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Abstract. It is proved that any finite dimensional Hopf algebra which is ei-
ther semisimple or cosemisimple has finitely many right coideal subalgebras.
As a consequence, over an algebraically closed base field any action of a fi-
nite dimensional cosemisimple Hopf algebra on a commutative domain factors
through an action of a group algebra. This extends two results of Etingof and
Walton to the case where the Hopf algebra is cosemisimple, but not necessarily
semisimple.

Let H be a finite dimensional Hopf algebra over a field k. One says that H acts
on an associative algebra A if A is given the structure of a left H-module algebra
(see [12]). Recently Etingof and Walton showed that in the case of an algebraically
closed field any action of a semisimple cosemisimple Hopf algebra on a commutative
domain factors through an action of a group algebra [4]. Their proof is based on
another result which states that any semisimple cosemisimple Hopf algebra has
finitely many right coideal subalgebras.

When char k = 0, semisimplicity of H is equivalent to cosemisimplicity [9], but
this is not true in positive characteristic. In this connection Etingof and Walton
conjectured that their results remain valid if the Hopf algebra in the dual formu-
lation in terms of coactions is assumed to be semisimple only [4, Conjecture 5.3].
Our aim is to confirm this conjecture.

Theorem 1. Suppose that a finite dimensional Hopf algebra H is either semisimple
or cosemisimple. Then the set of right coideal subalgebras of H is finite.

This conclusion follows from affineness of the varieties of semisimple subalgebras
in an arbitrary finite dimensional associative algebra, which in its turn is a conse-
quence of basic facts of the geometric invariant theory. The proof of [4, Th. 4.1] now
goes through without alteration in any characteristic. Concerning the last sentence
in that proof it should be noted only that the fact that over an algebraically closed
field a commutative semisimple Hopf algebra is the dual of a group algebra requires
no restriction on characteristic [12, Th. 2.3.1]. Since in a semisimple Hopf algebra
all Hopf subalgebras are semisimple by [12, 3.2.3], the previous result applies to any
commutative Hopf subalgebra. Dually, any cocommutative quotient Hopf algebra
of a finite dimensional cosemisimple Hopf algebra is a group algebra. In terms of
actions we get immediately

Theorem 2. Assume the base field k to be algebraically closed. Then any action
of a finite dimensional cosemisimple Hopf algebra H on a commutative domain A
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factors through an action of a group algebra; i.e., there exists a Hopf ideal I of H
such that I annihilates A and H/I is a group algebra.

There is a notable distinction of the case when H is semisimple and cosemisimple
simultaneously. It can be seen by considering the scheme version Xrc

d,H of the variety
of d-dimensional right coideal subalgebras in H where d < dimH. This and several
related schemes are defined by specifying the sets of their K-valued points for each
commutative k-algebra K. To be precise, Xrc

d,H(K) is the set of all right coideal
subalgebras of the Hopf K-algebra H ⊗K which are K-module direct summands
of constant rank d.

In the language of Demazure and Gabriel [1] a k-functor is an arbitrary covariant
functor from the category Commk of commutative k-algebras to the category of
sets, and a k-scheme is a k-functor satisfying certain localization properties. A
morphism of k-schemes is just a natural transformation of functors. An affine
k-scheme is any representable k-functor. As will be explained, Xrc

d,H is always a
projective k-scheme. The conclusion of Theorem 1 means that Xrc

d,H is finite; i.e.,
this scheme is representable by a finite dimensional commutative k-algebra.

Theorem 3. Given a Hopf algebra H which is semisimple and cosemisimple simul-
taneously, the k-scheme Xrc

d,H is étale; i.e., it is representable by a finite dimensional
separable commutative k-algebra.

Whether a k-scheme of finite type is étale is recognized by zero tangent spaces.
Arguments of this kind are typical of various finiteness theorems (e.g., see [16],
[17]). However, Etingof and Walton derive their finiteness result from the rigidity
properties of module categories over fusion categories which were established in a
different paper [3]. That approach requires a fairly large amount of prerequisites.
We will give a short direct proof of the vanishing of tangent spaces to Xrc

d,H .
The language of k-functors will be useful also in the proof of Theorem 1 since it

provides the most natural way to verify smoothness of morphisms between schemes
encoding algebraic structures (see [14] for some examples related to deformations
of Lie algebra structures). However, the respective varieties are intuitively more
obvious and are easier to define. For this reason we use also the traditional language
of algebraic varieties, assuming k to be algebraically closed. Connection between
these two points of view is provided by the well-known equivalence between the
category of prevarieties over k and the category of reduced schemes of finite type
over k.

Proof of Theorem 1

In this section we assume that the base field k is algebraically closed. All algebras
are assumed to be associative and unital. Let A be any finite dimensional algebra.
For each positive integer d < dimA the set Xd,A of all d-dimensional subalgebras
of A is a closed subset of the Grassmann variety Grd,A of d-dimensional vector
subspaces of A. In particular, Xd,A is a projective algebraic variety.

Proposition 4. The set Xs
d,A of all semisimple d-dimensional subalgebras of A is

an affine open subset of Xd,A.

We first show that Theorem 1 is an easy consequence of this proposition (the
proof of Proposition 4 will be provided later in this section). Denote by Xrc

d,H the
set of all d-dimensional right coideal subalgebras of H. Since Xrc

d,H embeds in the
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set of right coideal subalgebras of any Hopf algebra obtained from H by base field
extension, we may assume the base field in Theorem 1 to be algebraically closed, so
that this restriction causes no problem. The set Xrc

d,H is obviously closed in Xd,H .
Hence Xrc

d,H is a projective algebraic variety.

Next, by [11, Prop. 2.10] and [15, Cor. 6.5], the right coideal subalgebras in H
are in a bijective correspondence with those in the dual Hopf algebra H∗. Hence
Theorem 1 holds for H if and only if it holds for H∗, and so it suffices to prove
the theorem for semisimple H. Now any right coideal subalgebra of a semisimple
Hopf algebra is itself semisimple. In fact it was proved in [11, Th. 2.1] that for a
semisimple Hopf algebra the condition that a right coideal subalgebra B is separable
is equivalent to B being a Frobenius algebra, but all right coideal subalgebras in
any finite dimensional Hopf algebra are Frobenius by [15, Th. 6.1].

Thus Xrc
d,H ⊂ Xs

d,H . In view of Proposition 4 this means that Xrc
d,H is a closed

subset of the affine variety Xs
d,H . Then Xrc

d,H is affine too. As is well-known, the
algebra of global regular functions on any complete variety is finite dimensional,
and therefore any variety which is projective and affine simultaneously has to be
finite. Hence Xrc

d,H is finite, which yields the conclusion of Theorem 1.
Let us now turn to Proposition 4. Since the field k is algebraically closed, all

semisimple finite dimensional algebras over k are separable. Openness of Xs
d,A in

Xd,A is therefore a consequence of rigidity of separable algebras [5] (the Hochschild
cohomology of a separable algebra vanishes in all positive degrees). However, this
fact will reappear as part of more detailed considerations below.†

For each semisimple algebra S we introduce several sets:

XS,A the set of all subalgebras of A isomorphic to S,

YS,A the set of all algebra homomorphisms S → A,

Y ′
S,A the set of all injective homomorphisms S → A.

Lemma 5. Let S be a semisimple algebra of dimension d. Then:

(i) The subset Y ′
S,A is simultaneously open and closed in YS,A.

(ii) Both YS,A and Y ′
S,A are smooth affine varieties.

(iii) The map f : Y ′
S,A → Xd,A such that f(ϕ) = Imϕ for ϕ ∈ Y ′

S,A is a smooth
morphism of algebraic varieties.

(iv) The subset XS,A is open in Xd,A.

(v) The automorphism group G = AutS is a geometrically reductive affine alge-
braic group acting (set-theoretically) freely on Y ′

S,A.

(vi) The categorical quotient Y ′
S,A/G is isomorphic to XS,A.

(vii) The algebraic variety XS,A is smooth and affine.

Proof. In the matrix representation of ϕ the condition that a linear map ϕ : S → A
is an algebra homomorphism is expressed by a set of quadratic equations. Hence

†When chark = 0, a finite dimensional algebra B is semisimple if and only if the trace form of
an arbitrary faithful representation of B is nondegenerate. This characterization entails immedi-
ately the openness of semisimple loci. However, the argument does not work when chark = p > 0.
Indeed, the trace forms may degenerate and even become identically zero for a semisimple algebra.
This happens when some irreducible representation of the algebra occurs in the given representa-
tion with multiplicity divisible by p. There appears to be a difficulty in recognizing semisimplicity
in positive characteristic, which is essentially the reason that we do not have a direct proof of
Proposition 4 which would avoid the use of invariant theory.
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YS,A is an algebraic subset of the vector space Homk(S,A), and therefore an affine
variety. The semisimple algebra S is a direct sum of its minimal ideals, say I1, . . . , It.
Let ej be the central idempotent of S generating the ideal Ij . Since each nonzero
ideal of S contains one of the ideals I1, . . . , It, an algebra homomorphism ϕ : S → A
is injective if and only if ϕ(ej) �= 0 for all j = 1, . . . , t. Denote by IdemA the
algebraic subset of all idempotents of A, and put

Idem′A = {e ∈ IdemA | e �= 0}.

For each j = 1, . . . , t there is a morphism of algebraic varieties êj : YS,A → IdemA
such that ϕ �→ ϕ(ej), and we have

Y ′
S,A =

t⋂

j=1

ê−1
j (Idem′A).

(i) To prove this assertion it remains to verify that Idem′A is open and closed
in IdemA. Note that for each integer r ≥ 0 the subset Zr = {x ∈ A | dimxA ≤ r}
is closed in A, while the subset Ur = {x ∈ A | dimxA ≥ r} is open. Let e ∈ IdemA,
and put n = dimA. Since A = eA⊕ (1− e)A, the equality dim eA = r holds if and
only if e ∈ Zr and 1− e ∈ Zn−r, but also if and only if e ∈ Ur and 1− e ∈ Un−r. It
follows that the subset Idemr A = {e ∈ IdemA | dim eA = r} is open and closed in
IdemA for each r. Then so too is Idem′A =

⋃n
r=1 Idemr A , as claimed. Thus (i)

has been proved.
(ii) Since Y ′

S,A is a closed subset of an affine variety, it is itself an affine variety.
All questions concerning smoothness are answered very naturally within the theory
of k-functors. A k-functor F is said to be formally smooth if the canonical map
F(K) → F(K/I) is surjective for each commutative k-algebra K and each nilpotent
ideal I of K. A k-scheme is smooth if it is formally smooth and locally of finite
type over k (see [1, I, §4, 4.6] and [6, 17.3.1]). We have to replace the varieties
XS,A, YS,A, Y

′
S,A with their scheme versions (more care is required to make correct

definitions of these schemes, which is why I preferred to state the final conclusions
in terms of varieties rather than schemes).

Define YS,A as the k-functor such that YS,A(K) for each K ∈ Commk is the
set of all K-algebra homomorphisms S⊗K → A⊗K. The values of this and other
k-functors on morphisms in Commk are defined in an obvious way. For a vector
space V over k let Va be the k-functor such that Va(K) = V ⊗K. If dimV < ∞,
then Va is an affine k-scheme of finite type representable by the symmetric algebra
of the dual vector space V ∗. In particular, Va is separated. The K-valued points of
Homk(S,A)a and Homk(S ⊗ S,A)a may be identified, respectively, with K-linear
maps

S ⊗K → A⊗K and S ⊗ S ⊗K ∼= (S ⊗K)⊗K (S ⊗K) → A⊗K.

There is a pair of natural transformations α, β : Homk(S,A)a ⇒ Homk(S ⊗S,A)a
defined by the rules

α(ϕ)(x⊗ y) = ϕ(xy), β(ϕ)(x⊗ y) = ϕ(x)ϕ(y)

where ϕ ∈ HomK(S⊗K,A⊗K) and x, y ∈ S⊗K. Clearly YS,A coincides with the
equalizer of (α, β), whenceYS,A is a closed subfunctor of the k-functor Homk(S,A)a
by [1, I, §2, 5.6]. Since the latter is an affine scheme of finite type over k, so too is
YS,A.
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If K is any commutative algebra and I a nilpotent ideal of K, then any homo-
morphism of algebras S → A⊗K/I can be lifted to a homomorphism S → A⊗K
since S is a separable algebra. Therefore the map YS,A(K) → YS,A(K/I) corre-
sponding to the canonical projection K → K/I is surjective, but this is exactly the
condition of formal smoothness. Hence YS,A is smooth over k and, in particular,
reduced. Since YS,A = YS,A(k), the variety YS,A corresponds to the k-scheme YS,A

under the equivalence between the category of prevarieties and the category of re-
duced schemes of finite type over k. Then YS,A and its open subvariety Y ′

S,A are

smooth. Now the proof of (ii) is complete.
(iii), (iv) Since Y ′

S,A is already known to be a smooth variety, the smoothness

of f in (iii) will follow from surjectivity of the maps of tangent spaces induced
by f . We will use the scheme version of this result due to Grothendieck. One
of the advantages we gain by this is that the tangent vectors at rational points
of an arbitrary k-scheme of finite type can be interpreted in terms of Λ-valued
points where Λ is the algebra k[τ ] with defining relation τ2 = 0. This makes the
computation of tangent spaces very easy. Assertion (iv) is then a consequence
of a general property according to which smooth morphisms have open images.
Furthermore, this open image of a smooth morphism is necessarily smooth over k
whenever so is the source scheme. This explains smoothness of XS,A, yielding one
part of (vii). An alternative approach to smoothness of f would be to use directly
the definition of smooth morphisms as given in [6, 17.3.1].

Define Y′
S,A as the k-functor such that Y′

S,A(K) is the set of all K-algebra
homomorphisms S⊗K → A⊗K which are split K-module monomorphisms. Then
Y ′
S,A = Y′

S,A(k).

Claim 1. The k-functor Y′
S,A is an open subfunctor of YS,A. In particular, Y′

S,A

is a smooth k-scheme, and Y ′
S,A is the corresponding variety.

The openness of Y′
S,A in YS,A means that for each ϕ ∈ YS,A(K) where K is a

commutative k-algebra there exists an ideal I of K such that for each commutative
K-algebra L one has ϕ⊗KL ∈ Y′

S,A(L) if and only if IL = L (this is a reformulation

of the definition in [1, I, §1, 3.6]). But this property is satisfied with I taken to be
the ideal of K generated by the determinants of all d×d submatrices of the matrix
of ϕ written in arbitrarily chosen bases of the free K-modules S ⊗K and A ⊗K.
Indeed, ϕ is a split K-module monomorphism if and only if the dual K-linear map

HomK(A⊗K,K) → HomK(S ⊗K,K)

is surjective, but the latter condition is equivalent to the equality I = K. If L is a
commutative K-algebra, then IL is the ideal of L generated by the determinants
of d× d submatrices of the matrix of ϕ⊗KL. Therefore ϕ⊗KL is a split L-module
monomorphism if and only if IL = L, as required. Thus Claim 1 is proved.

Next, the Grassmann k-scheme Grd,A has as the set of its K-valued points for
each K ∈ Commk the set of all rank d direct summands of the free K-module
A ⊗ K [1, I, §1, 3.4, 3.13]. Let Ud,A be the closed subscheme of Grd,A such that
Ud,A(K) is the set of those rank d direct summands of A ⊗ K which contain the
unity element 1 of A ⊗ K. Since Grd,A is a projective k-scheme, so too is Ud,A.
Define Xd,A as the k-functor such that Xd,A(K) is the set of all subalgebras of the
K-algebra A⊗K which are K-module direct summands of constant rank d.
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Claim 2. The k-functor Xd,A is a closed subfunctor of Ud,A. Hence Xd,A is a
projective k-scheme.

We will identify Xd,A with the equalizer of a pair of natural transformations

s, s0 : Ud,A ⇒ E

where E is a separated k-scheme. Define E as the k-functor such that E(K) for
K ∈ Commk is the set of all pairs (M, ν) where M ∈ Ud,A(K) and ν is a K-linear
map M⊗KM → (A⊗K)/M . There is a natural transformation p : E → Ud,A given
by the rule (M, ν) �→ M . Then

p−1(M) ∼= HomK(M ⊗KM, (A⊗K)/M)

is a finitely generated projective K-module, and p−1(M⊗KL) ∼= p−1(M)⊗KL for
each commutative K-algebra L. Thus, if SpK stands for the affine k-scheme repre-
sentable byK, then for each morphismSpK → Ud,A the fiber productSpK×Ud,A

E

is an affine K-scheme representable by the symmetric algebra of a finitely generated
projective K-module (this can be phrased by saying that p gives E the structure of
a vector bundle over Ud,A). By making use of [1, I, §2, 3.1, 3.3] we deduce that p is
an affine morphism of k-functors and that E is a k-scheme since so is Ud,A. Since
Ud,A is a projective k-scheme, it is separated. Then E is separated too. Define a
section s of p setting s(M) = (M,μM ) where μM is the map M⊗KM → (A⊗K)/M
induced by the multiplication in A⊗K. In order that M ∈ Ud,A(K) be a subalgebra
of the K-algebra A ⊗ K it is necessary and sufficient that μM = 0. Hence Xd,A

coincides with the equalizer of (s, s0) where s0 is the zero section of p. Now [1, I,
§2, 5.6] verifies Claim 2.

Note that Xd,A = Xd,A(k), but the k-scheme Xd,A is not reduced in general.
The formula f(ϕ) = Imϕ for ϕ ∈ Y′

S,A(K) defines a natural transformation

f : Y′
S,A → Xd,A

extending the map f in (iii). Thus f becomes a morphism of k-schemes.

Claim 3. The above morphism f is smooth.

By [1, I, §4, 4.3] the smooth locus of f is an open subset of (the geometric
realization of) Y′

S,A. Therefore it suffices to verify smoothness at closed points

of Y′
S,A. All closed points are rational since k is algebraically closed. In view of

[6, 17.11.1, d) ⇒ a)] we have only to check that the induced maps of tangent spaces
are surjective at all rational points of Y′

S,A since Y′
S,A is smooth over k.

So let ϕ ∈ Y ′
S,A and B = Imϕ ∈ Xd,A. The tangent space TBXd,A to Xd,A

at B may be identified with the fiber over B of the map Xd,A(Λ) → Xd,A(k)
corresponding to the algebra homomorphism Λ → k with kernel Λ+ = kτ (recall
that Λ = k[τ ], τ2 = 0). So an element B ∈ TBXd,A may be regarded as a subalgebra
of the Λ-algebra A⊗Λ with the property that B is a Λ-module direct summand of
A⊗Λ and the image of B/BΛ+ in A⊗Λ/Λ+ ∼= A coincides with B. Now ϕ : S → A is
an algebra isomorphism of S onto B. Since S is a separable algebra, ϕ can be lifted
to an algebra homomorphism S → B, and the latter can be extended by linearity
to a homomorphism of Λ-algebras ψ : S ⊗ Λ → B. We have B = ψ(S) ⊕ BΛ+,
whence ψ is surjective by Nakayama’s Lemma. Since ψ|S is injective and B is a free
Λ-module, it follows that ψ is also injective. Thus ψ is an isomorphism of S⊗Λ onto
B. Furthermore, ψ, regarded as a map S ⊗ Λ → A ⊗ Λ, is a split monomorphism
of Λ-modules by the direct summand property of B. Hence ψ ∈ Y′

S,A(Λ), and
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B = f(ψ) by construction. Since the reduction of ψ modulo Λ+ coincides with ϕ,
we see that ψ lies in the tangent space TϕY

′
S,A to Y′

S,A at ϕ. This shows that the

map TϕY
′
S,A → TBXd,A is surjective, as required. Thus smoothness of f has been

proved, yielding Claim 3.
By [6, 17.5.1] every smooth morphism is flat, and by [1, I, §3, 3.11] every flat

morphism of k-schemes of finite type is open. This implies that there is an open
subscheme XS,A of Xd,A such that f factors through XS,A and the induced morphism
Y′

S,A → XS,A is surjective (as a map of geometric realizations). Moreover, XS,A is

smooth over k by [6, 17.11.1]. The corresponding variety XS,A(k) coincides with
the image XS,A of Y ′

S,A in Xd,A under f . Now (iii) and (iv) are just translations of
the previous conclusions in the language of algebraic varieties.

(v) The semisimple algebra S is isomorphic to a direct product of simple alge-
bras. Let S1, . . . , St be the simple factors of S. Each Si is a full matrix algebra over
k, say Si

∼= Matdi
(k). By the Skolem-Noether Theorem AutSi

∼= PGLdi
(k). Since

the connected component G0 of the group G = AutS stabilizers each minimal ideal
of S, we have G0 ∼=

∏t
i=1 AutSi. In particular, G0 is a semisimple algebraic group.

By [7, Th. 5.2] any affine algebraic group with a reductive connected component is
geometrically reductive. So this result applies to G.

If ϕ ◦ σ = ϕ for some ϕ ∈ Y ′
S,A and σ ∈ G, then σ is the identity automorphism

since ϕ : S → A is injective. This means that the natural action of G on Y ′
S,A has

trivial stabilizers (at least set-theoretically).
(vi), (vii) Furthermore, two injective algebra homomorphisms ϕ1, ϕ2 : S → A

have the same image if and only if ϕ2 = ϕ1 ◦ σ for some σ ∈ G. Therefore G-
orbits in Y ′

S,A coincide with nonempty set-theoretical fibers of f . In particular, f
is G-equivariant with respect to the trivial action of G on Xd,A.

Since Y ′
S,A is an affine variety, the categorical quotient Y ′

S,A/G exists, and, more-
over, it is an affine variety whose coordinate ring is identified with the subring of
G-invariant elements in the coordinate ring of Y ′

S,A [13, Appendix to Ch. 1, Th.

A.1.1]. The G-equivariant morphism of algebraic varieties f : Y ′
S,A → Xd,A has to

factor through the categorical quotient; i.e., f admits a decomposition

Y ′
S,A

p−→ Q = Y ′
S,A/G

h−→ XS,A ↪→ Xd,A.

Here h is surjective since Im f = XS,A, and h is injective since the canonical map p
is known to be surjective and constant on G-orbits. Thus h is a bijective morphism
of algebraic varieties.

The action of G permutes the irreducible components of Y ′
S,A. Since Y ′

S,A is a
smooth variety, its irreducible components are disjoint. So each irreducible com-
ponent C of Y ′

S,A is open in Y ′
S,A, and its image f(C) is open in XS,A since f is

an open morphism. If C ′ is any other irreducible component of Y ′
S,A such that

f(C ′) intersects f(C), then there exists a fiber of f , i.e., a G-orbit in Y ′
S,A, which

intersects both C and C ′, but then C ′ has to be conjugate to C under the action of
G, and therefore f(C ′) = f(C). It follows that XS,A is a disjoint union of its open
subsets, say E1, . . . , Ek, such that each Ei is the image of an irreducible component
of Y ′

S,A. Since E1, . . . , Ek are irreducible, these subsets coincide with the irreducible
components of XS,A.

Now Q is a disjoint union of its open subsets h−1(E1), . . . , h
−1(Ek). If Ci is any

irreducible component of Y ′
S,A such that Ei = f(Ci) = h

(
p(Ci)

)
, then h−1(Ei) =

p(Ci). It follows that h−1(Ei) is an irreducible component of Q for each i. The
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restriction of h gives a bijective morphism of irreducible varieties hi : h
−1(Ei) → Ei.

Since f induces surjective maps of tangent spaces, the same holds for h. This implies
that hi is a bijective separable morphism, and therefore a birational morphism (see
[8, 4.6, 5.5]). Since XS,A is smooth, it is normal, and by Zariski’s Main Theorem
hi is an isomorphism of algebraic varieties for each i. Then h is an isomorphism
too. This establishes affineness of XS,A, completing the proof of (vi) and (vii). �

Proof of Proposition 4. The conclusion is now immediate from Lemma 5(vii) since
Xs

d,A is a disjoint union of subsets XS,A with S running over a full set of pairwise
nonisomorphic semisimple algebras of dimension d. �

As a matter of fact, it is also clear that Xs
d,A is a smooth variety.

If H is not assumed to be semisimple, but all d-dimensional right coideal subal-
gebras of H are nevertheless semisimple so that Xrc

d,H ⊂ Xs
d,H , then the argument

at the beginning of this section still goes through (that is, the set Xrc
d,H is finite).

We thus obtain also the following result:

Proposition 6. Let H be any finite dimensional Hopf algebra over an algebraically
closed field. If H has infinitely many right coideal subalgebras of dimension d, then
there exists a nonsemisimple right coideal subalgebra of this dimension.

Proof of Theorem 3

LetH be a semisimple cosemisimple Hopf algebra over an arbitrary field k. When
char k > 0, Etingof and Gelaki [2] proved that such a Hopf algebra admits a lifting
to zero characteristic and, as a consequence, enjoys several properties previously
known for semisimple Hopf algebras in characteristic 0. In particular, the square
of the antipode S : H → H is the identity (in the case char k = 0 this result is due
to Larson and Radford [10]). By [9, Prop. 2.4] there is a nonzero integral λ ∈ H∗

given by the explicit formula λ(h) = TrLh for h ∈ H where Lh : H → H is the
operator of left multiplication by h. It follows from a standard property of traces
that λ(xy) = λ(yx) for all x, y ∈ H; i.e., λ vanishes on the commutator subspace
[H,H]. The identity fλ = f(1)λ satisfied for all f ∈ H∗ can be rewritten in an
equivalent form as

∑
λ(h(2))h(1) = λ(h)1 for all h ∈ H. These facts will be used in

the proof of Theorem 3 below.
Recall that Xd,H is the k-functor such that for each commutative k-algebra K

the set Xd,H(K) consists of all subalgebras of the Hopf K-algebra HK = H ⊗ K
which are K-module direct summands of constant rank d. In the proof of Lemma
5(iii) we have observed that Xd,H is a projective k-scheme (see Claim 2). Now Xrc

d,H

is its subfunctor with

X
rc
d,H(K) = {B ∈ Xd,H(K) | B is a right coideal of HK}.

Verification of the fact that Xrc
d,H is a closed subfunctor, and therefore is itself a

projective k-scheme, exploits the same standard technique that we used earlier in
the proof of Lemma 5(iii) (see Claim 2). Let E be the vector bundle over Xd,H such
that

E(K) = {(B,ϕ) | B ∈ Xd,H(K) and ϕ ∈ HomK(B, (HK/B)⊗K HK)}.
Let s0 : Xd,H → E be the zero section, and define s : Xd,H → E by s(B) = (B, δB)
where δB is the composite B → HK → HK ⊗K HK → (HK/B) ⊗K HK of the
inclusion, the comultiplication Δ and the projection. In order that a subalgebra
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B ∈ Xd,H(K) be a right coideal, it is necessary and sufficient that δB = 0. Therefore
Xrc

d,H coincides with the equalizer of (s, s0), and its closedness in Xd,H follows from

[1, I, §2, 5.6].
A scheme X of finite type over k is étale if and only if ΩX = 0 where ΩX

is the sheaf of differentials on X [6, 17.4.2, 17.15.11]. The tangent space TxX
to X at an arbitrary point x ∈ X is the dual of the vector space ΩX ⊗OX

k(x)
over the residue field k(x) of x [6, 16.5.13]. Since ΩX is a coherent sheaf of OX -
modules, the equality ΩX = 0 holds if and only if TxX = 0 for all closed points x.
Furthermore, the property of being or not being étale is preserved under base field
extension. Hence k may be assumed to be algebraically closed, in which case all
closed points are rational. Thus, to prove that Xrc

d,H is étale we have only to show

that TBX
rc
d,H = 0 for each B ∈ Xrc

d,H(k).
So let B be a right coideal subalgebra of H. Let Λ be the algebra k[τ ] with

defining relation τ2 = 0, and let Λ+ = kτ . As in the proof of Lemma 5(iii), Claim
3, an element B ∈ TBX

rc
d,H may be regarded as a right coideal subalgebra of the Hopf

Λ-algebra HΛ = H ⊗Λ with the property that B is a Λ-module direct summand of
HΛ and the image of B/BΛ+ in H ⊗ Λ/Λ+ ∼= H coincides with B.

It will be convenient to identify H and B with their images H ⊗ 1 and B ⊗ 1,
respectively, in HΛ. Then HΛ = HΛ and HΛ, regarded as a Λ-module, is freely
generated by its vector subspace H. Part of the conditions imposed on B ensure
that B ∩HΛ+ = BΛ+ = BΛ+ and there exists a linear map ϕ : B → H such that

a+ ϕ(a)τ ∈ B for all a ∈ B.

The condition that B is a subalgebra entails

(
ϕ(ab)− aϕ(b)− ϕ(a)b

)
τ

=
(
ab+ ϕ(ab)τ

)
−
(
a+ ϕ(a)τ

)
·
(
b+ ϕ(b)τ

)
∈ B ∩HΛ+ = Bτ,

whence ϕ(ab)− aϕ(b)− ϕ(a)b ∈ B for all a, b ∈ B. This means that the composite
of ϕ with the projection H → H/B is a Hochschild 1-cocycle B → H/B. Since B is
a separable algebra by [11, Th. 2.1], its Hochschild cohomology groups with values
in arbitrary bimodules vanish in all nonzero degrees. Hence there exists x ∈ H
such that ϕ(a) ≡ xa− ax (modB) for all a ∈ B. But ϕ can be replaced with ϕ+ η
where η is any linear map B → B. Making such an adjustment, we may assume
that

ϕ(a) = xa− ax = [x, a] for all a ∈ B.

Then B is generated as a Λ-module by {a + [x, a] τ | a ∈ B}. Finally we will use
the condition that Δ(B) ⊂ B ⊗Λ HΛ. Let a ∈ B. We have

Δ
(
a+ [x, a] τ

)
= Δ(a) + [Δ(x),Δ(a)] τ ∈ B ⊗Λ HΛ.

But Δ(a) =
∑

a(1) ⊗ a(2) ∈ B ⊗H, whence

Δ(a) + [x⊗ 1,Δ(a)] τ =
∑(

a(1) + [x, a(1)] τ
)
⊗ a(2) ∈ B ⊗Λ HΛ

too. It follows that

[Δ(x)− x⊗ 1, Δ(a)] τ ∈ (B ⊗Λ HΛ) ∩ (HΛ ⊗Λ HΛ)τ = (B ⊗H)τ,

which yields

[Δ(x)− x⊗ 1, Δ(a)] ∈ B ⊗H.
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Using the formula a⊗ 1 =
∑

a(1) ⊗ a(2)S(a(3)) =
∑

Δ(a(1)) ·
(
1⊗ S(a(2))

)
, we get

[Δ(x)− x⊗ 1, a⊗ 1] = f1 + f2

where

f1 =
∑

[Δ(x)− x⊗ 1, Δ(a(1))] ·
(
1⊗ S(a(2))

)
,

f2 =
∑

Δ(a(1)) · [Δ(x), 1⊗ S(a(2))].

Note that f1 ∈ B ⊗H in view of the previous containment. The second term can
be further rewritten as

f2 =
∑

a(1)x(1) ⊗ a(2)x(2)S(a(3))−
∑

ax(1) ⊗ x(2)

=
∑

a(1)x(1) ⊗ a(2)x(2)S(a(3))−
∑

a(1)x(1) ⊗ x(2)S
−1(a(3))a(2)

=
∑

a(1)x(1) ⊗ [a(2), x(2)S(a(3))] ∈ H ⊗ [H,H]

where we have used the fact that S−1 = S. Thus
∑

[x(1), a]⊗ x(2) − [x, a]⊗ 1 = [Δ(x)− x⊗ 1, a⊗ 1] ∈ B ⊗H +H ⊗ [H,H].

Now apply the map Id⊗λ : H ⊗ H → H. Since H is cosemisimple, we have
λ(1) �= 0. Noting that λ([H,H]) = 0 and

∑
λ(x(2)) [x(1), a] = λ(x) [1, a] = 0, we

get [x, a] ∈ B. Since this holds for each a ∈ B, we may take ϕ = 0 in the previous
considerations. Thus B = BΛ; i.e., the tangent space to Xrc

d,H at B consists of the
zero element solely. The proof of Theorem 3 is now complete. �

Example. If H is any commutative semisimple Hopf algebra, then the conclusion
of Theorem 3 remains valid, even if H is not cosemisimple, since in this case the
1-cocycle B → H/B in the preceding arguments will always be zero. On the
other hand, semisimplicity alone is not sufficient, as can be seen from the following
example. Let char k = p > 2, and let H be the noncommutative Hopf algebra of
dimension 2p generated by two elements x and y such that

xp = x, y2 = 1, yx = −xy,

Δ(x) = x⊗ 1 + 1⊗ x, Δ(y) = y ⊗ y.

The counit map ε : H → k is an algebra homomorphism with values ε(x) = 0 and
ε(y) = 1. Note that t = (1− xp−1)(1 + y) is a left integral in view of the equalities
xt = 0 and yt = t. Since ε(t) �= 0, the Hopf algebra H is semisimple by Maschke’s
Theorem [12, 2.2.1].

Denote by S the k-functor such that S(K) = {α ∈ K | α2 = 0} for each
commutative k-algebra K. Clearly S is an affine k-scheme representable by the
algebra Λ = k[τ ], τ2 = 0. As one checks straightforwardly, for each α ∈ S(K) the
element yα = y(1+αx) ∈ H⊗K is grouplike with y2α = 1. Hence Bα = K+Kyα is
a Hopf subalgebra and a K-module direct summand of the Hopf K-algebra H⊗K.
The assignment α �→ Bα gives a morphism (in fact a closed immersion) S → Xrc

2,H .
Since Λ contains nonzero nilpotent elements, the k-scheme Xrc

2,H is not étale.
This example can be generalized by considering smash products of the restricted

universal enveloping algebras of toral Lie algebras and the group algebras of finite
groups of order prime to p.
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