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THE WELL-POSEDNESS OF RENORMALIZED SOLUTIONS

FOR A NON-UNIFORMLY PARABOLIC EQUATION

CHAO ZHANG AND SHULIN ZHOU

(Communicated by Joachim Krieger)

Abstract. In this paper we present a unified approach to establish the ex-
istence of renormalized solutions and a comparison result for a class of non-
uniformly parabolic initial-boundary value problems. As a consequence, the
uniqueness of renormalized solutions and the equivalence between entropy and
renormalized solutions for such equations are obtained. The results extend
the well-posedness results for the classical p-Laplacian type equations to a
larger class of non-linear elliptic and parabolic PDEs including the nearly lin-
ear growth operators.

1. Introduction

Suppose that Ω is a bounded domain of RN (N ≥ 2) with Lipschitz boundary
∂Ω, and T is a positive number. Denote ΩT = Ω× (0, T ],Σ = ∂Ω× (0, T ]. In this
paper we study the well-posedness for the initial-boundary value problem of the
following non-uniformly parabolic equation:⎧⎪⎪⎨

⎪⎪⎩
ut − div

(
DξΦ(∇u)

)
= f in ΩT ,

u(x, t) = 0 on Σ,

u(x, 0) = u0(x) on Ω,

(1.1)

where Φ : RN �→ R
+ is a C1 non-negative, strictly convex function, DξΦ : RN →

R
N represents the gradient of Φ(ξ) with respect to ξ and ∇u represents the gradient

with respect to the spatial variables x. Without loss of generality we may assume
that Φ(0) = 0.

Our main assumptions are that Φ(ξ) satisfies the super-linear condition

(1.2) lim
|ξ|→∞

Φ(ξ)

|ξ| = ∞,

and the symmetric condition: there exists a positive number C > 0 such that for
any ξ ∈ R

N ,

(1.3) Φ(−ξ) ≤ CΦ(ξ)

together with the integrability assumptions

u0 ∈ L1(Ω) and f ∈ L1(ΩT ).(1.4)

Received by the editors February 6, 2016 and, in revised form, July 27, 2016.
2010 Mathematics Subject Classification. Primary 35D05; Secondary 35D10.
Key words and phrases. Renormalized solutions, existence, uniqueness, parabolic.

c©2016 American Mathematical Society

2577

http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/13406


2578 C. ZHANG AND S. ZHOU

It is easy to see that the heat equation is the simplest form of problem (1.1). Be-
sides, there are a large number of examples of Φ(ξ) satisfying structure assumptions
(1.2) and (1.3). Prominent examples of variational integrands which are included
in this framework are the integrands with non-standard (p, q)-growth [5, 8]

Φ(ξ) =
1

p
|ξ|p + 1

q
|ξ|q, p, q > 1,

integrands with exponential growth [10, 17, 19]

Φ(ξ) = e
|ξ|2
2 − 1,

and Orlicz type functionals [24] like

Φ(ξ) = |ξ| log(1 + |ξ|),
or non-Newtonian fluids of Prandtl-Eyring type [16] like

Φ(ξ) = |ξ|Lk(|ξ|),
where Li(s) = log(1 + Li−1(s)) (i = 1, 2, . . . , k) and L0(s) = log(1 + s) for s ≥
0. Very recently, similar elliptic equations involving Leray-Lions operators with
logarithmic growth have been considered by Boccardo and Orsina in [3].

Parabolic equations of the type considered in (1.1) when f ≡ 0 were first studied
by Cai and Zhou in [6]. Under structure assumptions (1.2), (1.3) and integrability
condition u0 ∈ L2(Ω), the existence and uniqueness of weak solutions of (1.1) were
established. On the other hand, it is a very essential and meaningful topic to
find the well-posedness for such kind of equations when reducing the integrability
of the known data, especially for the right-hand side and initial value with L1

or measure data. To this end, it is reasonable to work with the “solutions” that
had to be properly defined in some weak sense. For example, in the study of
Boltzmann equations DiPerna and Lions in [13] (see also [18]) introduced the notion
of renormalized solutions, whereas in the context of non-linear elliptic equations
Bénilan et al. in [1] introduced the concept of entropy solutions. In our previous
work [25], we proved the existence and uniqueness of entropy solutions of (1.1).
Moreover, the existence of renormalized solutions of (1.1) was obtained in [26] under
an additional non-negativity assumption as well as (1.2)–(1.4). The uniqueness of
renormalized solutions and the equivalence of renormalized and entropy solutions
still remain open. In the present paper, we try to give here a positive answer by
introducing a new definition of renormalized solutions which is closer to the ones
used for Bolzmann equations in [13] and conservation laws in [2] to ensure the well-
posedness and the equivalence to the entropy solution. Once we solve this problem,
we can extend the well-posedness results of entropy and renormalized solutions for
the classical p-Laplacian type equations to a larger class of non-linear equations
including the nearly linear growth operators. Here we would like to mention that
the new definition of renormalized solutions and our approach are influenced by a
series of works [20,21] on the study of parabolic p-Laplacian equations with general
measure data.

Let the truncation function Tk(r) = min{k,max{r,−k}}, k ≥ 0. Then we define
the very weak gradient of a measurable function u.

Proposition 1.1. For every measurable function u on ΩT such that Tk(u) belongs

to L1(0, T ;W 1,1
0 (Ω)) for every k > 0, there exists a unique measurable function
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v : ΩT → R
N , such that

∇Tk(u) = vχ{|u|<k}, almost everywhere in ΩT and for every k > 0,

where χE denotes the characteristic function of a measurable set E. Moreover, if
u belongs to L1(0, T ;W 1,1

0 (Ω)), then v coincides with the weak gradient of u.

Remark 1.2. From Proposition 1.1, we denote v = ∇u, which is called the very
weak gradient of u.

Let M(ΩT ) denote the space of all bounded Radon measures on ΩT . In the para-
bolic context this space is usually identified with the dual space of
C(Ω× [0, T )), the space of all continuous functions that vanishes at the parabolic
boundary ∂Ω × (0, T ]. Denote z = (x, t), dz = dxdt. We now give the following
definition of renormalized solutions of (1.1).

Definition 1.3. A function u ∈ C([0, T ];L1(Ω)) is called a renormalized solution
to problem (1.1) if the following conditions are satisfied:

(i) Tk(u) ∈ L1(0, T ;W 1,1
0 (Ω)) and DξΦ(∇Tk(u)) ∈ L1(ΩT ), for every k > 0.

(ii) There exists a Radon measure sequence {λk} in M(ΩT ) such that

(1.5) lim
k→∞

‖λk‖M(ΩT ) = 0,

and for every ϕ ∈ C1
0 (Ω× [0, T )),

−
∫
ΩT

Tk(u)ϕt dz +

∫
ΩT

DξΦ(∇Tk(u)) · ∇ϕdz

=

∫
ΩT

fϕ dz +

∫
ΩT

ϕdλk +

∫
Ω

Tk(u0)ϕ(x, 0) dx(1.6)

holds.

Next we state our main results. The first theorem is about the existence of
renormalized solutions.

Theorem 1.4. Under structure assumptions (1.2), (1.3) and integrability condition
(1.4), there exists a renormalized solution of (1.1).

The second one is about the comparison principle, which yields the uniqueness
of renormalized solutions.

Theorem 1.5. Let u1, u2 be two renormalized solutions of (1.1) with data (u01, f1)
and (u02, f2) respectively. Then we have∫

Ω

(u1 − u2)
+(t) dx ≤ ‖(u01 − u02)

+‖L1(Ω) + ‖(f1 − f2)
+‖L1(ΩT )

for almost every t ∈ (0, T ). In particular, if u01 ≤ u02 and f1 ≤ f2, we have
u1 ≤ u2 a.e. in ΩT . As a result, there exists at most one renormalized solution of
(1.1).

Finally, based on the results obtained in Theorems 1.4 and 1.5, we can deduce
the equivalence between renormalized solutions and entropy solutions in the sense
of Definition 2.9 in Section 2. Note that the similar equivalence results for parabolic
p-Laplacian type equations with smooth measure data have been obtained in [14].

Theorem 1.6. The renormalized solution obtained in Theorem 1.4 is equivalent to
the entropy solution of (1.1).
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Remark 1.7. The same arguments may be applied to establish the well-posedness
of (1.1) with the same initial condition and Neumann boundary condition, and to
deal with (1.1) with lower order terms satisfying some suitable growth conditions
and integrabilities.

The rest of this paper is organized as follows. In Section 2, we state some basic
results that will be used later. We will prove the main results in Section 3. In the
following sections C will represent a generic constant that may change from line to
line even if in the same inequality.

2. Preliminaries

Let Φ(ξ) be a non-negative convex function. Define the polar function of Φ(ξ)
as

(2.1) Ψ(η) = sup
ξ∈RN

{η · ξ − Φ(ξ)},

which is also known as the Legendre transform of Φ(ξ). It is obvious that Ψ(η) is
a convex function. In the following we will list several lemmas.

Lemma 2.1 ([6], Lemma 2.2). Suppose that Φ(ξ) is a non-negative convex C1

function with Φ(0) = 0 and Ψ(η) is its polar function. Then we have, for ξ, η, ζ ∈
R

N ,

Φ(ξ) ≤ ξ ·DΦ(ξ),(2.2)

(DΦ(ξ)−DΦ(ζ)) · (ξ − ζ) ≥ 0,(2.3)

ξ · η ≤ Φ(ξ) + Ψ(η),(2.4)

Ψ(DΦ(ζ)) + Φ(ζ) = DΦ(ζ) · ζ.(2.5)

Lemma 2.2 ([15], Chapter 3). Suppose that Φ(ξ) is a non-negative convex function
with Φ(0) = 0, which satisfies (1.2). Then its polar function Ψ(η) in (2.1) is a non-
negative function in R

N , which also satisfies (1.2).

Lemma 2.3 ([26], Lemma 2.8). Let D ⊂ R
N be measurable with finite Lebesgue

measure. Suppose that {an(x)} ⊂ L∞(D) and {gn(x)} ⊂ L1(D) are two sequences
such that

an → a a.e. in D and an ⇀ a weakly-* in L∞(D)

and
gn ⇀ g weakly in L1(D).

Then
angn ⇀ ag weakly in L1(D).

Lemma 2.4 ([9], Chapter 3 and [23]). Suppose that Φ(ξ) is a non-negative convex
function satisfying (1.2). Let D ⊂ R

N be measurable with finite Lebesgue measure
|D| and let {fk} ⊂ L1(D;RN ) be a sequence satisfying that∫

D

Φ(fk) dx ≤ C,

where C is a positive constant. Then there exist a subsequence {fkj
} ⊂ {fk} and a

function f ∈ L1(D;RN ) such that

(2.6) fkj
⇀ f weakly in L1(D;RN ) as j → ∞
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and

(2.7)

∫
D

Φ(f) dx ≤ lim inf
j→∞

∫
D

Φ(fkj
) dx ≤ C.

For the convenience of the readers, let us recall the definitions of weak solutions
and entropy solutions of (1.1) and the main results in [6, 25].

Definition 2.5. A function u : Ω× [0, T ] → R is a weak solution to problem (1.1)
if the following conditions are satisfied:

(i) u ∈ C([0, T ];L2(Ω)) ∩ L1(0, T ;W 1,1
0 (Ω)) with∫

ΩT

DξΦ(∇u) · ∇u dz < ∞.

(ii) For any ϕ ∈ C1(ΩT ) with ϕ(·, T ) = 0 and ϕ(·, t)|∂Ω = 0, we have

(2.8) −
∫
Ω

u0(x)ϕ(x, 0) dx+

∫
ΩT

[
− uϕt +DξΦ(∇u) · ∇ϕ

]
dz =

∫
ΩT

fϕ dz.

Lemma 2.6 ([6], Theorem 1.2). Let the structure assumptions (1.2) and (1.3) be
satisfied. If u0 ∈ L2(Ω) and f ≡ 0, then there exists a unique weak solution for the
initial-boundary value problem (1.1).

Corollary 2.7. If we assume f ∈ L2(ΩT ) the existence and uniqueness of weak
solutions of problem (1.1) can be obtained working as in the proof of Lemma 2.6.

Remark 2.8. Let u be a weak solution in Definition 2.5. By using the approximation
technique (see [7], Chapter 3 or [11], Chapter 2) we have, for every ϕ ∈ C1(ΩT )
with ϕ(·, t)|∂Ω = 0, each t ∈ [0, T ],

(2.9)

∫
Ω

uϕ dx
∣∣∣t
0
+

∫ t

0

∫
Ω

[
− uϕt +DξΦ(∇u) · ∇ϕ

]
dxdτ =

∫ t

0

∫
Ω

fϕ dxdτ.

Denote the primitive of Tk(u) by Θk : R → R
+ with

(2.10) Θk(r) =

∫ r

0

Tk(s) ds =

{
r2

2 if |r| ≤ k,

k|r| − k2

2 if |r| ≥ k.

It is obvious that Θk(r) ≥ 0 and Θk(r) ≤ k|r|. Then the entropy solutions could
be defined as follows.

Definition 2.9 ([25]). A function u ∈ C([0, T ];L1(Ω)) with

Tk(u) ∈ L1(0, T ;W 1,1
0 (Ω))

is an entropy solution to problem (1.1) if the following conditions are satisfied:

(i)

∫
ΩT

DξΦ(∇Tk(u)) · ∇Tk(u) dz < +∞.

(ii) For every k > 0 and every function φ ∈ C1(Ω̄T ) with φ|Σ = 0,∫
Ω

Θk(u− φ)(T ) dx−
∫
Ω

Θk(u0 − φ(0)) dx+

∫ T

0

〈φt, Tk(u− φ)〉 dt

+

∫
ΩT

Dξ(Φ(∇u)) · ∇Tk(u− φ) dz ≤
∫
ΩT

fTk(u− φ) dz(2.11)

holds.

Lemma 2.10 ([25], Theorem 1.3). Under structure assumptions (1.2), (1.3) and
integrability condition (1.4), there exists a unique entropy solution for problem (1.1).
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3. The proofs of our main results

Now we set out to prove our main results: the existence of renormalized solutions
of (1.1), the comparison result and the equivalence of renormalized and entropy
solutions. Some of the reasoning is based on the ideas developed in [1,20–22,25,26].

Consider the following smooth approximation of Tk(u). Let us fix δ > 0 and
define Sk,δ : R → R by

Sk,δ(s) =

⎧⎪⎨
⎪⎩

1 if |s| ≤ k,

0 if |s| > k + δ,

affine otherwise,

(3.1)

and its primitive Tk,δ : R → R by

(3.2) Tk,δ(s) =

∫ s

0

Sk,δ(σ)dσ.

Notice that Tk,δ(s) pointwisely converges to Tk(s) as δ goes to zero.
We first prove the existence of renormalized solutions of (1.1).

Proof of Theorem 1.4. Let {fn} ⊂ C∞
0 (ΩT ) and {u0n} ⊂ C∞

0 (Ω) be two sequences
of functions strongly convergent respectively to f in L1(ΩT ) and to u0 in L1(Ω),
such that

‖fn‖L1(ΩT ) ≤ ‖f‖L1(ΩT ), ‖u0n‖L1(Ω) ≤ ‖u0‖L1(Ω).(3.3)

Consider the following approximate problems:⎧⎪⎪⎨
⎪⎪⎩
(un)t − div

(
DξΦ(∇un)

)
= fn in ΩT ,

un = 0 on Σ,

un(x, 0) = u0n on Ω.

(3.4)

Thanks to Lemma 2.6 (see also Corollary 2.7) we can find weak solution un ∈
C([0, T ];L2(Ω)) ∩ L1(0, T ;W 1,1

0 (Ω)) in the sense of Definition 2.5. It follows from
fn ∈ C∞

0 (ΩT ) ⊂ L2(ΩT ), DξΦ(∇un) ∈ L1(ΩT )(see [6] for details) and (3.4) that
(un)t ∈ L1(0, T ;W−1,1(Ω)) + L2(ΩT ) and

(3.5)

∫
ΩT

DξΦ(∇un) · ∇un dz < +∞.

Fix k > 0. Using an approximation argument as in Remark 2.8, we choose
Tk(un)χ(0,t) as a test function in (3.4) to have∫

Ω

Θk(un)(t) dx−
∫
Ω

Θk(u0n) dx

+

∫ t

0

∫
Ω

DξΦ(∇Tk(un)) · ∇Tk(un) dxds =

∫ t

0

∫
Ω

fnTk(un) dxds.(3.6)

The definition (2.10) of Θk(r) and (3.3) yield that∫ t

0

∫
Ω

DξΦ(∇Tk(un)) · ∇Tk(un) dxds+

∫
Ω

Θk(un)(t) dx

≤ k
(
‖fn‖L1(ΩT ) + ‖u0n‖L1(Ω)

)
≤ k

(
‖f‖L1(ΩT ) + ‖u0‖L1(Ω)

)
.(3.7)
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Recalling (2.2), we find

(3.8)

∫
ΩT

Φ(∇Tk(un)) dz ≤
∫
ΩT

DξΦ(Tk(∇un)) · ∇Tk(un) dz ≤ Ck,

which implies from (1.2) that

(3.9)

∫
ΩT

|∇Tk(un)| dz ≤ C(k + 1),

that is, Tk(un) is bounded in L1
(
0, T ;W 1,1

0 (Ω)
)
.

In particular, if we choose k = 1 in the inequality (3.7), then for a.e. t ∈ [0, T ],∫
Ω

Θ1(un(t)) dx ≤ ‖f‖L1(ΩT ) + ‖u0‖L1(Ω).

Moreover, ∫
Ω

|un(t)| dx ≤meas(Ω) + ‖f‖L1(ΩT ) + ‖u0‖L1(Ω).

Thus we obtain

(3.10) ‖un‖L∞(0,T ;L1(Ω)) ≤ C.

Our aim is to prove that a subsequence of these approximate solutions {un}
converges to a measurable function u, which is a renormalized solution of (1.1). We
will divide the proof into several steps. The proofs for Step 1 and Step 2 can be
found in our previous paper [25] (on pages 343–346), so we omit the proof.

Step 1. Prove that {un} converges in C([0, T ];L1(Ω)) and find an a.e. convergent
subsequence (still denoted by {un}) in ΩT such that

(3.11) un → u a.e. in ΩT

and

(3.12) ∇Tk(un) ⇀ ∇Tk(u) weakly in L1(ΩT ).

Step 2. Prove that the sequence {∇un} converges almost everywhere in ΩT to ∇u
(up to a subsequence), i.e.,

(3.13) ∇un → ∇u a.e. in ΩT .

Step 3. Prove that u is a renormalized solution.

For δ > 0 consider the function

hδ(s) =
1

δ
(Tk+δ(s)− Tk(s)),

which is a piecewise linear odd function vanishing for |s| ≤ k and constant for
|s| > k + δ with

h′
δ(s) =

1

δ
if k < |s| < k + δ.

Let

ξε(t) = 1− 1

ε
Tε(t− T + 2ε)+, ε > 0.
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In particular, ξε = 1 in (0, T − 2ε), ξε(T ) = 0, (ξε)t ≤ 0 in (0, T ) and ξε → 1 as
ε → 0. Then we know that ξε(t) belongs to W 1,∞(0, T ) and has compact support
in [0, T ). By using hδ(un)ξε as a test function in (3.4), we find∫

ΩT

d

dt
Hδ(un)ξε dz +

∫
ΩT

ξεDξΦ(∇un) · ∇hδ(un) dz =

∫
ΩT

fnhδ(un)ξε dz,

where Hδ(s) =
∫ s

0
hδ(η)dη. It follows that

−
∫
ΩT

(ξε)t

∫ un

0

hδ(s) ds dz +

∫
ΩT

ξεDξΦ(∇un) · ∇hδ(un) dz

=

∫
ΩT

fnhδ(un)ξε dz +

∫
Ω

Hδ(u0n)ξε(0) dx.

Recalling the definition of hδ(s) and (ξε)t ≤ 0 in (0, T ), we observe that

−
∫
ΩT

(ξε)t

∫ un

0

hδ(s) ds dz ≥ 0.

Thus we get∫
ΩT

ξεDξΦ(∇un) · ∇hδ(un) dz ≤
∫
ΩT

|fn||hδ(un)| dz +
∫
Ω

|Hδ(u0n)| dx

≤
∫
{|un|>k}

|fn| dz +
∫
{|u0n|>k}

|u0n| dx.

By the dominated convergence theorem we can pass to the limit ε → 0 to derive

1

δ

∫
{k<|un|<k+δ}

DξΦ(∇un) · ∇un dz

≤
∫
{|un|>k}

|fn| dz +
∫
{|u0n|>k}

|u0n| dx.(3.14)

For δ > 0 small, consider the functions Sk,δ and Tk,δ as given in (3.1) and (3.2).
Recall that Tk,δ pointwisely converges to Tk as δ → 0. For given ϕ ∈ C∞

0 (ΩT ),
multiplying the equation (3.4) by Sk,δ(un)ϕ, we have

Tk,δ(un)t − div(Sk,δ(un)DξΦ(∇un))

= fn + (Sk,δ(un)− 1)fn

+
1

δ
DξΦ(∇un) · ∇unsign(un)χ{k<|un|<k+δ} in D′(ΩT ).

Set

Λk
n,δ := (Sk,δ(un)− 1)fn +

1

δ
DξΦ(∇un) · ∇unsign(un)χ{k<|un|<k+δ}.

Then we can write

Tk,δ(un)t − div(Sk,δ(un)DξΦ(∇un)) = fn + Λk
n,δ in D′(ΩT ).(3.15)

Moreover, (3.14) and the definition of Sk,δ imply the estimate

‖Λk
n,δ‖L1(ΩT ) ≤

∫
{|un|>k}

|fn| dz +
1

δ

∫
{k<|un|<k+δ}

DξΦ(∇un) · ∇un dz

≤ 2

∫
{|un|>k}

|fn| dz +
∫
{|u0n|>k}

|u0n| dx.
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Let now {δn} be a sequence of positive numbers converging to 0, as n → ∞. Using
the definition of Sk,δ(t) and the fact that ∇u = 0 a.e. in {|u| = k}, we deduce that

Sk,δn(un)DξΦ(∇un) → DξΦ(∇Tk(u)) a.e. in ΩT .

Observe that

Sk,δn(un)DξΦ(∇un) = Sk,δn(un)DξΦ(∇Tk+δn(un)).

In view of (3.7) and (2.5), we see that∫
ΩT

Ψ(DξΦ(∇Tk+δn(un))) dz ≤ C.

Applying Lemma 2.2, Lemma 2.4 and (3.12), we conclude that (up to a subse-
quence)

(3.16) DξΦ(∇Tk+δn(un)) ⇀ DξΦ(∇Tk(u)) weakly in L1(ΩT ).

Moreover, note that

(3.17) Sk,δn(un) → χ{|u|≤k} a.e. in ΩT

and

(3.18) Sk,δn(un) ⇀ χ{|u|≤k} weakly-* in L∞(ΩT ).

Then (3.16)–(3.18) and Lemma 2.3 yield

Sk,δn(un)DξΦ(∇un) ⇀ DξΦ(∇Tk(u)) weakly in L1(ΩT ).

It means that for every ϕ ∈ C1
0 (ΩT ),∫

ΩT

Sk,δn(un)DξΦ(∇un) · ∇ϕdz →
∫
ΩT

DξΦ(∇Tk(u)) · ∇ϕdz, as n → ∞.

Finally, since the sequence {Λk
n,δn

}n is bounded in L1(ΩT ), there exists a bounded

Radon measure λk such that, up to a subsequence, {Λk
n,δn

}n converges to λk in the

weak-* topology of C(ΩT )
′. That is,

Λk
n,δn ⇀ λk weak-* in M(ΩT ).

Recalling (3.11)–(3.13), (3.15)–(3.18) and Lemma 2.3 together with similar argu-
ments as above, in the sense of distributions we deduce that

λk = Tk(u)t − div(DξΦ(∇Tk(u)))− f.

Thus we know from (3.15) that u satisfies∫
ΩT

Tk(u)ϕt dz +

∫
ΩT

DξΦ(∇Tk(u)) · ∇ϕdz

=

∫
ΩT

fϕ dz +

∫
ΩT

ϕdλk +

∫
Ω

Tk(u0)ϕ(x, 0) dx

for every ϕ ∈ C1
0 (Ω× [0, T )).

To finish the proof, it remains to deduce the estimate (1.5) on λk. By weak-*
lower semicontinuity of the norm, we have

‖λk‖M(ΩT ) ≤ lim inf
n→∞

‖Λk
n,δn‖M(ΩT ).

Thanks to the equi-integrability of {u0n} and {fn}, we deduce that

lim
k→∞

sup
n

∫
{|un|>k}

|fn| dz = 0
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and

lim
k→∞

sup
n

∫
{|u0n|>k}

|u0n| dx = 0.

Therefore, we get

‖λk‖M(ΩT ) ≤ lim inf
n→∞

‖Λk
n,δn‖M(ΩT ) ≤ εk,

where εk is some quantity which tends to zero as k → ∞. Sending k → ∞ we
conclude that λk satisfies (1.5). �

Next we are ready to prove the comparison principle.

Proof of Theorem 1.5. Let λk,1, λk,2 be the two measures given by Definition 1.3
corresponding to u1, u2. Then we have, for every ϕ ∈ C1

0 (Ω× [0, T )),

−
∫
ΩT

(Tk(u1)− Tk(u2))ϕt dz +

∫
ΩT

[DξΦ(∇Tk(u1))−DξΦ(∇Tk(u2))] · ∇ϕdz

=

∫
ΩT

(f1 − f2)ϕdz +

∫
ΩT

ϕdλk,1 −
∫
ΩT

ϕdλk,2

+

∫
ΩT

(Tk(u01)− Tk(u02))ϕ(x, 0) dx.

Define the function

wh(x, t) =
1

h

∫ t+h

t

1

ε
Tε(Tk(u1)− Tk(u2))

+(x, s) ds.

Give ξ ∈ C1
0 ([0, T )) with ξ ≥ 0. Using an approximation argument as Corollary 1.4

in [6], we can take ϕ = whξ as a test function to yield

−
∫
ΩT

[(Tk(u1)− Tk(u2))− (Tk(u01)− Tk(u02))](whξ)t dz

+

∫
ΩT

[DξΦ(∇Tk(u1))−DξΦ(∇Tk(u2))] · ∇whξ dz

≤ ‖ξ‖L∞(0,T )[‖(f1 − f2)
+‖L1(ΩT ) + ‖λk,1‖M(ΩT ) + ‖λk,2‖M(ΩT )].(3.19)

Here we used the fact that 0 ≤ wh ≤ 1 a.e. in ΩT in inequality (3.19) above. By
virtue of the monotonicity of Tε(s) and Lemma 2.1 in [4], we infer that

lim inf
h→0

{
−
∫
ΩT

[(Tk(u1)− Tk(u2))− (Tk(u01)− Tk(u02))](whξ)t dz

}

≥ −
∫
ΩT

Θ̂ε(Tk(u1)− Tk(u2))ξt dz −
∫
Ω

Θ̂ε(Tk(u01)− Tk(u02))ξ(0) dx,

where Θ̂ε(s) =
∫ s

0
1
εTε(r)

+ dr. Hence, passing to limits as h → 0 in (3.19) we have

−
∫
ΩT

Θ̂ε(Tk(u1)− Tk(u2))ξt dz

+
1

ε

∫
ΩT

[DξΦ(∇Tk(u1))−DξΦ(∇Tk(u2))] · ∇Tε(Tk(u1)− Tk(u2))
+ξ dz

≤ Θ̂ε(Tk(u01)− Tk(u02))ξ(0) dx

+ ‖ξ‖L∞(ΩT )[‖(f1 − f2)
+‖L1(ΩT ) + ‖λk,1‖M(ΩT ) + ‖λk,2‖M(ΩT )].
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By sending ε → 0 we deduce

−
∫
ΩT

(Tk(u1)− Tk(u2))
+ξt dz

≤ (Tk(u01)− Tk(u02))
+ξ(0) dx

+ ‖ξ‖L∞(0,T )[‖(f1 − f2)
+‖L1(ΩT ) + ‖λk,1‖M(ΩT ) + ‖λk,2‖M(ΩT )].

Furthermore, letting k → ∞ and recalling (1.5), we get

−
∫
ΩT

(u1 − u2)
+ξt dz ≤ ‖ξ‖L∞(0,T )[‖(u01 − u02)

+‖L1(Ω) + ‖(f1 − f2)
+‖L1(ΩT )]

for every non-negative ξ ∈ C1
0 [0, T ). It is easy to see that the same inequality holds

for any ξ ∈ W 1,∞(0, T ) with compact support in [0, T ). In particular, if we take

ξ(t) = 1− 1

ε
Tε(t− τ )+, τ ∈ (0, T )

and then by sending ε → 0 and noting that u1, u2 ∈ L∞(0, T ;L1(Ω)) we obtain

−
∫
ΩT

(u1 − u2)
+ξt dz =

1

ε

∫ τ+ε

τ

∫
Ω

(u1 − u2)
+ dz →

∫
Ω

(u1 − u2)
+(τ ) dx

for almost every τ ∈ (0, T ). It follows from ‖ξ‖L∞(0,T ) ≤ 1 that∫
Ω

(u1 − u2)
+(τ ) dx ≤ ‖(u01 − u02)

+‖L1(Ω) + ‖(f1 − f2)
+‖L1(ΩT )

for almost every τ ∈ (0, T ). Thus the proof is completed. �

Finally, the equivalence between entropy and renormalized solutions can be ob-
tained.

Proof of Theorem 1.6. Following the arguments in Theorem 1.3 of [25], we can
deduce that the renormalized solution obtained in Theorem 1.4 is also an entropy
solution in the sense of Definition 2.9 and the entropy solution is uniqueness, which
yields the equivalence between renormalized and entropy solutions of problem (1.1).
This finishes the proof. �

Acknowledgments

The authors wish to thank the anonymous reviewer for valuable comments and
suggestions to improve the expressions. The first author was supported by the
NSFC (No. 11671111), the Natural Science Foundation of Heilongjiang Province
(QC2014C002) and PIRS of HIT (No. B201502). The second author was supported
by the NSFC (No. 11571020).

References

[1] Philippe Bénilan, Lucio Boccardo, Thierry Gallouët, Ron Gariepy, Michel Pierre, and Juan
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