ r−1/Ks is strictly decreasing from (0, 1) onto (1, 41−1/K);

(2) f2(r) ≡ s′K(s)2

r′K(r)2 is strictly decreasing from (0, 1) onto (0, 1);

(3) f3(r) ≡
√
r′K(r) is decreasing from [0, 1) onto (0, π/2];

(4) f4(r) ≡ s
r is strictly decreasing from (0, 1) onto (1,∞);

(5) f5(r) ≡ r
arctan(r/r′) is strictly decreasing from (0, 1) onto (2/π, 1);

(6) f6(r) ≡ 2E(r)− r′2K(r) is strictly increasing from (0, 1) onto (π/2, 2).

Proof. (1) This is a result from [AVV, Lemma 10.9(1)].
(2) This is a result from [AVV, Lemma 10.7(1)].
(3) This is a result from [AVV, Lemma 3.21(7)].
(4) Since

f4(r) =
s

r1/K
· 1

r1−1/K
,

f4 is strictly decreasing by (1). The limiting values are clear.
(5) Let f51(r) = r and f52(r) = arctan(r/r′). Then f51(0

+) = f52(0
+) = 0. By

differentiation, we have
f ′
51(r)

f ′
52(r)

= r′,

which is strictly decreasing. Hence, by Lemma 2.2 f5 is strictly decreasing. The
limiting value f5(0

+) = 1 follows by l’Hôpital Rule and f5(1
−) = 2/π is clear.

(6) This is a result from [AVV, Exercise 3.43(13)]. �

Lemma 3.2. For r ∈ (0, 1), K > 1, let s = ϕK(r). Then the function

(1) f1(r) ≡ arctan(s/s′)
arctan(r/r′) is strictly decreasing from (0, 1) onto (1,∞);

(2) f2(r) ≡ arctan(s/s′)
(arctan(r/r′))1/K

is strictly decreasing from (0, 1) onto ((π/2)1−1/K ,

41−1/K).

Proof. (1) Let f11(r) = arctan(s/s′) and f12(r) = arctan(r/r′). Then f11(0
+) =

f12(0
+) = 0. By differentiation, we have

f ′
11(r)

f ′
12(r)

=
1

K
· s
r
· s

′K(s)2

r′K(r)2
,

which is strictly decreasing by Lemma 3.1(2)(4). Therefore, by Lemma 2.2 f1 is
strictly decreasing. The limiting value f1(0

+) = ∞ follows by l’Hôpital Rule and
f1(1

−) = 1 is clear.
(2) By logarithmic differentiation in r,

f ′
2(r)

f2(r)
=

1

K
· 1

rr′2K(r)2

(
ss′K(s)2

arctan(s/s′)
− rr′K(r)2

arctan(r/r′)

)
.
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By Lemma 3.1(3)(5), the function rr′K(r)2

arctan(r/r′) is strictly decreasing on (0, 1). Since

s > r, f ′
2(r) < 0 and hence f2 is strictly decreasing. The limiting value f2(1

−) =
(π/2)1−1/K is clear. By Lemma 3.1(1)

f2(0
+) = lim

r→0+

arctan(s/s′)

(arctan(r/r′))1/K
= lim

r→0+

s/s′

(r/r′)
1/K

= lim
r→0+

s

r1/K
· r

′1/K

s′
= 41−1/K .

�

Lemma 3.3. For K ≥ 1, let r0 = tan 1√
1+tan2 1

≈ 0.841471 and s0 = ϕK(r0). Then

the function

f(K) ≡ 41−1/K · arctan(r0/r
′
0)

arctan(s0/s′0)

is strictly increasing. In particular,

(3.1) max

{
41−1/K ,

arctan(s0/s
′
0)

arctan(r0/r′0)

}
= 41−1/K .

Proof. By logarithmic differentiation in K,

f ′(K)

f(K)
=

log 4

K2
(1− g(K)) ,

where

g(K) =
4μ(r0)

π2 log 4
· s0
arctan(s0/s′0)

·
(√

s′0K(s0)
)2

.

Since s0 is increasing in K, g is decreasing in K by Lemma 3.1(3)(5). Then g(K) <

g(1) = 4μ(r0)
π2 log 4 · r0r

′
0K(r0)

2

arctan(r0/r′0)
≈ 0.744915 < 1. Hence f ′(K) > 0, which implies

that f is strictly increasing. Therefore, (3.1) follows by the monotonicity of f and
f(1) = 1. �

Lemma 3.4 ([KLVW, Theorem 1.1]). For G ∈ {Bn,Hn} and x , y ∈ G, let

ρ∗G(x, y) = arctan
(
sh ρG(x,y)

2

)
. Then

ρ∗G(x, y) ≤ vG(x, y) ≤ 2ρ∗G(x, y).

The left-hand side of the inequality is sharp and the constant 2 in the right-hand
side of the inequality is the best possible.

Lemma 3.5 ([Vu2, Theorem 11.2]). Let f : B2 → R2 be a non-constant K-
quasiregular mapping with fB2 ⊂ B2. Then for all x, y ∈ B2,

th
1

2
ρB2 (f(x), f(y)) ≤ ϕK

(
th

1

2
ρB2(x, y)

)
.

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.4 and Lemma 3.5, we get

A ≡ vB2(f(x), f(y))

max {vB2(x, y), vB2(x, y)1/K} ≤
2 arctan(sh

ρ
B2

(f(x),f(y))

2
)

max
{
arctan(sh

ρ
B2

(x,y)

2
), (arctan(sh

ρ
B2

(x,y)

2
))1/K

}

≤ 2 arctan(s/s′)

max {arctan(r/r′), (arctan(r/r′))1/K} ,
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where r = th
ρ
B2 (x,y)

2 and s = ϕK(r). By Lemma 3.2 and Lemma 3.3,

A ≤ 2max{f1(r0), f2(0+)} = 2 · 41−1/K ,

where f1, f2 are as in Lemma 3.2 and r0 is as in Lemma 3.3.
This completes the proof of Theorem 1.1. �

In [BV], an explicit form of the Schwarz lemma for quasiregular mappings was
given.

Theorem 3.6 ([BV, Theorem 1.10]). If f : B2 → R2 is a non-constant K-
quasiregular map with fB2 ⊂ B2 and ρ is the hyperbolic metric of B2, then

ρB2(f(x), f(y)) ≤ c(K)max{ρB2(x, y), ρB2(x, y)1/K}

for all x, y ∈ B2, where c(K) = 2 arth(ϕK(th1
2 )) and, in particular, C(1) = 1.

The proof of this theorem involves the following monotonicity of the transcen-
dental function ϕK(r); see [BV, Lemma 4.8].

Lemma 3.7. For K > 1, the function

g(r) ≡ arth(ϕK(r))

(arth r)1/K

is strictly increasing on (0, 1).

There exists, however, a gap in the proof of the above result due to the using
of a wrong claim that the function r �→ ϕK(r)/r is increasing on (0, 1). In fact,
by [WZC, Corollary], the function ϕK(r) is concave in r if K > 1, and hence
the function r �→ ϕK(r)/r is decreasing on (0, 1); see Lemma 3.1(4). We give a
correction for the proof of the monotonicity of the function g as follows.

Proof. Let g1(r) = rK(r)2/ arth r = g11(r)/g12(r), where g11(r) = rK(r)2 and
g12(r) = arth r. Then g11(0) = g12(0) = 0, and

g′11(r)

g′12(r)
= K(r)(2E(r)− r′2K(r)) ,

which is strictly increasing by Lemma 3.1(6) and implies that g1(r) is also strictly
increasing by Lemma 2.2. Let s = ϕK(r). Then we have that

(3.2)
sK(s)2

arth s
− rK(r)2

arth r
> 0

since s > r for all K > 1 and 0 < r < 1. By logarithmic differentiation, we get that

g′(r)

g(r)
=

1

K

1

rr′2K(r)2

(
sK(s)2

arth s
− rK(r)2

arth r

)
> 0 ,

which implies that for givenK > 1, the function g is strictly increasing on (0, 1). �

The following result gives the sharp distortion of the distance ratio metric and
the quasihyperbolic metric under quasiregular mappings of the unit disk into itself.
A similar result has been obtained in [KVZ, Theorem 1.8] for the higher dimensional
case.
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Corollary 3.8. If f : B2 → R2 is a non-constant K-quasiregular map with fB2 ⊂
B2, then

jB2(f(x), f(y)) ≤ 2c(K)max{jB2(x, y), jB2(x, y)1/K}
and

kB2(f(x), f(y)) ≤ 2c(K)max{kB2(x, y), kB2(x, y)1/K}
for all x, y ∈ B2, where c(K) is the same as in Theorem 3.6.

Proof. For the distance ratio metric, we combine the comparison relation (2.5) with
Theorem 3.6 to get that, for x, y ∈ B2 and x 	= y,

jB2(f(x), f(y))

max{jB2(x, y), jB2(x, y)1/K} ≤ ρB2(f(x), f(y))

max{ 1
2ρB2(x, y), 1

21/K
ρB2(x, y)1/K}

=
2ρB2(f(x), f(y))

max{ρB2(x, y), 21−1/KρB2(x, y)1/K}

≤ 2ρB2(f(x), f(y))

max{ρB2(x, y), ρB2(x, y)1/K}
≤ 2c(K).

By use of the inequality (2.6) and a similar argument with the distance ratio metric,
we get the result for the quasihyperbolic metric. �

4. Convex domains and bilipschitz maps

The following theorem shows the comparison of the visual angle metric and the
distance ratio metric on convex domains, which is the main tool to prove Theorem
1.3.

Theorem 4.1. Let G be a proper convex subdomain of Rn. Let x, y ∈ G and
t = ejG(x,y) − 1. Then

arcsin
t

t+ 2
≤ vG(x, y) ≤ 2 arcsin

t√
4 + t2

.

The left-hand side of the inequality is sharp and the constant 2 in the right-hand
side of the inequality is the best possible.

Proof. Without loss of generality, we may assume that d(x) ≤ d(y). Then t = |x−y|
d(x) .

Choose z ∈ ∂G such that d(x) = |x−z|. Let y′ ∈ ray(x, x−z) with |y−x| = |y′−x|.
Let HG, x ∈ HG , be the half space whose boundary is orthogonal to [x, z] at
the point z. It is easy to see that G ⊂ HG. Let Bxy be the convex hull of
Bn(x, d(x)) ∪ Bn(y, d(x)); see Figure 2. By the monotonicity property of vG, we
have

vHG
(x, y) ≤ vG(x, y) ≤ vBxy

(x, y),

where

vHG
(x, y) ≥ vHG

(x, y′) = arcsin
|x− y|/2

d(x) + |x− y|/2 = arcsin
t

t+ 2
,

and

vBxy
(x, y) = 2θ = 2arcsin

|x− y|/2√
d(x)2 + (|x− y|/2)2

= 2arcsin
t√

4 + t2
.
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Figure 2

For the sharpness of the left-hand side of the inequality, we consider the domain
Hn and two points x , y ∈ Hn with L(x, y−x) perpendicular to the boundary ∂Hn.

For the sharpness of the right-hand side of the inequality, we consider the domain
Hn and two points x , y ∈ Hn with L(x, y − x) parallel to the boundary ∂Hn.

This completes the proof. �

Proof of Theorem 1.3. Let t = ejG1
(x,y) − 1. Given ε > 0, for small enough t > 0,

by Theorem 4.1 we have

t

2(1 + ε)
≤ arcsin

t

t+ 2
≤ vG1

(x, y) ≤ 2 arcsin
t√

4 + t2
≤ 2 arcsin

t

2
≤ (1 + ε)t .

Then we have

|f(x)− f(y)|
|f(x)− f(z)| ≤

2(1 + ε) min{d(f(x)) , d(f(y))} vG2
(f(x), f(y))

1
1+ε min{d(f(x)) , d(f(z))} vG2

(f(x), f(z))

≤ 2(1 + ε)2 min{d(f(x)) , d(f(y))}LvG1
(x, y)

min{d(f(x)) , d(f(z))} vG1
(x, z)/L

≤
2(1 + ε)2 min{d(f(x)) , d(f(y))}L(1 + ε) |x−y|

min{d(x) ,d(y)}

min{d(f(x)) , d(f(z))} 1
2(1+ε)L

|x−z|
min{d(x) ,d(z)}

= 4(1 + ε)4 L2 · min{d(f(x)) , d(f(y))}
min{d(f(x)) , d(f(z))} · min{d(x) , d(z)}

min{d(x) , d(y)} · |x− y|
|x− z|

→ 4(1 + ε)4 L2 , as |x− y| = |x− z| = r → 0.

Since ε is arbitrary, we have H(x, f) ≤ 4L2. Hence f is quasiconformal and with
linear dilatation at most 4L2. �

Remark 4.2. By Theorem 1.3, a bilipschitz map from the unit ball onto itself with
respect to the visual angle metric is a quasiconformal map. However, the converse
is not true.

For example, let a ∈ (0, 1) and z ∈ Bn. The radial map f(z) = z/|z|1−a is
quasiconformal [Va2, 16.2]. But, if putting |x| = |y|, 2θ = �(x, 0, y) > 0, then by
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(2.2) we have

lim
x→0

vBn(f(x), f(y))

vBn(x, y)
= lim

x→0

arctan |x|a sin θ
1−|x|a cos θ

arctan |x| sin θ
1−|x| cos θ

= lim
x→0

|x|−(1−a) 1− |x| cos θ
1− |x|a cos θ = ∞.

Lemma 4.3. Let L ∈ [1,∞) and ε ∈ (0, 1). Then
(1) f1(r) ≡ arcsin r

log(1+r) is strictly increasing from (0, 1) onto (1, π/ log 4);

(2) f2(r) ≡ sin(4Lr)
sin r is strictly decreasing from (0, π

8L ) onto ((sin π
8L )

−1 , 4L);

(3) f3(r) ≡ arth(4Lr)
arthr is strictly increasing from (0, ε

4L ) onto (4L , arthε/arth ε
4L ).

Proof. (1) Let f1(r) =
f11(r)
f12(r)

with f11(r) = arcsin r and f12(r) = log(1 + r). It is

clear that f11(0
+) = f12(0

+) = 0. By differentiation,

f ′
11(r)

f ′
12(r)

=

√
1 + r

1− r
,

which is increasing on (0, 1). Therefore, f1 is strictly increasing by Lemma 2.2. The
limiting value f1(1

−) = π/ log 4 is clear and f1(0
+) = 1 by l’Hôpital’s Rule.

(2) Let f21(r) = sin(4Lr) and f22(r) = sin r. It is clear that f21(0
+) = f22(0

+) =
0. Then

f ′
21(r)

f ′
22(r)

= 4L
cos(4Lr)

cos r
≡ 4Lh(r).

Since

cos2 rh′(r) = −4L sin((4L− 1)r)− (4L− 1) sin r cos(4Lr) < 0,

by Lemma 2.2, f2 is strictly decreasing on (0, π
8L ). The limiting value f2(

π
8L ) =

(sin π
8L )

−1 is clear and f2(0
+) = 4L by l’Hôpital Rule.

(3) Let f31(r) = arth(4Lr) and f32(r) = arth r. It is clear that f31(0
+) =

f32(0
+) = 0. Then

f ′
31(r)

f ′
32(r)

= 4L
1− r2

1− (4Lr)2
=

1

4L

(
1 +

(4L)2 − 1

1− (4Lr)2

)
,

which is strictly increasing on (0, ε
4L ). Therefore, f3 is strictly increasing on (0, ε

4L )
by Lemma 2.2. The limiting value f3(

ε
4L ) = arthε/arth ε

4L is clear and f3(0
+) = 4L

by l’Hôpital Rule. �

Theorem 4.4. Let G be a proper convex subdomain of Rn. For all x, y ∈ G, there
holds

vG(x, y) ≤ ckG(x, y),

where c = π
log 4 ≈ 2.26618.

Proof. For arbitrary x, y ∈ G such that x 	= y, the quasihyperbolic geodesic segment
with end points x, y is denoted by Jk[x, y]. Select points {zi}ni=0 ∈ Jk[x, y] with

z0 = x, zn = y such that ti =
|zi+1−zi|

min{d(zi),d(zi+1)} ∈ (0, 1), where i = 0, · · · , n− 1.

By Theorem 4.1 and Lemma 4.3(1), we have

vG(zi, zi+1) ≤ 2 arcsin
ti√
4 + t2i

≤ 2 arcsin
ti
2
≤ arcsin ti

≤ π

log 4
jG(zi, zi+1) ≤

π

log 4
kG(zi, zi+1).
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Then

vG(x, y) ≤
n−1∑
i=0

vG(zi, zi+1) ≤
π

log 4

n−1∑
i=0

kG(zi, zi+1) =
π

log 4
kG(x, y).

This completes the proof. �

Lemma 4.5. Let f : Bn → Bn be an L-bilipschitz map with respect to the visual
angle metric. Let ε ∈ (0, 1) and c(ε) = arthε/arth ε

4L . Furthermore, let x , y ∈ Bn

and satisfy

(4.1) th
ρBn(x, y)

2
≤ min

{ ε

4L
, sin

π

8L

}
.

Then

ρBn(f(x), f(y)) ≤ c(ε)ρBn(x, y).

Proof. Let x, y ∈ Bn satisfy (4.1) such that x 	= y. By Lemma 3.4, it is not difficult
to obtain that g = Tf(x) ◦ f ◦ T−x : Bn → Bn is a 4L-bilipschitz map with respect
to the visual angle metric and g(0) = 0. Then by (2.1)

arcsin |Tf(x)(f(y))| = vBn(g(Tx(x)), g(Tx(y)))

≤ 4LvBn(Tx(x), Tx(y)) = 4L arcsin |Tx(y)|.

Since arcsin |Tx(y)| = arcsin thρ(x,y)
2 ≤ π

8L , by Lemma 4.3(2) we have

|Tf(x)(f(y))| ≤ sin(4L arcsin |Tx(y)|) ≤ 4L|Tx(y)|.
Hence by Lemma 4.3(3)

ρBn(f(x), f(y)) ≤ 2arth

(
4Lth

ρBn(x, y)

2

)
≤ c(ε)ρBn(x, y).

�

In the following we will show that for G, G′ ∈ {Bn,Hn}, if f : G → G′ is a
bilipschitz map with respect to the visual angle metric, then f is bilipschitz with
respect to the hyperbolic metric, too.

Theorem 4.6. Let f : Bn → Bn = f(Bn) be an L-bilipschitz map with respect to
the visual angle metric. Then f is a 4L-bilipschitz map with respect to the hyperbolic
metric.

Proof. For arbitrary x, y ∈ Bn such that x 	= y, the hyperbolic geodesic segment
joining the points x, y is denoted by Jρ[x, y]. Select points {zk}nk=0 ∈ Jρ[x, y] with
z0 = x, zn = y such that ρBn(zk, z0) > ρBn(zk−1, z0) and

th
ρBn(zk−1, zk)

2
≤ min

{ ε

4L
, sin

π

8L

}
,

where k = 1, · · · , n and ε ∈ (0, 1) is a constant. By Lemma 4.5,

ρBn(f(x), f(y)) ≤
n∑

k=1

ρBn(f(zk−1), f(zk)) ≤ c(ε)
n∑

k=1

ρBn(zk−1, zk) = c(ε)ρBn(x, y),

where c(ε) is as in Lemma 4.5. Then, letting ε tend to 0, we obtain

ρBn(f(x), f(y)) ≤ 4LρBn(x, y).
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Applying the above argument to f−1, we get

ρBn(f−1(x), f−1(y)) ≤ 4LρBn(x, y)

and hence

ρBn(f(x), f(y)) ≥ 1

4L
ρBn(x, y).

This completes the proof. �

Corollary 4.7. Let f : Hn → Hn = f(Hn) be an L-bilipschitz map with respect
to the visual angle metric. Then f is a 16L-bilipschitz map with respect to the
hyperbolic metric.

Proof. Let g = g1 ◦ f ◦ g2 where g1 : Hn → Bn and g2 : Bn → Hn are two Möbius
transformations. Then g : Bn → Bn is a 4L-bilipschitz map with respect to the
visual angle metric by Lemma 3.4.

Since f = g−1
1 ◦ g ◦ g−1

2 , by Theorem 4.6 we conclude that g is a 16L-bilipschitz
map with respect to the hyperbolic metric. �

Similarly, we have the following two corollaries.

Corollary 4.8. Let f : Hn → Bn = f(Hn) be an L-bilipschitz map with respect
to the visual angle metric. Then f is an 8L-bilipschitz map with respect to the
hyperbolic metric.

Corollary 4.9. Let f : Bn → Hn = f(Bn) be an L-bilipschitz map with respect
to the visual angle metric. Then f is an 8L-bilipschitz map with respect to the
hyperbolic metric.

Proof of Theorem 1.4. The result immediately follows from Theorem 4.6, Corollary
4.7, Corollary 4.8 and Corollary 4.9. �
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[Va1] Jussi Väisälä, The free quasiworld. Freely quasiconformal and related maps in Banach
spaces, Quasiconformal geometry and dynamics (Lublin, 1996), Banach Center Publ.,
vol. 48, Polish Acad. Sci., Warsaw, 1999, pp. 55–118. MR1709974

[Va2] Jussi Väisälä, Lectures on n-dimensional quasiconformal mappings, Lecture Notes in
Mathematics, Vol. 229, Springer-Verlag, Berlin-New York, 1971. MR0454009

[Vu1] Matti Vuorinen, Conformal invariants and quasiregular mappings, J. Analyse Math. 45
(1985), 69–115, DOI 10.1007/BF02792546. MR833408

[Vu2] Matti Vuorinen, Conformal geometry and quasiregular mappings, Lecture Notes in
Mathematics, vol. 1319, Springer-Verlag, Berlin, 1988. MR950174

[VW] Matti Vuorinen and Gendi Wang, Bisection of geodesic segments in hyperbolic geometry,
Complex analysis and dynamical systems V, Contemp. Math., vol. 591, Amer. Math.
Soc., Providence, RI, 2013, pp. 273–290, DOI 10.1090/conm/591/11842. MR3155693

[WZC] G.-D. Wang, X.-H. Zhang, and Y.- M. Chu, A Hölder mean inequality for the Hersch-
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