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THE C1 DENSITY OF NONUNIFORM HYPERBOLICITY

IN Cr CONSERVATIVE DIFFEOMORPHISMS

CHAO LIANG AND YUN YANG

(Communicated by Yingfei Yi)

Abstract. Let Diffr
m(M) be the set of Cr volume-preserving diffeomorphisms

on a compact Riemannian manifold M (dimM ≥ 2). In this paper, we prove
that the diffeomorphisms without zero Lyapunov exponents on a set of posi-
tive volume are C1 dense in Diffr

m(M), r ≥ 1. We also prove a weaker result
for symplectic diffeomorphisms Symr

ω(M), r ≥ 1 saying that either the sym-
plectic diffeomorphism f is partially hyperbolic or C1 arbitrarily close to f in
Symr

ω(M), there is a diffeomorphism g ∈ Symr
ω(M) without zero Lyapunov

exponents on a set with positive volume.

1. Introduction

Hyperbolic behavior is a strong indicator of the complexity of a dynamical sys-
tem. The understanding of hyperbolic behavior, especially the prevalence of hy-
perbolic behavior, is a centre goal of smooth dynamics. Three classes of hyperbolic
systems have been extensively studied: uniformly hyperbolic systems, partially hy-
perbolic systems and nonuniformly hyperbolic systems. Uniformly hyperbolic dif-
feomorphisms and partially hyperbolic diffeomorphisms are both Cr(r ≥ 1) robust
and thus form an open subset in the space of Cr diffeomorphisms. However, there
are some topological restrictions on the underlying manifold M for the existence
of a uniformly hyperbolic diffeomorphism, and to a partially hyperbolic diffeo-
morphism. Global rigidity of Anosov actions, namely, the classification of Anosov
systems is one of the striking problems in dynamics; see e.g. [19, 23]. It is conjec-
tured that Anosov diffeomorphisms are always of algebraic nature, up to topological
conjugacy. Also for partially hyperbolic systems, it is known that a 3-dimensional
sphere does not admit a partially hyperbolic diffeomorphism [10]. Thus there are
many compact Riemannian manifolds which do not admit any uniformly hyperbolic
diffeomorphisms or even any partially hyperbolic diffeomorphisms. On the other
hand, there are no topological restrictions on the manifold for the existence of a
nonuniformly hyperbolic diffeomorphism.

Theorem 1.1 ([17]). Given a compact smooth Riemannian manifold K �= S1 there
exists a C∞ diffeomorphism f of K such that:

(1) f preserves the Riemannian volume m on K;
(2) f has nonzero Lyapunov exponents at m−almost every point x ∈ K;
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(3) f is a Bernoulli diffeomorphism.

As mentioned above, one may care not only about the existence but also about
the prevalence of nonuniformly hyperbolic systems. Usually, when we refer to
nonuniform hyperbolicity, we associate it with some specific measure. Pesin ques-
tioned whether the systems with nonuniform hyperbolic behavior are dense in Cr

conservative diffeomorphisms (r > 1) and he formulated this question by means of
the following conjecture.

Conjecture 1 (Pesin [15,26]). Let f be a Cr conservative diffeomorphism (r > 1)
of a compact smooth Riemannian manifold M (dimM ≥ 2). Then arbitrarily close
to f in Diffr

m(M) (where m is volume), there is a diffeomorphism g ∈ Diffr
m(M)

without zero Lyapunov exponents on a set of positive volume.

Motivated by this conjecture, we prove in this paper that nonuniformly hyper-
bolic behavior is C1 dense in Cr, r ≥ 1 conservative diffeomorphisms. It is worth
noting that the density in r > 1 regularity is still widely open.

Theorem 1.2. Let f be a Cr conservative diffeomorphism (r ≥ 1) on a compact
smooth Riemannian manifold M (dimM ≥ 2). Then C1 arbitrarily close to f in
Diffr

m(M) (where m is volume), there is a diffeomorphism g ∈ Diffr
m(M) without

zero Lyapunov exponents on a set of positive volume.

Corollary 1.3. Let Diff+
m(M) be the set of Cr conservative diffeomorphisms

(r ≥ 1) on a compact smooth Riemannian manifold M (dimM ≥ 2) with posi-
tive metric entropy with respect to volume measure m. Then, we have

Diff+
m(M) = Diff1

m(M).

In contrast with the result of Bochi-Mañé [7][24] saying that for a residual sub-
set R of C1 conservative diffeomorphisms of a surface, either the diffeomorphism is
Anosov or the Lyapunov exponents vanish almost everywhere. Theorem 1.2 illus-
trates clearly that a generic subset may be totally different from a dense subset. It
is also interesting to compare our theorem with the results in [14] and [30]. They
show that on any manifold M of dimension at least two, there are open sets of
volume-preserving diffeomorphisms with high regularity, all of which have positive
measure invariant tori and all of the Lyapunov exponents are zero on these tori.
Thus, due to the existence of these invariant tori, one can’t expect the nonuniform
hyperbolicity behavior in Conjecture 1 to be global when r is large enough. An-
other related result for the SL(2,R)-cocycles was addressed in Avila’s paper [2].
He considered the density of nonuniform hyperbolicity in the considerably simpler
context of SL(2,R)-cocycles. It is noticeable that he treated not only arbitrary
underlying dynamics but also all usual regularity classes.

Now let’s say something about the main idea of the proof for Theorem 1.2. To
solve Pesin’s conjecture, it is of utmost importance to eliminate the zero exponents
by perturbations. Shub-Wilkinson’s example [29] builds a conservative perturba-
tion to a skew product of an Anosov diffeomorphism of the torus T 2 by rotations
and creates positive exponents in the centre direction for Lebesgue almost every
point. Baraviera-Bonatti [8] present a local version of Shub-Wilkinson’s argument,
allowing one to remove zero-integrated Lyapunov exponents of any conservative par-
tially hyperbolic system. Recently, Avila, Crovisier and Wilkinson [4] succeeded in
eliminating zero Lyapunov exponents of diffeomorphisms without global dominated
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splitting and proved a striking result about the relation between the systems with
robust positive metric entropy and the systems with global dominated splitting:

Theorem 1.4 (Theorem A, [4]). A C1 generic map f ∈ Diff1
m(M) with positive

metric entropy is nonuniformly Anosov and ergodic.

Corollary 1.5 (Corollary, [4]). A map f ∈ Diff1
m(M) has robust positive metric

entropy if and only if it admits a dominated splitting.

Applying Theorem 1.4 and the robustness of a Pesin block (formulated in Sub-
lemma 5.1 in [3], or see Lemma 2.9 in this paper), the density of nonuniform hy-
perbolicity in the Cr conservative diffeomorphims with dominated splitting follows
directly. Thus it suffices to approximate the systems with no global domination by
the systems with nonuniform hyperbolicity behavior. To deal with this problem,
we refer to a dichotomy by Bonatti, Dı́az and Pujals ([13], or see section 2 in this
paper for the precise statement) between the existence of dominated splitting and
the existence of elliptic periodic points. Due to the flexibility of C1 topology, there
are sufficient spaces to locally embed a system with nonuniform hyperbolicity. The
existence of elliptic periodic points allows us to do embeddings on small invariant
disks. To paste this local map with the original map together, we prove a pasting
lemma (Lemma 2.8).

At the end of this section, we would like to address a weaker result for symplectic
diffeomorphisms. In [8], Baraviera and Bonatti do perturbations on some invari-
ant bundles (not all bundles) of a dominated splitting by decreasing the positive
integrated Lyapunov exponent and at the same time increasing the negative one.
Roughly speaking, the difference between the two variations should be the new
integrated Lyapunov exponent of the centre bundle. However, for symplectic dif-
feomorphisms, one cannot do this kind of perturbation since the difference should
always be zero. Thus, we can not “borrow” hyperbolicity from the stable bundles
and the unstable bundles to the centre bundles.

Let M be a 2d-dimensional compact connected Riemannian manifold and ω be
a symplectic form on M , i.e., a nondegenerate closed 2-form. Taking d times the
wedge product of ω with itself we obtain a volume form onM . A C1 diffeomorphism
f of M is called symplectic if it preserves the symplectic form, f∗ω = ω. Denote
by Symr

ω(M) the set of all Cr symplectic diffeomorphisms (r ≥ 1) on M .

Theorem 1.6. Let f be a Cr symplectic diffeomorphism (r ≥ 1) on a compact
smooth Riemannian manifold M . Then either f is partially hyperbolic or C1 ar-
bitrarily close to f in Symr

ω(M), there is a diffeomorphism g ∈ Symr
ω(M) without

zero Lyapunov exponents on a set with positive volume.

Corollary 1.7. Let Sym+
ω (M) be the set of Cr symplectic diffeomorphisms (r ≥ 1)

on a compact smooth Riemannian manifold M with positive metric entropy with
respect to the symplectic form ω. Then, we have

Sym+
ω (M) = Sym1

ω(M).

2. Preliminaries

2.1. Dominated splitting and elliptic periodic points. As mentioned in the
introduction, to say something about the perturbation of the systems with no dom-
ination, we shall use a dichotomy between the existence of dominated splitting and
the existence of elliptic periodic points in this section.
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Definition 2.1. ADf−invariant splitting TM = E1⊕· · ·⊕Ek is called a dominated
splitting if each Ei is a continuous Df−invariant subbundle of TM and if there is
some integer n > 0 such that, for any x ∈ M , any i < j and any nonzero vectors
u ∈ Ei(x) and ν ∈ Ej(x), one has

‖Dfn(u)‖
‖u‖ <

1

2

‖Dfn(ν)‖
‖ν‖ .

A map f is called partially hyperbolic if there exists a dominated splitting TM =
Eu ⊕ Ec ⊕ Es, into nonzero bundles such that, for some Riemannian metric ‖ · ‖
on M, we have

‖(Df |Eu(x))−1‖−1 > ‖Df |Ec(x)‖ ≥ ‖(Df |Ec(x))−1‖−1 > ‖Df |Es(x)‖
for every x ∈ M , where Es and Eu denote the strong expanding and the strong
contracting invariant bundles, respectively. Such a splitting is automatically con-
tinuous.

Definition 2.2. If for a periodic point p of period π(p), the tangent map Dfπ(p)(p)
= Id, then we say that p is an elliptic periodic point.

Newhouse [25] started the question of when can we get elliptic periodic points
for conservative diffeomorphisms. He tackled with the conservative diffeomorphisms
on surface and proved that for C1 generic conservative diffeomorphisms on surface,
either they are Anosov or have a dense set of elliptic periodic points. Then, Saghin
and Xia [27] proved that for C1 generic symplectic diffeomorphisms, either they
are partially hyperbolic or they have a dense set of elliptic periodic points (higher
dimension case).

Lemma 2.3 (Theorem 1, [27]). There exists an open dense subset U of Sym1
ω(M)

such that any diffeomorphism in U is either partially hyperbolic or it has an elliptic
periodic point. There exists a residual subset R of Sym1

ω(M) such that any diffeo-
morphism in R is either partially hyperbolic or the set of elliptic periodic points is
dense on the manifold.

Herman also considered the relation between the existence of dominated splitting
and the existence of elliptic periodic points in [18]:

Conjecture 2 (Herman [18]). Let f ∈ Diff1
m(M) be a conservative diffeomorphism

of a compact manifold M . Assume that there is a neighborhood U of f in Diff1
m(M)

such that for any g ∈ U and every periodic orbit x of g the matrix has at least one
eigenvalue of modulus different from one. Then f admits a dominated splitting.

Now let’s state the dichotomy by Bonatti, Dı́az and Pujals [13]. They proved
Conjecture 2 under the assumption that f is transitive.

Theorem 2.4 (Corollary 0.4, [13]). Let f ∈ Diff1
ω(M) be a conservative transitive

diffeomorphism of a manifold M . Assume that there is a neighborhood U of f in
Diff1

ω(M) such that for any g ∈ U and every periodic orbit x of g the matrix gn� (x)
(where n is the period of x) has at least one eigenvalue of modulus different from
one. Then f admits a dominated splitting.

Thus for transitive conservative diffeomorphisms f , no dominated splitting im-
plies the existence of elliptic periodic points for some conservative diffeomorphisms
g ∈ Diff1

m(M) that are arbitrarily close to f . On the other hand, transitivity is



DENSITY OF NONUNIFORM HYPERBOLICITY DIFFEOMORPHISMS 1543

prevalent in conservative systems. Bonatti and Crovisier proved [11] that topolog-
ical transitivity (i.e., existence of a dense orbit) is a generic property in Diff1

m(M)
(the topological mixing also holds [5]).

Theorem 2.5 ([11]). There exists a C1 generic subset R ⊂ Diff1
m(M) such that

for any diffeomorphism f ∈ R, f is topologically transitive.

2.2. Pasting lemma. Starting with two conservative (or symplectic) diffeomor-
phisms (or flows), on M and on some open set V of M respectively, we can “paste”
them together by using a pasting lemma and get a new conservative (symplec-
tic) system. This new map coincides with one given map in an open set U ⊂ V
and with the other outside V . Here we refer to a pasting lemma for symplectic
diffeomorphisms in [6].

Lemma 2.6 (Lemma 3.9, [6]). If f is a Cr symplectic diffeomorphism (r ≥ 1)
with p as a periodic point and g being a local symplectic diffeomorphism (Cr close
to f) defined in a small neighborhood V of the f -orbit of p, then there exists a Cr

symplectic diffeomorphism h (Cr close to f) and some neighborhood U ⊂ V of the
f -orbit of p satisfying h|U = g and h|V c = f .

In this paper, we need not only Lemma 2.6 but also a conservative version of the
pasting lemma. First we refer to a result by Dacorogna and Moser ([16, Theorem
1]), which will play a crucial role in the proof of pasting Lemma 2.8.

Lemma 2.7 ([16, Theorem 1]). Let Ω be a compact manifold with C∞ boundary.
Let f, g ∈ Cr(Ω), r > 0 be such that f, g > 0. Then there exists a Cr+1 diffeomor-
phism φ (with the same regularity at the boundary), such that,{

g(φ(x)) det(Dφ(x)) = λf(x), x ∈ Ω,

φ(x) = x, x ∈ ∂Ω,

where λ =
∫
g∫
f
. Furthermore, there exists C = C(r,Ω) > 0 such that ‖φ− Id‖Cr+1 ≤

C‖f − g‖Cr . Also if f, g are C∞, then φ is C∞.

Lemma 2.6, the pasting lemma for a symplectic diffeomorphism, is established
based on the generated functions which are defined locally. Since we do not have
generating functions for conservative diffeomorphisms, the proof of the pasting
lemma for the conservative diffeomorphisms should be different from the proof
for the symplectic case. Lemma 2.8 is similar to Theorem 3.6 in [6] with the
interpolation of g byDf and the interpolation of the C1 distance by the Cr distance.

Lemma 2.8 (Pasting lemma for volume-preserving diffeomorphisms). If f is a
Cr conservative diffeomorphism (r > 1) on a compact Riemannian manifold M
and g is a Cr local conservative diffeomorphism (C1-close to f) defined in a small
neighborhood V ⊂ M of a point x ∈ M , then there exists a Cr conservative diffeo-
morphism G (C1-close to f) and some neighborhood U ⊂ V of x satisfying G|U = g
and G|V c = f.

Proof. As long as the neighborhood V is small enough, there exists a local chart
ψ : V → B(0, r0) at x. With respect to this coordinate, we have the local map
ψ◦f ◦ψ−1 : B(0, r0) → R

n, where n is the dimension of M , with ψ◦f ◦ψ−1(0) = 0.
Now let us consider a C1 perturbation h of f associated with a Cr bump function.

Denote by U = ψ−1(B(0, r0)) and h(y) = ρ(y)g(y)+(1−ρ(y))f(y) (in local charts),
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where ρ is a Cr bump function such that ρ|ψ−1(B(0, r0/2)) = 1, ρ|ψ−1(B(0, r0)
c) =

0 and |∇ρ| ≤ C
r0
. Now, we note that ‖h − f‖C1 ≤ C · ‖f − g‖C1 , where C is a

constant. Then if we denote by θ(y) = detDh(y), by the previous calculation, we
obtain that θ is C · ‖f − g‖C1-C0 close to 1. Hence we have the same bound for

the function θ̂(y) = (detDh(h−1(y)))−1. So, applying Lemma 2.7 for the Cr−1

functions θ̂ and 1 on the domain Ω = ψ−1(B(0, r0)\B(0, r0/2)), we obtain that
there exists a Cr diffeomorphism ξ that is a solution to the equation of Lemma 2.7
which is Crclose to the identity and is regular at the boundary of Ω where ξ = Id.
Now observe that G = ξ ◦ h ∈ Diffr(M) is C1 close to f provided that r1 is small
and g is C1 close to f on U . Since G(y) = g(y) (in local charts) in U we have that
detDG(y) = 1 there, and in V c we have G(y) = f(y) so also detDG(y) = 1; finally,
in Ω we have that detDG(x) = detDξ(h(x))Dh(x) = detDξ(y)Dh(h−1(y)) = 1,
so G is conservative. Now we complete the proof. �

2.3. Generic robustness of a nonuniformly hyperbolic block. At the end of
this section, we refer to a result stating the robustness of a nonuniformly hyperbolic
block (formulated in Sublemma 5.2, [3]). For any conservative diffeomorphism f ,
let NUH(f) be the set of points without zero Lyapunov exponents.

Lemma 2.9. There exists a C1 generic subset R ∈ Diff1
m(M) satisfying the fol-

lowing conditions: for any f ∈ R, assume Λ ⊂ NUH(f) to be a positive volume
Borel f -invariant set with a dominated splitting. Then for any ε > 0, for any
g ∈ Diff1

m(M) sufficiently C1 close to f it follows m(Λ\NUH(g)) < ε.

3. The proof of Theorem 1.2

Before the proof of Theorem 1.2, we first present two propositions.

Proposition 3.1. Let Dn be the unit ball in R
n and m be the volume measure on

Dn. Then, for any δ > 0 and the C∞ nonuniformly hyperbolic diffeomorphism f ∈
Diff1

m(Dn) constructed in Theorem 1.1, there exist C∞ diffeomorphisms {fk}Nk=1

on Dn such that:

(1) fk preserves the volume measure m;
(2) ‖fk − Id ‖C1 ≤ δ;
(3) f = fN ◦ fN−1 ◦ · · · ◦ f1.

Proof. Now let us first briefly recall the construction of maps in [22] and prove this
proposition for the Katok map denoted by g on the 2-dimensional disk.

The Katok map: Let g0 be a hyperbolic automorphism of the 2-torus T 2 which
has four fixed points x1 = (0, 0), x2 = ( 12 , 0), x3 = (0, 12 ), x4 = ( 12 ,

1
2 ) (for example,

the automorphism generated by the matrix
[
5 8

8 13

]
is appropriate). The desired

diffeomorphism g is constructed via the following commutative diagram:

T 2 φ
��

g0
��

T 2

g1
��

φ1 �� T 2 φ2 ��

g2
��

S2 φ3 ��

g3
��

D2

g

��

T 2 φ
�� T 2 φ1 �� T 2 φ2 �� S2 φ3 �� D2

where S2 is the unit sphere. The map g1 is obtained by slowing down g0 near the
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points xi, 1 ≤ i ≤ 4. Its construction depends upon a real-valued function φ which
is defined on the unit interval [0, 1] and has the following properties:

(1) φ is C∞ except for the point 0;
(2) φ(0) = 0 and φ(u) = 1 for u ≥ r0 where 0 < r0 < 1 is a number;
(3) φ′(u) ≥ 0;

(4)
∫ 1

0
du
φ(u) < ∞,

with an extra condition on the function φ expressing a “very slow” rate of conver-

gence of the integral
∫ 1

0
du
φ(u) near zero. Since it is irrelevant to our proof, we skip

the detailed description about the “very slow” condition.
Denote by g̃iφ the time one map generated by the vector field vφ in Di

r0 , 1 ≤ i ≤ 4,
given as follows:

ṡ1 = (logα)s1φ(s
2
1 + s22), ṡ2 = −(logα)s2φ(s

2
1 + s22),

where α is the largest eigenvalue of the matrix generating g0.
Let D =

⋃4
i=1 D

i
r0 . Therefore, the map

g1(x) =

{
g0(x) if x ∈ T 2\D,

g̃iφ(x) if x ∈ Di
r0 ,

defines a homeomorphism of the torus T 2 which is a C∞ diffeomorphism everywhere
except for the points xi, 1 ≤ i ≤ 4. The map g1 leaves invariant a smooth probability
measure dν = k−1

0 kdm where the density k is a positive C∞ function except for
infinities at xi. It is defined by the formula

k(x) =

{
φ−1(s21(x) + s22(x)) if x ∈ D,

1 otherwise,

and k0 =
∫
T 2 kdm.

Once the maps φ1, φ2, and φ3 are constructed the maps g2, g3 and g are defined
to make the above diagram commutative. We follow [22] and describe a particular
choice of maps φi, 1 ≤ i ≤ 3.

In a neighborhood of each point xi, 1 ≤ i ≤ 4, the map φ1 is given by

φ1(s1, s2) =
1√

k0(s21 + s22)

(∫ s21+s22

0

du

φ(u)

) 1
2

(s1, s2)

and it is identity in T 2\D.
The map φ2 : T 2 → S2 is a double branched covering which is regular and C∞

everywhere except for the points xi, 1 ≤ i ≤ 4, where it branches. There is a local
coordinate system (s1, s2) in a neighborhood of each point pi = φ2(xi), 1 ≤ i ≤ 4,
such that

φ2(s1, s2) =
( s21 − s22√

s21 + s22
,

2s1s2√
s21 + s22

)
.

In a neighborhood of p1 = φ2(x1), the map φ3 is given by

φ3(τ1, τ2) =
(τ1√1− τ21 − τ22√

τ21 + τ22
,
τ2
√
1− τ21 − τ22√
τ21 + τ22

)
and it is extended to a C∞ diffeomorphism φ3 between S2\{p1} and intD2.

This concludes the construction of the diffeomorphism g given in Theorem 1.1.
The following lemma given in [20] shows that the map g is diffeotopic to the identity
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map. As we only need part of the results in Proposition 4 of [20], we prefer to present
the proof here.

Lemma 3.2. There exists a map G : D2×[0, 1] → D2 with the following properties:

(1) G(x, t) is C∞ in (x, t);
(2) G(·, 0) = id and G(·, 1) = g;
(3) for any t ∈ [0, 1] the map G(·, t) : D2 → D2 is an area-preserving diffeo-

morphism.

Proof.

Step 1. First of all, we shall prove that there exist small neighborhoods U ⊂ V of
∂D2 and a vector field F in V which generates an area-preserving flow gt : U →
D2,−2 < t < 2, for which g|U = g1.

According to the construction of g1, g1|Di
r0
, i = 1, 2, 3, 4 are the time one maps

of the vector field vφ given by:

ṡ1 = (logα)s1φ(s
2
1 + s22), ṡ2 = −(logα)s2φ(s

2
1 + s22).

Since g2 = φ1 ◦ g1 ◦ φ−1
1 and φ1 is differentiable, we have g2 is a time one map for

the vector field vφ,φ1
= dφ1 ◦ vφ ◦ φ−1

1 . Notice that the map φ2 : T 2 → S2 is a
double branched covering and is regular and Cr everywhere except for the points
xi where it branches. Take the vector field vφ,φ1,φ2

= dφ2 ◦ vφ,φ1
◦ φ−1

2 . We claim
vφ,φ1,φ2

is well defined even though φ2 is a two-to-one map. Assume x and −x to
be the two φ2-pre-images of the point y near pi, namely, φ2(x) = φ2(−x) = y ∈ S2.
Observing that vφ(−x) = −vφ(x) and φ1(−s1,−s2) = −φ(s1, s2), we have that

vφ,φ1
(−x) = vφ,φ1

(x).

Thus, we have

vφ,φ1,φ2
(y) = dφ2 ◦ vφ,φ1

◦ φ−1
2 (y)

= dφ2(·vφ,φ1
(−x))

= dφ2(·vφ,φ1
(x)).

Thus, we finish the proof of the claim. Similarly, define a new vector field vφ,φ1,φ2,φ3

around ∂D2 by vφ,φ1,φ2,φ3
= dφ3 ◦ vφ,φ1,φ2

◦ φ3. It turns out that g|U is the time
one map of the flow gt : V → D2 generated by the vector field F = vφ,φ1,φ2,φ3

.

Step 2. We extend the vector field F in the neighborhood U of ∂D2 to a vector
field F̂ on the whole disk D2. Let ĝ : D2 → D2 be the time one map of the flow
F̂ . It follows that ĝ|U = g|U . Thus, we can define a new map g̃ = ĝ−1 ◦ g. Then,
g̃|U = Id|U . We need a result of Smale (see [28, Theorem B]) saying that the space
of C∞ diffeomorphisms of the unit disk which are equal to the identity in some
neighborhood of the boundary is contractible with the Cr topology, 1 < r ≤ ∞.
Applying this result to the diffeomorphism g̃ = ĝ−1◦g, which is equal to the identity
on U , we obtain a homotopy G̃ : D2 × [0, 1] → D2 such that G̃(·, 0) = id|D2 and

G̃(·, 1) = g̃. Moreover, G̃ is Cr in (x, t). Hence G̃ is a diffeotopy from id to
g̃. Therefore, for each t ∈ [0, 1], there is a neighborhood Ut of ∂D2 such that

G̃(·, t)|Ut = id|Ut. One can show that the set U = int∩y∈[0,1]Ut is not empty and is

a neighborhood of ∂D2. Denote g̃t = G̃(·, t). It follows that G(·, t) = ĝ ◦ g̃t satisfies
what we want. �
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Then, g can be written as g = g̃N(δ) ◦· · ·◦ g̃1. At this point, we finish the proof of
Proposition 3.1 for the Katok map. Now we shall outline Brin’s construction from
[9].

The Brin map: Given a positive integer n ≥ 5, set k = [n−3
2 ] and consider the

(n− 3)× (n− 3) block diagnal matrix A = (Ai), where Ai = [ 2 1
1 1 ] for i < k and

Ak =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[
2 1

1 1

]
if n is odd.

⎡
⎢⎣2 1 1

1 1 1

0 1 2

⎤
⎥⎦ if n is even.

Let T t be the suspension flow over A with the roof function H = H0 + εH(x),
where H0 is a constant and the function H(x) is such that |H(x)| ≤ 1. The flow T t

is an Anosov flow on the phase space Yn−2 which is diffeomorphic to the product
Tn−3 × [0, 1], where the tori Tn−3 × 0 and Tn−3 × 1 are identified by the action of
A. One can choose the function H(x) such that the flow T t has the accessibility
property. Consider the following skew product map R of the manifold M = D2 ×
Yn−2:

R(z) = R(x, y) = (g(z), Tα(x)(y)), for z = (x, y),

where g is the Katok map constructed above and α : D2 → R is a nonnegative
C∞ function which is equal to zero in the neighborhood U of the singularity set
{q1, q2, q3} ∪ ∂D2 where qi = φ3(pi) and is strictly positive otherwise.

Lemma 3.3 ([9]). There exists a smooth embedding of the manifold Yn−2 into R
n.

So we can embed R onto any compact smooth Riemannian manifold K of dimen-
sion n ≥ 5. Since T t is a flow and g = g̃N(δ) ◦ · · · ◦ g̃1, we have R = RN(δ) ◦ · · · ◦R1

where Ri = (g̃i, T
iα

N(δ) ) are C1 close to identity. For the Brin map, there exists a
direction with zero Lyapunov exponent, i.e., the time direction in the suspension
progress. Although there may not exist globally dominated splitting for Brin’s map
R, Dolgopyat and Pesin [17] proved that they can perturb this map into a map with
nonzero Lyapunov exponents.

Lemma 3.4 ([17]). Given any ε > 0, there is a C∞ diffeomorphism P : M → M
such that

(1) dC1(P,R) ≤ ε;
(2) P is ergodic and invariant with respect to a smooth measure;
(3) P has only nonzero Lyapunov exponents.

So, we can also write P = RN(δ) ◦ · · · ◦ R1 ◦ P0 where P0 = (R−1 ◦ P ) is also

C1 close to identity. We leave the cases when dimM = 3 and dimM = 4 to the
reader. Thus, we finish the proof of Proposition 3.1. �
Proposition 3.5. Let M be a smooth connected Riemannian manifold with the
volume measure m. Every C1 conservative diffeomorphim Diff1

m(M) with elliptic
periodic points can be arbitrarily approximated by a Cr conservative diffeomorphism
with nonzero Lyapunov exponents on a set with positive volume.

Proof. Assume f to be the C1 conservative diffeomorphism with the elliptic periodic
point p. Let π(p) be the period of the periodic point p.
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Step 1. By a C1 small perturbation, for any small number ε > 0, there exists a
small ball (under the local canonical coordinates) D1 in M , an integer k1 and a Cr

conservative diffeomorphism g1 ∈ Diff1
m(M), such that

(1) g
k1π(p)
1 |D1

= Id;

(2) gk1i
1 (D1) ∩ gk1j

1 (D1) = ∅, for i �= j ∈ [0, k1π(p)− 1];
(3) dC1(f, g1) ≤ ε.

According to Lemma 2.8, the map g1 can be obtained by pasting f and Dfπ(p)

around the orbit of the elliptic periodic point p together. Fix a sufficiently small

number ε > 0. Denote by D̃1 =
⋃π(p)−1

i=0 gk1i
1 (D1).

Step 2. Now let us do another C1 small perturbation to get any periodic disk with
large period. For any small number 1

k ≤ ε, where k ∈ N
+, consider the rotation

R 2π
kk1

with rotation angle 2π
kk1

. It is easy to see that R 2π
kk1

(D1) = D1. There exists a

Cr conservative diffeomorphism g2 ∈ Diff1
m(M), such that

(1) g2(x) = g1 ◦R 2π
kk1

(x), if x ∈ D1;

(2) g2(x) = g1(x), if x ∈ gi(D1) for i ∈ [1, π(p)− 1] ∩ Z ;
(3) dC1(g1, g2) ≤ ε.

Thus, we have g
kk1π(p)
2 |D1

= Id and a smaller disk D2 ⊂ D1 such that gi2(D2) ∩
gj2(D2) = ∅, for any i �= j ∈ [0, π(p)kk1 − 1] ∩ Z. Denote D̃2 =

⋃kk1π(p)−1
i=1 gi2(D2).

Step 3. Let us perturb g2 to embed maps with nonuniform hyperbolicity onto D̃2.
Let f be the conservative map constructed in Theorem 1.1 for D2. By Propo-
sition 3.1, there exists Cr conservative diffeomorphisms {fi}Ni=1 on D2 such that
‖fi − Id ‖C1 ≤ ε and g = fN ◦ fN−1 ◦ · · · ◦ f1 is hyperbolic and ergodic on D2.
Without loss of generalization, we assume that N = kk1. Then, there exists a Cr

conservative diffeomorphism g3 ∈ Diff1
m(M), such that

(1) g3(x) = g2 ◦R 2iπ
kk1

◦ fi ◦R−1
2iπ
kk1

(x) if x ∈ g
iπ(p)
2 (D2);

(2) g3(x) = g2(x), if x ∈ g
(i+1)π(p)+j
2 (D2), j ∈ [1, π(p)− 1] ∩ Z;

(3) dC1(g3, g2) ≤ ε,

where i ∈ [0, kk1 − 1] ∩ Z. Thus, gi3 = R 2iπ
kk1

◦ fi ◦ · · · ◦ f1, for any x ∈ D2 and

i ∈ [1, kk1] ∩ Z. Moreover, g
π(p)kk1

3 (x) = g(x), for any x ∈ D2. The map g3 is the
one we want. Moreover, by pasting Lemma 2.8 of conservative maps, we can extend
g3 to the whole manifold M . We finish the proof of Proposition 3.5. �

Now we are ready to present the proof of our main Theorem 1.2:

The proof of Theorem 1.2: Denote by Diff�(M) the maps in Diff1
m(M) with global

dominated splitting. According to Theorem 1.4 and Corollary 1.5, we obtain the C1

generic maps in Diff�(M) are nonuniformly Anosov. Thus, it follows from Lemma

2.9 that there exists a C1 dense and open subset in Diff�(M) such that m(NUH(f))
is positive. On the other hand, by the C1 density of Cr conservative diffeomor-
phisms in Diff1

m(M) [1], we have the maps in Diffr
m(M) with m(NUH(f)) > 0 are

C1 dense in Diff�(M).
It remains to prove the maps without zero Lyapunov exponents on a positive

volume subset are also dense in Diff1
m(M)\Diff�(M). Assume f to be a map in
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Diff1
m(M)\Diff�(M). By Theorem 2.5, we can assume that f is transitive. Applying

Theorem 2.4, we obtain g C1 close enough to f such that g has elliptic periodic
point p for any n ∈ N. This implies Dπ(p)g|p = Id. Thus, combining Proposition
3.1 and Proposition 3.5, we can do perturbation to g around the elliptic periodic
points p such that the g̃ ∈ Diffr

m(M) is nonuniformly hyperbolic around p and with
nonuniformly hyperbolic behavior. Now we complete the proof of Theorem 1.2. �

The proof of Corollary 1.3. The result comes from the fact that the nonuniformly
hyperbolic maps embedded on the positive measure subsets have positive metric
entropy. �

4. The proof of Theorem 1.6

Lemma 4.1. Let f ∈ Sym1
ω(M) and p be an elliptic periodic point of f . Then there

is a C1 arbitrarily small perturbation g ∈ Symr
ω(M) of f without zero Lyapunov

exponents on a positive measure set.

Proof. Let π(p) be the period of the periodic point p. By a small perturbation, we
can assume that Dfπ(p) is a rational rotation. Then there exists a positive integer
k1π(p) > 0 and a measurable set D1 in M , such that fk1π(p)|D1

= Id. Following the
second step in the proof of Proposition 3.5, for any small number ε > 0, we obtain
D2 and any integer k large enough such that there exists a small perturbation g2
of f such that g

kk1π(p)
2 |D2 = Id, dC1(g2, f) ≤ ε and gi2(D2) ∩ gj2(D2) = ∅, for any

i �= j ∈ [0, π(p)kk1 − 1] ∩ Z.
Let us perturb g2 to embed a map with nonuniform hyperbolicity behavior onto

D2. We can write D2 = D2 × · · · × D2. Take h(x) = K × · · · ×K︸ ︷︷ ︸
d times

on D2, where

K is the Katok map in [22] (or see the proof of Proposition 3.1) on D2. Hence K
is a symplectic diffeomorphism without zero exponents on D2. However it is not a
small perturbation of Id. According to Proposition 3.1, for any ε > 0 small enough,
there exists a sequence of small conservative perturbations {hi}Ni=1 such that

hN ◦ · · · ◦ h0 = K

and dC1(hi, Id) ≤ ε. Thus it follows that

g = hN ◦ · · · ◦ h0 × · · · × hN ◦ · · · ◦ h0

= (hN , · · · , hN ) ◦ · · · ◦ (h0, · · · , h0).

Without loss of generalization, we assume N = kk1. Consider the rotation R 2π
kk1

on

D2 with rotation angle 2π
kk1

. Then, there exists a Cr conservative diffeomorphism

g3 ∈ Symr
ω(M), such that

(1) g3(x) = g2 ◦ (R 2iπ
kk1

, · · · , R 2iπ
kk1

) ◦ (hi, · · · , hi) ◦ (R−1
2iπ
kk1

(x1), · · · , R−1
2iπ
kk1

(xd)) if

x ∈ g
iπ(p)
2 (D2);

(2) g3(x) = g2(x), if x ∈ g
(i+1)π(p)+j
2 (D2), j ∈ [1, π(p)− 1];

(3) dC1(g3, g2) ≤ ε,

where i ∈ [0, kk1 − 1] ∩ Z. Thus, gi3 = (R 2iπ
kk1

, · · · , R 2iπ
kk1

) ◦ (hi, · · · , hi) ◦ · · · ◦
(h0, · · · , h0), for any x ∈ D2 and i ∈ [1, kk1] ∩ Z. Moreover, g

π(p)kk1

3 (x) = g(x), for
any x ∈ D2. Hence the map g3 has no zero Lyapunov exponents on the positive
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measure set D2 and is C1 close to f . Moreover, by pasting Lemma 2.6 of symplectic
maps, we can extend g3 to the whole manifold M . Now we finish the proof. �

The proof of Theorem 1.6. By the robustness of partially hyperbolic diffeomor-
phisms and the density of smooth symplectic maps in C1 symplectic maps [31],
we obtain Cr partially hyperbolic symplectic diffeomorphisms are C1 dense in the
C1 partially hyperbolic symplectic diffeomorphisms. Denote by Sym�

ω(M) the C1

partially hyperbolic symplectic diffeomorphisms. It suffices to tackle this with the
complementary subset Sym�

ω(M)c of Sym�
ω(M) in the C1 symplectic diffeomor-

phisms. Due to Lemma 4.1, there is a C1 dense subset of diffeomorphisms in
Sym�

ω(M)c with elliptic periodic points. Moreover, applying Lemma 2.3, we obtain
that the Cr symplectic diffeomorphisms with nonzero Lyapunov exponents on a set
of positive volume are C1 dense in Sym�

ω(M)c. Thus, we complete the proof. �

The proof of Corollary 1.7. The result comes from the fact that the nonuniformly
hyperbolic maps embedded on the positive measure subsets have positive metric
entropy. �
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