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GAP SEQUENCES OF MCMULLEN SETS

JUN JIE MIAO, LI-FENG XI, AND YING XIONG

(Communicated by Kevin Whyte)

Abstract. We study the gap sequence of totally disconnected McMullen sets.
Our result shows that if every horizontal line in the McMullen set is nonempty,
then the gap sequence is unrelated to the box dimension. This implies that in
such situations, the separation properties of McMullen sets are quite different
from that of self-similar sets.

1. Introduction

Fix integers m, n and r such that n > m ≥ 2 and 1 ≤ r ≤ mn. Let
R = {d0, . . . , dr−1} be a subset of {0, . . . , n − 1} × {0, . . . ,m − 1}. For each

dk = (d
(1)
k , d

(2)
k ) ∈ R, we define a self-affine transformation on R by

(1) Sk(x) = T (x+ dk), k = 0, 1, . . . , r − 1,

where T = diag(n−1,m−1); then the family {Sk}r−1
k=0 forms a self-affine iterated

function system. According to Hutchinson [6, 12], there exists an attractor E,

called a McMullen set [2, 19], such that E =
⋃r−1

k=0 Sk(E); the set E may also be
written as

E =

{( ∞∑
k=1

d
(1)
ik

nk
,

∞∑
k=1

d
(2)
ik

mk

)
: ik ∈ {0, 1, . . . , r − 1}

}
.

As stated in [2, 19], the box-counting dimension of the McMullen set E is

(2) dimB E =
log r − log s

log n
+

log s

logm
,

where s = card{j : (i, j) ∈ R, 0 ≤ i ≤ n−1, 0 ≤ j ≤ m−1}. The formula indicates
that the box-counting dimension depends not only on r but also on s. That is to
say, moving selected rectangles from one line to another may cause a change of
dimension, which is quite different from the self-similar construction.

Self-affine sets are one of the most important objects in fractal geometry and
related fields. In the self-affine construction, contraction ratios assume different
values in different directions. This property makes self-affine sets more flexible
than self-similar sets in many applications, which also causes huge difficulties in
studying self-affine fractals.
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It is one of the most challenging problems to determine the Hausdorff and box
dimensions of self-affine sets. There remain many questions (see [22]) open in this
direction. Roughly speaking, there are two different approaches in the dimension
theory of self-affine sets. The first one is to study the special cases. Bedford [2]
and McMullen [19] first introduced McMullen sets and obtained the Hausdorff and
box dimensions. Later on, more general settings for special cases were studies
in [1, 15, 24]. The other approach, initiated by Falconer, is to study the general
case. In two seminal papers [7, 8], Falconer determined the Hausdorff and box
dimensions of almost all self-affine sets (in the sense of Lebesgue measure).

Since the gap sequence often characterizes the geometric properties of a set, it has
been widely used to explore properties of fractals. In particular, it always gives an
upper bound for box dimension, and we refer the reader to [3,9,16,17,23] for various
results on dimension. Currently, most work on gap sequences focuses on self-similar
and self-conformal fractals, and there has been little work on general self-affine sets,
even on McMullen sets, a special case of self-affine sets. As the simplest self-affine
models, McMullen sets often serve as a testing ground for questions, conjectures or
counterexamples; we refer the reader to [1, 2, 10, 13–15, 18–21] for various studies
and generalizations on McMullen sets.

In this paper, we study the geometry of McMullen sets by making use of gap se-
quences. Gap sequences often play an important role in studying the box-counting
dimension of self-similar sets or cutting-out fractals; see [3, 5, 11, 23, 26]. In these
cases, it has been shown that the gap sequence determines the box-counting dimen-
sion. In this paper, we will show that this is not always the case for McMullen sets.
This gives another indication of the complexity of self-affine fractals.

Before stating our result, we recall the definition of gap sequences. Gap sequences
of cutting-out sets in the line were first studied by Besicovitch [3]. Rao, Ruan and
Yang [23] generalized this concept to sets in higher dimensional spaces.

Let A be a compact subset of R2. For distinct x, y ∈ A, we say x and y are
δ-equivalent if there exists a sequence of points a0 = x, a1, . . . , ak = y of A such
that |ai+1 − ai| ≤ δ for i = 0, 1, . . . , k − 1. Let N(δ) be the cardinality of the set
of δ-equivalent classes of A. Clearly the mapping N : R → N is nonincreasing. We
write N(δ−) = limh→0+ N(δ − h). We say a sequence {αk}k≥1 is the gap sequence
of A if the elements of {αk}k≥1 are made of the jump points of the function δ with
multiplicity N(δ−) − N(δ); that is, the value of δ is in the gap sequence {αk}k if
and only if N(δ) < N(δ−) and the multiplicity

card{k : αk = δ} = N(δ−)−N(δ).

We also write N(δ, A) to emphasize the dependence on the set A.
Given an index set I, we say that {ai}i∈I and {bi}i∈I are comparable if there

exists a constant C > 1 such that C−1ai ≤ bi ≤ Cai for all i ∈ I. We denote this
by ai � bi. The main result in the paper is

Theorem 1. Let E be a totally disconnected McMullen set. Let {αk}k≥1 be the
gap sequence of E. Then

αk �
{
k−1/ dimB E , if s < m;

k− log n/ log r, if s = m.

We remark that the asymptotic formula for the gap sequence {αk}k≥1 is unre-
lated to the box dimension in the situation s = m (recall (2)). Geometrically, this
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implies that if every horizontal line in a McMullen set E is nonempty, then the
separation properties of E are quite different from that of self-similar sets.

As a direct corollary of Theorem 1, we have

Corollary 1. Let E be a McMullen set satisfying the SSC, i.e., Si(E)∩Sj(E) = ∅
for i 	= j. Let {αk}k≥1 be the gap sequence of E. Then

αk �
{
k−1/ dimB E , if s < m;

k− log n/ log r, if s = m.

It is obvious that the SSC implies total disconnectedness. On the other hand,
there exist McMullen sets which are totally disconnected but don’t satisfy the SSC.

Example 1. Let S0(x, y) = ((x + 3)/4, y/2), S1(x, y) = (x/4, (y + 1)/2) and

S2(x, y) = ((x + 2)/4, (y + 1)/2). Let E =
⋃2

i=0 Si(E) be the McMullen set. One
can verify that E is totally disconnected but doesn’t satisfy the SSC.

This paper is organized as follows. In Section 2, we study a geometrical prop-
erty, the so-called “finite type”, which plays an important role in our study of gap
sequence. Section 3 is devoted to the proof of Theorem 1.

2. Finite type

For k = 0, 1, 2, . . . , let Ωk be the set of all k-term sequences of integers 0, 1, . . . ,
r−1, that is, Ωk = {(σ1 . . . σk) : 0 ≤ σj ≤ r−1}. We regard Ω0 as just containing the
empty sequence, that is, Ω0 = {∅}. We abbreviate members of Ωk by σ = (σ1 . . . σk)
and write |σ| = k for the number of terms in σ. We write Ω =

⋃∞
k=0Ω

k for the set of
all such finite sequences, and Ω∞ for the corresponding set of infinite sequences, so
Ω∞ = {(σ1σ2 . . . σk . . . ) : 0 ≤ σk ≤ r−1}. For σ = σ1 . . . σk ∈ Ωk, τ = τ1 . . . τl ∈ Ωl,
write σ ∗ τ = σ1 . . . σkτ1 . . . τl ∈ Ωk+l. We write σ|k = (σ1 . . . σk) for the k-term
prefix of σ = (σ1σ2 . . . ) ∈ Ω∞. We write σ � τ if σ is a curtailment of τ . We
call the set [σ] = {τ ∈ Ω∞ : σ � τ} the cylinder of σ, where σ ∈ Ω. If σ = ∅,
its cylinder is [σ] = Ω∞. Let Sk be as in (1). For σ = (σ1 . . . σk) ∈ Ωk, write
Sσ = Sσ1

◦ · · · ◦ Sσk
.

We denote the unit square [0, 1]2 by Q. For each integer k ≥ 1, write

Ψk =
⋃

σ∈Ωk

Sσ(Q),

Ξk =
⋃

(i,j)∈{−1,0,1}2

( ⋃
σ∈Ωk

Sσ(Q) + (i, j)
)
.

We say the McMullen set is of finite type if there is an integer M such that for every
integer k ≥ 1, each connected component of Ψk contains at most M rectangles of
width n−k and height m−k.

The finite type property appeared in the study of Lipschitz equivalence of self-
similar sets (see [25]). We will prove that the totally disconnected McMullen sets
are of finite type (Theorem 2) by making use of ideas in [25].

To study finite type, we denote the Hausdorff metric between two subsets A and
B of R2 by

dH(A,B) = inf{δ : A ⊂ Bδ and B ⊂ Aδ},
where Aδ and Bδ are the δ-neighbourhood of A and B, that is, Aδ = {x ∈ R

2 :
|x− a| ≤ δ for some a ∈ A}.
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We begin with two topological lemmas coming from [25].

Lemma 1. Let {Dk}∞k=1 be a sequence of connected compact subsets in R
2. If the

union
⋃∞

k=1 Dk is bounded, then there exist a subsequence {Dki
}∞i=1 and a connected

compact set D in R
2 such that Dki

dH→ D, as i → ∞.

Lemma 2. Let {Dk}nk=1 be a finite family of totally disconnected and compact
subsets of a Hausdorff topology space. Then the set

⋃n
k=1Dk is also totally discon-

nected.

We denote the boundary of a set A ⊂ R
2 by ∂A. Because of these two lemmas,

we have the following property for a totally disconnected McMullen set.

Lemma 3. Suppose the McMullen set E is totally disconnected. Then there exists
an integer k such that for all connected components χ in Ξk, we have that χ ∩
∂[0, 1]2 = ∅ or χ ∩ ∂[−1, 2]2 = ∅.

Proof. We assume on the contrary that for all integers k > 0, there exists a con-
nected component χk in Ξk such that χk ∩ ∂[0, 1]2 	= ∅ and χk ∩ ∂[−1, 2]2 	= ∅.

We take xk ∈ χk ∩ ∂[0, 1]2 and yk ∈ χk ∩ ∂[−1, 2]2. Clearly, χk connects the
two points xk and yk. By Lemma 1, there is a subsequence {χki

}i such that

xki
→ x ∈ ∂[0, 1]2 and yki

→ y ∈ ∂[−1, 2]2 and χki

dH→ χ, where dH is Hausdorff
metric. By Lemma 1, χ is connected. Since χ ⊂

⋃
(i,j)∈{−1,0,1}2(E + (i, j)) and χ

contains two distinct points x and y, it implies that
⋃

(i,j)∈{−1,0,1}2(E + (i, j)) is

not totally disconnected, which contradicts Lemma 2. �

The next theorem shows that totally disconnected McMullen sets are of finite
type.

Theorem 2. Suppose that the McMullen set E is totally disconnected. Then E is
of finite type.

Proof. Since E is totally disconnected, by Lemma 3, there exists an integer k such
that for all connected components χ in Ξk, we have that χ ∩ ∂[0, 1]2 = ∅ or χ ∩
∂[−1, 2]2 = ∅. That is, for each connected component χ ∈ Ξk such that χ∩∂[0, 1]2 	=
∅, we have that χ ⊂ (−1, 2)2. It implies that, for all integers l ≥ k, every connected
component of Ψl contains at most 9rk rectangles of width n−l and height m−l.
Hence E is of finite type. �

Example 2. Let n = 4, m = 3 and r = 4. Set A = {(0, 0), (0, 2), (1, 1), (3, 1)};
see Figure 1. As stated in Lemma 3, we can take k = 2 so that no connected
components in Ξ2 connect ∂[0, 1]2 and ∂[−1, 2]2; see Figure 2.

3. Gap sequence

By the definition of δ-equivalence, the following facts are straightforward.

Lemma 4. Let {βk}k≥1 be the gap sequence of a set F . Then δ = βk for some
k if and only if there exist x, y ∈ F such that x and y are δ-equivalent, but not
(δ − ε)-equivalent for all ε > 0.

Lemma 5. Assume that βk1
> βk1+1 = · · · = βk = · · · = βk2

> βk2+1. Then
N(βk) = k1 + 1, and N(β−

k ) = k2 + 1.
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Figure 1. McMullen set for n = 4, m = 3 and r = 4.

(0,0)

(1,1)

(-1,-1)

(2,2)

(2,-1)

(-1,2) (-1,2)

(-1,-1) (2,-1)

(2,2)

Figure 2. Connected components in Ξ1 and Ξ2.

Proposition 1. Let {βk}k≥1 be the gap sequence of a set F . Then

βγ
k � 1

k
⇐⇒ N(δ, F ) � δ−γ .

Here γ > 0.

Proof. This proposition comes from [4]. However, the proof in [4] makes use of
a redundant condition that infk≥1 βk+1/βk > 0. So we give a proof without this
condition here.

=⇒ : Assume that N(δ, F ) = k; then

(3) βk−1 > δ ≥ βk.

For this, it suffices to show that βk−1 > βk, since if βk−1 = βk, then N(βk, F ) =
N(βk−1, F ) ≤ k − 1 and N(β−

k , F ) > k, which contradicts that N(δ, F ) = k. Now
it follows from βγ

k � 1
k and (3) that δ−γ � k = N(δ, F ).

⇐= : For all k ≥ 1, we have N(βk, F ) ≤ k < N(β−
k , F ). Together with the

condition N(δ, F ) � δ−γ , we have k � β−γ
k . �
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Proof of Theorem 1. First, we define approximate squares, which are one of the
fundamental ideas in studying self-affine fractals; see [1,15,19]. Let x ∈ E, and let
{σi}∞i=1 be the Ω-sequences of x. For each given k, let l be the unique integer such
that m−l−1 < n−k ≤ m−l. Note that l > k since n > m. We write

(x1, x2) = Sσ1...σk
(0, 0) and (x3, x4) = Sσ1...σl

(0, 0).

Obviously, the sets Sσ1...σk
(Q) and Sσ1...σl

(Q) satisfy

Sσ1...σl
(Q) ⊂ [x1, x1 + n−k]× [x4, x4 +m−l] ⊂ Sσ1...σk

(Q),

where the rectangle [x1, x1 + n−k]× [x4, x4 +m−l] is often named the approximate
square of x, written as�x(k), and clearly x ∈ �x(k). We write Ψk,l =

⋃
x∈E �x(k).

Let {αk}k≥1 and {βk}k≥1 be the gap sequences of E with respect to the Euclidean
norm and the maximum norm, respectively. Rao, Ruan and Yang [23] proved that
if two compact metric spaces with infinite gap sequences are bilipschitz equivalent,
their gap sequences are comparable. Consequently, we have that

αk � βk.

From now on, we consider R2 with the maximum norm.
By Proposition 1, it is sufficient to show that N(n−k, E) � nγk for all k ≥ 1,

where

γ =

{
dimB E, if s < m;

logn r, if s = m.

We divide the proof into two cases.

Case 1: s < m. We need to show that

N(n−k, E) � nk dimB E .

For each given integer k ≥ 1, by Theorem 2 and the definition of finite type,
every connected component of Ψk contains at most M rectangles.

We split each rectangle of Ψk into approximate squares of width n−k and height
m−l, wherem−l−1 < n−k ≤ m−l (see Figure 3). Now fix a rectangle of Ψk and let A
be the union of all the approximate squares of the fixed rectangle. According to the
definition of approximate squares and the construction of the McMullen set, every
connected component of A contains at most s approximate squares since s < m.

Recall that the union of all the approximate squares is Ψk,l, which is a subset
of Ψk. Since all rectangles of Ψk are split into approximate squares in the same
manner, every connected component of Ψk,l contains at most sM approximate
squares.

The number of all connected components of Ψk,l is at least (r
ksl−k)/(sM), since

the number of all approximate squares in Ψk,l is rksl−k. Moreover, for any two
distinct connected components χ, χ′ of Ψk,l, we have d(χ, χ′) ≥ n−k. It gives the
lower bound for N(n−k, E), that is,

N(n−k, E) ≥ rksl−k

sM
,

since E ⊂ Ψk,l and E has nonempty intersection with every approximate square.
Now we turn to the upper bound. For each given integer k ≥ 1, we split rectangles

again into approximate squares but of width n−k and height m−l−1, where l is the
unique integer such that m−l−1 < n−k ≤ m−l (see Figure 3).
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The number of all such approximate squares is rksl+1−k. Moreover, any two
points in a same approximate square are n−k-equivalent. Hence we have the upper
bound N(n−k, E) ≤ rksl+1−k.

Combining the lower bound and the upper bound, we have proved N(n−k, E) �
rksl−k, where l is the unique integer satisfying m−l−1 < n−k ≤ m−l. Recall that
dimB E = (log r−log s)/ log n+log s/ logm. We have N(n−k, E) � nk dimB B, which
completes the proof of case 1.

n−k

m−l≈n−k .
..

.

..n−k

..

.

..

..

.

..

≥m−l

.

..
.
..

.

..

≥n−k

m−k

n−k

m−(l+2)

m−k

n−k
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.

..

..

.

..

..

.

..

.

..
.
..
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m−k

n−k

.

..

.

..

n−k

s<m s=m

≥m−l

≥m−l

≥m−l

m−l

m−l

m−l

.

..

.

..

m−k

m−(l+2)

m−(l+2)

m−km−k

m−l

m−l≈n−k

Figure 3. Connected components made of approximate squares.

Case 2: s = m. We need to show that

N(n−k, E) � rk.

For each k, there are rk rectangles of width n−k and height m−k in Ψk. By The-

orem 2 and the definition of finite type, there are at least rk

M connected components
in Ψk. Moreover, for any two distinct connected components χ, χ′ of Ψk, we have
d(χ, χ′) ≥ n−k. It gives the lower bound for N(n−k, E), that is,

N(n−k, E) ≥ rk

M
,

since E ⊂ Ψk and E has nonempty intersection with every connected component
of Ψk.
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We turn to the upper bound. Let R be a rectangle of Ψk. We claim that any
two points in E ∩ R are n−k-equivalent. For this, we split R into approximate
squares of width n−k and height m−l−2, where m−l−1 < n−k ≤ m−l. There are
ml+2−k rectangles R1, . . . , Rml+2−k of width n−k and height m−l−2 in R. Since
s = m, all these ml+2−k rectangles are approximate squares in Ψk,l+2, i.e., E ∩
Ri 	= ∅ for i = 1, . . . ,ml+2−k. Pick xi ∈ E ∩ Ri. It is clear that d(xi, xi+1) ≤
max(n−k, 2ml+2−k) = n−k for i = 1, . . . ,ml+2−k − 1. Thus, xi and xj are n−k-
equivalent for i, j ∈ {1, . . . ,ml+2−k}. Now for any x, y ∈ E∩R, suppose that x ∈ Ri

and y ∈ Rj ; then x, xi are n−k-equivalent and y, xj are n−k-equivalent. Therefore,
x, y are n−k-equivalent.

Since there are rk rectangles in Ψk, we have N(n−k, E) ≤ rk. Combining the
lower bound and the upper bound, we have N(n−k, E) � rk, which completes the
proof of case 2. �
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