
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 145, Number 3, March 2017, Pages 1175–1185
http://dx.doi.org/10.1090/proc/13283

Article electronically published on September 15, 2016

LIFTING PROPERTIES OF MINIMAL SETS FOR PARABOLIC

EQUATIONS ON S1 WITH REFLECTION SYMMETRY

DUN ZHOU

(Communicated by Yingfei Yi)

Abstract. We consider the skew-product semiflow generated by the following
parabolic equation:

ut = uxx + f(t, u, ux), t > 0, x ∈ S1 = R/2πZ,

where f(t, u, ux) = f(t, u,−ux). It is proved that the flow on uniquely ergodic
minimal set M is topologically conjugate to a subflow on R × H(f) and M

is uniquely ergodic if and only if the set consisting of 1-cover points of H(f)
has full measure. It is further proved that any minimal set M is almost auto-
morphic provided that f is uniformly almost automorphic. Moreover, for any
almost automorphic solution u(t, x) contained in M , the frequency module
M(u(t, x)) is contained in the frequency module of f .

1. Introduction

In the current paper, we study the lifting properties for a minimal set of the
following scalar reaction-diffusion equations on the circle:

(1.1) ut = uxx + f(t, u, ux), t > 0, x ∈ S1 = R/2πZ,

where f : R × R × R → R is C2-admissible (see Definition 2.3) and f(t, u, p) =
f(t, u,−p).

In non-autonomous systems, lifting properties of minimal sets is an important
and interesting topic. The lifting properties describe whether or how much a certain
structure (say, periodicity, almost periodicity) in an equation can be lifted to its
solutions. And it is also closely related to the asymptotic behavior of bounded
solutions of a differential equation (see Shen and Yi [17]). Let Π(ϕ, σ) be a skew-
product flow on X × Y where Y is a compact minimal set in flow σ and X is
metrizable. Let K ⊂ X × Y be a compact invariant set under Π. It was proved
in Sacker and Sell [12] that if Y is distal and K is an N -cover of Y , then the
skew-product flow Π on K is distal; moreover, if Y is almost periodic, then K
is almost periodic. In scalar non-autonomous ODE, if K is minimal, then K is
uniquely ergodic if and only if Y0 = {y ∈ Y |cardK ∩ p−1(y) = 1} has full set (see
Johnson [8]). Shen and Yi in [17, 18] generalized this property to scalar parabolic
equations with separated boundary condition, and they also proved thatK is almost
automorphic if and only if Y is almost automorphic.
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In the present paper, we are focusing on equation (1.1) with periodic boundary
condition. Let fτ (t, u, p) = f(t+ τ, u, p)(τ ∈ R) be the time-translation of f . Then
the function f generates a family {fτ |τ ∈ R} in the space of continuous functions
C(R× R × R,R) equipped with the compact open topology. Let H(f) (called the
hull of f) be the closure of {fτ |τ ∈ R} in the compact open topology. Then, H(f)
is a compact metric space and every g ∈ H(f) has the same regularity as f . The
action of time-translation g · t ≡ gt (g ∈ H(f)) defines a compact flow on H(f).
Thus, equation (1.1) gives rise to a family of equations associated to each g ∈ H(f),

(1.2) ut = uxx + g(t, u, ux), t > 0, x ∈ S1.

Let X be the fractional power space associated with the operator u → −uxx :
H2(S1) → L2(S1) such that the embedding relation X ↪→ C1(S1) is satisfied.
For any u ∈ X, (1.2) admits (locally) a unique solution ϕ(t, ·;u, g) in X with
ϕ(0, ·, u, g) = u(·). This solution also continuously depends on g ∈ H(f) and
u ∈ X. Therefore, (1.2) defines a (local) skew-product semiflow Πt on X ×H(f):

(1.3) Πt(u, g) = (ϕ(t, ·;u, g), g · t), t > 0.

It follows from [7] that if ϕ(t, ·;u, g)(u ∈ X) is bounded in X in the existence
interval of the solution, then u is a globally defined classical solution. Assume
ω(u, g) is the ω-limit set of the bounded semi-orbit Πt(u, g) in X × H(f). Then,
for any δ > 0, {ϕ(t, ·;u, g) : t ≥ δ} is relatively compact in X. As a consequence,
ω(u, g) is a non-empty connected compact subset of X×H(f). It is also known that
Πt restricted on the ω-limit set ω(u, g) admits a flow extension, so that it defines a
skew-product flow (see [6, 7]).

If (1.1) is an autonomous system (i.e., f(u, ux) = f(u,−ux)), Matano [11] showed
that an ω-limit set of any bounded solution of (1.2) is an equilibrium. In the case
that f is time-periodic with period 1 (equivalently, H(f) is homeomorphic to the
circle T 1 = R/Z), Chen and Matano [4] proved that for f = f(t, u) independent of
ux, the ω-limit set ω(u) of any bounded solution consists of a unique time-periodic
orbit with period 1. As a matter of fact, such a conclusion is also correct for
f(t, u, ux) = f(t, u,−ux).

Recently, Shen et al. [16] considered the equation (1.1) with time almost period-
ically external force. It was proved in [16] that any minimal set of (1.2) is an almost
1-cover of H(f). Moreover, if dimV c(M) = 0 (where V c(M) is the center space of
M associated with the Sacker-Sell spectrum), this minimal set is spatially homoge-
neous and a 1-cover of H(f); if dimV c(M) = 1, M is either spatially homogeneous
or spatially inhomogeneous and a 1-cover of H(f).

The present paper is devoted to further studying lifting properties of minimal
sets of (1.2). Throughout this paper we assume that H(f) is recurrent (which
means that H(f) is minimal). This is satisfied, for instance, when f is a uniformly
almost periodic or, more generally, a uniformly almost periodic function, i.e., when
it is admissible and almost periodic or almost automorphic.

Let M be a minimal set of (1.3). Then, we will prove that the almost auto-
morphic property of M is equivalent to the almost automorphic property of H(f).
Moreover, if f is uniformly almost automorphic, then the frequency module of
any almost automorphic solution in M is contained in the frequency module of
f . Finally, we will prove that, if M is uniquely ergodic, then the flow on M is
topologically conjugate to a subflow on R×H(f).
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An outline of this paper is as follows. In section 2, we agree on some notation,
and give relevant definitions and preliminary results, including the almost periodic
(automorphic) theory and zero number property. In section 3 and section 4, we
discuss lifting properties of unique ergodicity and almost automorphic properties
of minimal sets H(f) of (1.3) separately.

2. Preliminaries

In this section, we summarize some preliminary materials to be used in latter
sections. We start by introducing some definitions in dynamic systems. Then,
we give a brief description of the almost periodic (automorphic) functions (flows).
Finally, we present some basic properties of zero numbers of solutions for linear
parabolic equations.

2.1. Basic conceptions of dynamic systems. Let Y be a compact metric space
with metric dY , and σ : Y ×R → Y, (y, t) �→ y ·t be a continuous flow on Y , denoted
by (Y, σ) or (Y,R). A subset E ⊂ Y is invariant if σt(E) = E for every t ∈ R. A
subset E ⊂ Y is called minimal if it is compact, invariant and the only non-empty
compact invariant subset of it is itself. Every compact and σ-invariant set contains
a minimal subset and a subset E is minimal if and only if every trajectory is dense.
The continuous flow (Y, σ) is called to be recurrent or minimal if Y is minimal.

Definition 2.1. Let (Y,R), (Z,R) be two continuous compact flows. Z is called
a 1-cover (almost 1-cover) of Y if there is an onto flow homomorphism p : X → Y
such that p−1(y) is a singleton for any y ∈ Y (for at least one y ∈ Y ). Moreover,
if Z is an almost 1-cover of Y , it is also called an almost automorphic extension of
Y . Here (Y,R) is called a factor of (Z,R).

Let X,Y be metric spaces and (Y, σ) be a compact flow (called the base flow).
Let also R

+ = {t ∈ R : t ≥ 0}. A skew-product semiflow Πt : X × Y → X × Y is a
semiflow of the following form:

(2.1) Πt(u, y) = (ϕ(t, u, y), y · t), t ≥ 0, (u, y) ∈ X × Y,

satisfying (i) Π0=IdX and (ii) the co-cycle property:

ϕ(t+ s, u, y)=ϕ(s, ϕ(t, u, y), y · t)
for each (u, y) ∈ X × Y and s, t ∈ R

+. A subset A ⊂ X × Y is positively invariant
if Πt(A) ⊂ A for all t ∈ R

+. The forward orbit of any (u, y) ∈ X × Y is defined by
O+(u, y) = {Πt(u, y) : t ≥ 0}, and the ω-limit set of (u, y) is defined by ω(u, y) =
{(û, ŷ) ∈ X × Y : Πtn(u, y) → (û, ŷ)(n → ∞) for some sequence tn → ∞}.

A flow extension of a skew-product semiflow Πt is a continuous skew-product
flow Π̂t such that Π̂t(u, y) = Πt(u, y) for each (u, y) ∈ X × Y and t ∈ R

+. A
compact positively invariant subset is said to admit a flow extension if the semiflow
restricted to it does. Actually, a compact positively invariant set K ⊂ X×Y admits
a flow extension if every point in K admits a unique backward orbit which remains
inside the setK (see [19, part II]). A compact positively invariant setK ⊂ X×Y for
Πt is called minimal if it does not contain any other non-empty compact positively
invariant set than itself.

Definition 2.2. Let (Z,R) be a flow with compact metric phase space Z. An
invariant measure on Z is a probability measure ν on Z such that ν(A · t) = ν(A)
for all Borel sets A ⊂ Z and all t ∈ R; here A · t = {ω · t|ω ∈ A}. An invariant
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measure ν on Z is ergodic if ν(A
A · t) = 0 for all t ∈ R implies that ν(A) = 0 or
1, where A
A · t = (A \A · t) ∪ (A · t \A).

By the Krylov-Bogoliubv theorem, invariant measures on Z always exist. If Z
has only one invariant measure, that is, Z is uniquely ergodic, then the uniquely
invariant measure on Z is an ergodic measure.

Let C(Z,R) be the space of continuous functions f : Z → R. By Riesz represen-
tation theorem, there is an isomorphism between bounded positive linear functional
l on C(Z,R) satisfying l(1) = 1 with the (regular, positive, Borel, probability) mea-
sures on Z defined by

(2.2) l(f) =

∫
Z

f(ω)ν(dω), ∀f ∈ C(Z,R).

Consequently, a measure ν on Z is invariant if and only if l(ft) = l(f) for all
f ∈ C(Z,R) and all t ∈ R, where ft(ω) = f(ω · t). At the same time, ν is ergodic
if and only if, for f ∈ L1(Z,R), one has

ft = f for all t ∈ R ⇔ f ≡ constant

(see [2, 9]).

2.2. Almost periodic and almost automorphic functions (flows). Let D ⊆
R

m be a subset of Rm; then we list the following definitions and notation.

Definition 2.3. A continuous function f : R × D → R; (t, w) �→ f(t, w), is said
to be admissible if f(t, w) is bounded and uniformly continuous on R×K for any
compact subset K ⊂ D. f is Cr (r ≥ 1) admissible if f is Cr in w ∈ D and
Lipschitz in t, and f as well as its partial to order r are admissible.

Let f ∈ C(R × D,R)(D ⊂ R
m) be admissible. Then H(f) = cl{f · τ : τ ∈ R}

is called the hull of f , where f · τ (t, ·) = f(t + τ, ·) and the closure is taken under
the compact open topology. Moreover, H(f) is compact and metrizable under the
compact open topology (see [15,19]). The time translation g · t of g ∈ H(f) induces
a natural flow on H(f) (cf. [15]).

Definition 2.4. A function f ∈ C(R,R) is almost automorphic if for every {t′k} ⊂
R there is a subsequence {tk} and a function g : R → R such that f(t+ tk) → g(t)
and g(t− tk) → f(t) pointwise. f is almost periodic if for any sequence {tn} there
is a subsequence {tnk

} such that {f(t + tnk
)} converges uniformly. A function

f ∈ C(R×D,R)(D ⊂ R
m) is uniformly almost periodic (automorphic) in t, if f is

admissible and almost periodic (automorphic) in t ∈ R.

Let f ∈ C(R×D,R) be uniformly almost periodic (almost automorphic) and

(2.3) f(t, w) ∼
∑
λ∈R

aλ(w)e
iλt

be a Fourier series of f (see [19,20] for the definition and the existence of a Fourier
series). Then S = {αλ(w) �≡ 0} is called the Fourier spectrum of f associated with
Fourier series (2.3) and M being the smallest additive subgroup of R containing
S(f) is called the frequency module of f . Moreover, M(f) is a countable subset of
R (see [19, 21]).

Let (Y,R) be a continuous compact flow. For any given net α = {tn} ⊂ R and
y ∈ Y , define Tαy = limn→∞ y · tn provided that the limit exists.
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Definition 2.5. A point y0 ∈ Y is called an almost periodic point (almost auto-
morphic point) if for any nets α′, β′ in R, there are subnets α, β such that

TαTβy0 · t = Tα+βy0 · t

uniformly (pointwise) in t ∈ R. (Y, σ) is almost periodic (almost automorphic)
minimal if it is minimal and contains an almost periodic (almost automorphic)
point.

Remark 2.1. An almost periodic minimal flow is necessarily almost automorphic
minimal. If (Y, σ) is almost periodic minimal, then any y ∈ Y is an almost periodic
point. If (Y, σ) is almost automorphic minimal, then the set of almost automorphic
points of Y is residual (see, e.g., [19, 21]).

Lemma 2.1. If f ∈ C(R × D,R) is uniformly almost periodic (almost automor-
phic), then the time-translation flow (H(f),R), (g, t) �→ g ·t for g ∈ H(f) and t ∈ R

is almost periodic (almost automorphic) minimal.

Definition 2.6. Let (Z,R) be an almost automorphic minimal flow. An almost pe-
riodic factor (Y,R) of (Z,R) is said to be maximal if (Z,R) is an almost autmorphic
extension of (Y,R).

2.3. Zero number function. Given a C1-smooth function u : S1 → R, the zero
number of u is defined as

z(u(·)) = card{x ∈ S1|u(x) = 0}.

The following lemma was originally presented in [1] and [10] and was improved in
[3].

Lemma 2.2. Consider the linear system

(2.4)

{
ϕt = a(t, x)ϕxx + b(t, x)ϕx + c(t, x)ϕ, x ∈ S1,

ϕ0 = ϕ(0, ·) ∈ H1(S1),

where a, at, ax, b and c are bounded continuous functions, a ≥ δ > 0. Let ϕ(t, x) be
a classical non-trivial solution of (2.4). Then the following properties holds:

(a) z(ϕ(t, ·)) < ∞, ∀t > 0 and is non-increasing in t.
(b) z(ϕ(t, ·)) can drop only at t0 such that ϕ(t0) has a multiple zero in S1.
(c) z(ϕ(t, ·)) can drop only finitely many times,and there exists a T > 0 such

that ϕ(t, ·) has only simple zeros in S1 as t ≥ T (hence z(ϕ(t, ·)) = constant
as t ≥ T ).

For any g ∈ H(f), assume that ϕ(t, ·;u, g) and ϕ(t, ·; û, g) are distinct solutions
of (1.2) on R

+. Let u(t, x) = ϕ(t, x;u, g) and û(t, x) = ϕ(t, x; û, g). Then, v(t, x) =
u(t, x)− û(t, x) is a non-trivial solution of the linear parabolic equation (2.4), where

b(t, x) =

∫ 1

0

∂g

∂p
(t, x, u(t, x), sux(t, x) + (1− s)ûx(t, x))ds,

c(t, x) =

∫ 1

0

∂g

∂u
(t, x, su(t, x) + (1− s)û(t, x), ûx(t, x))ds.
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So, we have the following lemma.

Lemma 2.3. (a): z(ϕ(t, ·;u, g) − ϕ(t, ·; û, g)) < ∞ for t > 0 and is non-
increasing in t;

(b): z(ϕ(t, ·;u, g)− ϕ(t, ·; û, g)) strictly decreases at t0 such that the function
ϕ(t0, ·;u, g)− ϕ(t0, ·; û, g) has a multiple zero in S1;

(c): z(ϕ(t, ·;u, g) − ϕ(t, ·; û, g)) can drop only finitely many times, and there
exists a T > 0 such that

z(ϕ(t, ·;u, g)− ϕ(t, ·; û, g)) ≡ constant

for all t ≥ T .

3. Uniquely ergodic minimal sets

Theorem 3.1. Let M ⊂ X × H(f) be a minimal set of (1.3) and denote Y ′ =
{g ∈ H(f)|cardM ∩ p−1(g) = 1}. Then:

(i) If M is unique ergodic, then M is topologically conjugate to a subflow of
(R×H(f),R).

(ii) M is unique ergodic if and only if H(f) is unique ergodic and μ(Y ′) = 1,
where μ is the ergodic measure on H(f).

Let M ⊂ X×H(f) be a minimal set of (1.3). We introduce the so-called stable,
unstable and center space of the linearized variation equation of (1.2) at ω ∈ M .

Consider the following linear parabolic equation:

(3.1) ψt = ψxx + a(x, ω · t)ψx + b(x, ω · t)ψ, t > 0, x ∈ S1 = R/2πZ,

where ω=(u, g)∈M,ω·t=(ϕ(t, ·;u, g), g·t), a(x, ω·t)=gp(t, ϕ(t, ·;u, g), ϕx(t, ·;u, g)),
b(x, ω ·t) = gu(t, ϕ(t, ·;u, g), ϕx(t, ·;u, g)) and ϕ(t, ·;u, g) is the solution of (1.2) with
ϕ(0, ·;u, g) = u.

Now we give the conceptions of exponential dichotomy and the Sacker-Sell spec-
trum on M .

Let Ψ(t, ω) : X → X be the evolution operator generated by (3.1), that is, the
evolution operator of the following equation:

(3.2) v′ = A(ω · t)v, t > 0, ω ∈ M, v ∈ X,

where A(ω)v = vxx + a(x, ω)vx + b(x, ω)v, and ω · t is as in (3.1).
Let λ ∈ R and define Πt

λ : X ×M → X ×M by

(3.3) Πt
λ(v, ω) = (Ψλ(t, ω)v, ω · t), ∀t ≥ 0,

where Ψλ(t, ω) = e−λtΨ(t, ω). It is easy to check that Πt
λ is also a linear skew-

product semiflow on X ×M . We say Ψλ admits an exponential dichotomy over M
if there exist K > 0, γ > 0 and continuous projections P (ω) : X → X such that for
all ω ∈ M , Ψλ(t, ω)|R(P (ω)) : R(P (ω)) → R(P (ω · t)) is an isomorphism satisfying

Ψλ(t, ω)P (ω) = P (ω · t)Ψλ(t, ω), t ∈ R
+ (hence Ψλ(−t, ω) := Ψ−1

λ (t, ω · (−t))
: R(P (ω)) → R(P (ω · −t)) is well defined for t ∈ R

+); moreover,

‖Ψλ(t, ω)(I − P (ω))‖ ≤ Ke−γt, t ≥ 0,

‖Ψλ(t, ω)P (ω)‖ ≤ Keγt, t ≤ 0.

Here R(P (ω)) is the range of P (ω). We call

σ(M) = {λ ∈ R : Πt
λ has no exponential dichotomy over M}
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the Sacker-Sell spectrum of (3.1) or (3.2). Since M is compact and connected, the
Sacker-Sell spectrum σ(M) =

⋃∞
k=0 Ik, where Ik = [ak, bk] and {Ik} is ordered from

right to left, that is, · · · < ak ≤ bk < ak−1 ≤ bk−1 < · · · < a0 ≤ b0 (see [5, 13, 14]).
For any given 0 ≤ n1 ≤ n2 ≤ ∞, if n2 �= ∞, let

V n1,n2(ω) = {v ∈ X : ‖Ψ(t, ω)v‖ = o(ea
−t) as t → −∞

‖Ψ(t, ω)v‖ = o(eb
+t) as t → ∞}

where a−, b+ are such that λ1 < a− < an2
≤ bn1

< b+ < λ2 for any λ1 ∈⋃∞
k=n2+1 Ik and λ2 ∈

⋃n1−1
k=0 Ik. If n2 = ∞, let

V n1,∞(ω) = {v ∈ X : ‖Ψ(t, ω)v‖ = o(eb
+t) as t → ∞}

where b+ is such that bn1
< b+ < λ for any λ ∈

⋃n1−1
k=0 Ik. V n1,n2(ω) is called the

invariant subspace of (3.1) or (3.2) associated with the spectrum set
⋃n2

k=n1
Ik at

ω ∈ M .
Suppose that 0 ∈ σ(M) and n0 is such that 0 ∈ In0

⊂ σ(M). Then V s(ω) =
V n0+1,∞(ω), V c(ω) = V n0,n0(ω), and V u(ω) = V 0,n0−1(ω) are referred to as stable,
center, and unstable subspaces of (3.1) at ω ∈ M , respectively.

Suppose that 0 �∈ σ(M) and n0 is such that In0
⊂ (0,∞) and In0+1 ⊂ (−∞, 0).

V s(ω) = V n0+1,∞(ω) and V u(ω) = V 0,n0(ω) are referred to as stable and unstable
subspaces of (3.1) at ω ∈ M , respectively.

Now, we have the following lemmas concerning the minimal set M of (1.3).

Lemma 3.2. Let M ⊂ X ×H(f) be a minimal invariant set of (1.3). Then M is
almost 1-cover of H(f).

Proof. See [16, Theorem 4.2]. �

Lemma 3.3. Let M ⊂ X × H(f) be a spatially inhomogeneous minimal set of
(1.3). Assume that dimV c(M) = 1, or dimV c(M) = 2 with dimV u(M) being
odd. Then, there exists N ∈ N such that for any g ∈ H(f) and two distinct points
(u1, g), (u2, g) ∈ M ∩ p−1(g)

z(ϕ(t, ·;u1, g)− ϕ(t, ·;u2, g)) = N, for all t ∈ R.

Proof. See [16, Lemma 3.8]. �

Lemma 3.4. Let M ⊂ X × H(f) be a minimal set of (1.3). If M is uniquely
ergodic, then dimV c(M) ≤ 2. Moreover, if dimV c(M) = 2, then dimV u(M) must
be odd.

Proof. See [16, Theorem 3.2(1)]. �

Lemma 3.5. Let M ⊂ X × H(f) be a uniquely ergodic minimal set of (1.3).
Then there exists N ∈ N, such that for any g ∈ H(f) and two distinct points
(u1, g), (u2, g) ∈ M ∩ p−1(g), one has

(3.4) z(ϕ(t, ·;u1, g)− ϕ(t, ·;u2, g)) = N, for all t ∈ R.

Proof. If M is spatially homogeneous, then for any g ∈ H(f) with two distinct
points (u1, g), (u2, g) ∈ p−1(g) ∩M , one has

z(ϕ(t, ·;u1, g)− ϕ(t, ·;u2, g)) = 0

for all t ∈ R.
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IfM is spatially inhomogeneous, by Lemma 3.4, dimV c(M) = 1 or dimV c(M) =
2 with dimV u(M) being odd. Thus, (3.4) is a direct result of Lemma 3.3. �

Before proving Theorem 3.1, we need to recall an important property of M
obtained from [4, Theorem B]:

Property 3.6. There is x0 ∈ S1 such that for any (u, g) ∈ M , ux(x0) = 0.

In this section, we always let x0 be the point such that ux(x0) = 0 for all
(u, g) ∈ M .

Proof of Theorem 3.1. (i) Define

M̃ = {(u(x0), g)|(u, g) ∈ M}.
Since M̃ is a subset of R × H(f), it is sufficient to prove that h : M → M̃ ,
(u, g) → (u(x0), g) is a homeomorphic map and

(3.5) Π̃th(u, g) = (ϕ(t, ·;u, g)(x0), g · t) = h(ϕ(t, ·;u, g), g · t)
defines a flow on M̃ ⊂ R

1 ×H(f).

Observe that h is an onto and continuous map fromM to M̃ . Let (u1, g), (u2, g) ∈
M be such that u1 �= u2. By Lemma 3.5, u1(·)− u2(·) has only simple zeros on S1,
and hence u1(x0) �= u2(x0). So, h is an injective map. We now show that the map

h−1 is also continuous from M̃ to M . Indeed, let h(vn, gn) → h(v, g) in M̃ (that
is, (vn(x0), g

n) → (v(x0), g) with gn → g in H(f)). By the compactness of M ,
one may assume without loss of generality that (vn, gn) → (w, g) ∈ M . This then
implies that v(x0) = w(x0). Recall that (v, g), (w, g) ∈ M with g ∈ H(f). Due to
the fact that h is injective, v = w. As a consequence, h is a homeomorphic map
from M to M̃ and Π̃t defines a flow on M̃ ⊂ R×H(f).

(ii) If M is precisely a 1-cover of H(f), then the conclusion holds automatically.
Thus, without loss of generality, we assume that M is not a 1-cover of H(f).

Suppose that M is uniquely ergodic. Then since the nature projection p : M →
H(f) defines a flow homomorphism, H(f) must be uniquely ergodic . Let μ be the
ergodic measure on H(f) and Y ′ = {g ∈ H(f)|cardM ∩ p−1(g) = 1}. By Lemma
3.2, Y ′ ⊂ H(f) is residual and invariant. It remains to show that μ(Y ′) = 1. To

end this, we assume that μ(Y ′) �= 1, then μ(Y ′) = 0, in other words, Ỹ = H(f)\Y ′

is invariant and μ(Ỹ ) = 1. For each g ∈ H(f) we define

A(g) = {u(x0)|(u, g) ∈ M ∩ p−1(g)}
and

m(g) = minA(g), M(g) = maxA(g).

It follows from (i) that M(g) > m(g) for any g ∈ Ỹ and Π̃t(m(g), g) = (m(g · t), g ·
t)(Π̃t(M(g), g) = (M(g · t), g · t)),t ∈ R, where Π̃t is defined as in (3.5). Similarly
as in [18], consider the following two linear functionals l, L : C(M,R) → R:

l(F ) =

∫
H(f)

F (h−1(m(g), g))μ(dg), L(F ) =

∫
H(f)

F (h−1(M(g), g))μ(dg)

where h is defined as in (i). In view of the fact that the flow on H(f) is invariant,
it is obvious that l, L define invariant measures on M (see (2.2)). If l = L, choose
F ∈ C(M,R) : F (u, g) = u(x0) for (u, g) ∈ M ; then m(g) = M(g) for μ − a.e
g ∈ H(f). (Otherwise, there is a subset Y 0 in H(f) with μ(Y 0) > 0 such that
M(g) > m(g) for all g ∈ Y 0. Hence L(F ) > l(F ), a contradiction.) This implies
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that μ(Ỹ ) = 0, which contradicts μ(Ỹ ) = 1. Thus, l, L define distinct invariant
measures on M and it is a contradiction to the unique ergodicity of M . Thus,
μ(Y ′) = 1.

Conversely, assume that H(f) is uniquely ergodic and μ is the ergodic measure
on H(f) such that μ(Y ′) = 1. Let M0 = {(u, g) ∈ M |(u, g) = p−1(g)}. Then the
nature projection p defines a flow isomorphism between M0 and Y ′. Suppose ν is
an invariant measure on M . Then p(ν) = μ, that is, ν(D) = μ(p(D)) for all Borel
sets D ⊂ M0 ⊂ M . Note that ν(M0) = μ(Y ′) = 1. Therefore, M is uniquely
ergodic. �

4. Almost automorphic minimal sets

Theorem 4.1. Let M ⊂ X ×H(f) be a minimal invariant set of (1.3). Then:

(i): M is almost automorphic ⇐⇒ H(f) is almost automorphic.
(ii): Let f in (1.1) be C2-uniformly almost automorphic and let (u, g) ∈ M

be an automorphic point (there are residually many). Then ϕ(t, ·;u, g) is a
(uniform) almost automorphic solution of (1.2), and moreover

M(ϕ(t, ·;u, g)) ⊂ M(f).

To prove this theorem, we need to list some lemmas for preparation.
Let D ⊆ R

m be a subset of Rm; then we have the following lemmas which can
be found in [15, 19].

Lemma 4.2. Let f(t, w) ∈ C(R ×D,R), g(t, w) ∈ C(R ×D,R) be two uniformly
almost automorphic functions. Then M(g) ⊂ M(f) if and only if for any sequence
{αn} ⊂ R, if limtn→∞ f(t+αn, w) = f(t, w) uniformly for t and w in bounded sets,
then limtn→∞ g(t+ αn, w) = g(t, w) uniformly for t and w in bounded sets.

Lemma 4.3. If f ∈ C(R × D,R) is uniformly almost automorphic, then for any
uniformly almost automorphic function g ∈ H(f), M(g) = M(f).

Lemma 4.4. Let (Z,R) be an almost automorphic minimal flow and (Y,R) be a
maximal almost periodic factor of (Z,R). Denote p : (Z,R) → (Y,R) as the flow
homomorphism. Then:

{z ∈ Z| z is an almost automorphic point} = {z ∈ Z|p−1p(z) = {z}}.

Proof of Theorem 4.1. (i) Assume that Πt on M is almost automorphic, according
to the definition of skew-product flow on M . The nature flow σ on H(f) is also
almost automorphic.

On the other hand, if (H(f), σ) is almost automorphic, then it follows from
Remark 2.1 that there is a residual set Y ′ ⊂ H(f), such that all points in Y ′ are
almost automorphic. It follows from Lemma 3.2, that the fact that there exists Y ′′

in H(f) is satisfied: for any point g ∈ Y ′′, one has p−1(g) ∩ M = {(u, g)}. Let

Ỹ = Y ′ ∩ Y ′′; then each point g ∈ Ỹ , (u, g) is an almost automorphic point of M .
(ii) Let (u, g) be an almost automorphic of M . Then it follows from Lemma 4.4

that p−1(g)∩M = {(u, g)} and it is obvious that g is an almost automorphic point
of H(f). Thus, for any sequence α ⊂ R such that Tαg = g, one has Tαϕ(t, ·;u, g) =
ϕ(t, ·;u, g). By Lemma 4.2 and Lemma 4.3, M(ϕ(t, ·;u, g)) ⊂ M(g) = M(f). �
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