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ELI GLASNER

(Communicated by Nimish Shah)

Abstract. The Ghys-Margulis alternative asserts that a subgroup G of home-
omorphisms of the circle which does not contain a free subgroup on two gener-
ators must admit an invariant probability measure. Malyutin’s theorem clas-
sifies minimal actions of G. We present a short proof of Malyutin’s theorem
and then deduce Margulis’ theorem which confirms the G-M alternative. The
basic ideas are borrowed from the original work of Malyutin, but our proof is
considerably shorter.

Our goal in this note is to present a short proof of a neat theorem of Malyutin
[Mal-07] (Theorem 2.1 below). The basic ideas are borrowed from the original work
of Malyutin, but whereas his proof goes via R, the universal covering of T = R/Z,
ours is done strictly in the context of T. As was shown by Malyutin the result known
as the Ghys-Margulis alternative [Mar-00] follows, with a little extra work, from
his theorem. Here again we shorten Malyutin’s arguments. After recalling some
background we prove Malyutin’s theorem in the second section, and in the third
we provide complete, and simplified, arguments leading to Margulis’ theorem. For
more information on the theory of topological dynamical systems see e.g. [Ell-69],
[Gl-76]. Our original proof used some enveloping semigroup technique. In his
report the referee pointed out that this use can be avoided (Step 6 in the proof of
Theorem 2.1), thereby further shortening the proof. We thank the referee for this
contribution and for several other helpful comments.

1. Some background

Let G be an infinite countable group. An action of G on a compact Hausdorff
space X is given by a homomorphism ρ : G → Homeo (X). We usually omit
mentioning ρ and write gx instead of ρ(g)x, (x ∈ X) and denote the resulting
dynamical system (or G-space) as (X,G). Such a system is minimal if every orbit
Gx is dense.

A pair (x, x′) ∈ X ×X is called proximal if for every neighborhood V in X ×X
of the diagonal ΔX = {(z, z) : z ∈ X}, there is g ∈ G with (gx, gx′) ∈ V . For
every system (X,G) the set P = {(x, x′) ∈ X × X : x, x′ are proximal} is called
the proximal relation on X. It is clearly reflexive, symmetric and G-invariant. The
system (X,G) is proximal if P = X ×X. A subset A ⊂ X is contractible if there
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is a point z ∈ X such that for every neighborhood U of z there is g ∈ G with
g(A) ⊂ U . We say that (X,G) is extremely proximal if every proper closed subset
of X is contractible [Gl-76]. When (X,G) is minimal this is the same as requiring
that for every closed subset A � X and every nonempty open subset U ⊂ X there
exists an element g ∈ G with g(A) ⊂ U .

In the sequel we will need the following simple well known result ([Gl-76], Propo-
sition 3.5):

Proposition 1.1. If a group T admits a nontrivial (i.e. having more than two
points) extremely proximal minimal action (X,T ), then T contains a free subgroup
on two generators.

Proof. Let U and V be disjoint nonempty open subsets in X such that U ∪V �= X.
Let U1, U2 and V1, V2 be disjoint nonempty subsets in U and V respectively. Then
there exist s and t in T such that t(X \ U1) ⊂ U2 and s(X \ V1) ⊂ V2. Hence we
also have t−1(X \ U2) ⊂ U1 and s−1(X \ V2) ⊂ V1. Let S be the subgroup of T
generated by s and t and let x ∈ X \ (U ∪ V ). If w is a nonempty reduced word in
t±1 and s±1, then it is easy to see that wx ∈ U1 ∪ U2 ∪ V1 ∪ V2. Thus wx �= x and
w �= id; i.e. S is a free group. �

2. Malyutin’s theorem

We now state and prove Malyutin’s theorem:

Theorem 2.1. Every minimal system (X,G), a continuous action of G on the
circle X = T = R/Z, is either equicontinuous or it is a finite to one extension of
an extremely proximal action of G on T, where the factor map is a Zk-extension,
hence a covering map.

Proof.

Step 1. We will show first that if the action is distal, then it is equicontinuous. It
suffices to show that for sequences xi → x and gi ∈ G with gixi → y and gix → x,
these assumptions imply that x = y. Now the sequence of shrinking arcs whose end
points are {xi, x} is mapped by the gi’s onto a sequence of arcs with end points
{gixi, gix} and if x �= y, a subsequence of these intervals, converges to a proper
interval K with end points {x, y}. But then, for any closed proper subarc L, with
end points {a, b}, a �= b and {a, b}∩{x, y} = ∅, the sequence of arcs g−1

i (L) shrinks
to the singleton {x}, contradicting distality. Thus we must have x = y, and the
equicontinuity is proved.

Step 2. So we now assume that there are distinct points a, b in T which are proximal;
i.e. for some sequence gi ∈ G and a point z ∈ T we have gia → z and gib → z.
Thus, there is a proper closed arc V whose end points are a and b such that (for a
subsequence) gi(V ) → {z}. In other words V is contractible.

Step 3. We use the observation of the previous step to show that if (X,G) is prox-
imal, then it is extremely proximal. To see this let, for each n ≥ 3, {x1, x2, . . . , xn}
be a sequence of n points on X equally spaced and ordered in the positive direction.
By proximality there is a sequence gi ∈ G and a point z ∈ X such that gixk → z
for every 1 ≤ k ≤ n (use induction). It follows that there exists a subsequence hi

of gi such that for each consecutive pair xk, xk+1 one of the two closed arcs defined
by this pair is contractible to z via hi.
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However, it cannot be the case that all the small arcs formed in this way are
contractible under gi. We conclude that at least one large arc is contractible.

By compactness we conclude that there is a point z ∈ T with the property that
for every open small arc V around z and every closed subset K ⊂ T with z �∈ K
there is some g ∈ G with gK ⊂ V . As the same holds for every point in the G-orbit
of z the extreme proximaility is proven.

Step 4. We next show that the proximal relation P ⊂ X ×X is an open set. Let
(x, x′) ∈ P . By Step 2 there is a contractible open arc ∅ �= V ⊂ X. By minimality,
fixing any point w ∈ V , for some sequence hn ∈ G, hnx → w and hnx

′ → w.
Choosing a sufficiently large n and sufficiently small open arcs U and U ′ around x
and x′ respectively we will have hn(U), hn(U

′) ⊂ V . Finally, as V can be shrunk
to a point by a sequence gi, we conclude that U × U ′ ⊂ P .

Step 5. We will next show that if (X,G) is not proximal, then it admits a fixed
point free automorphism τ ∈ Aut (X,G).

As we have seen (in Step 4) for each x ∈ X the proximal cell P [x] = {x′ : (x, x′) ∈
P} is an open arc containing x. We define τ (x) to be the end point of this arc which
goes in the positive direction. Note that if for some x ∈ X we have τ (x) = x, then
the system (X,G) is proximal, a case which is ruled out by assumption. Thus τ has
no fixed points and τ (x) �= x for every x ∈ X. Moreover, for each x ∈ X the pair
x, τ (x) is not proximal. Next observe that it follows directly from the definition
of τ that τ (gx) = gτ (x) for every x ∈ X. This in turn implies that the image of
τ is dense in X. Also, as x and τ (x) are not proximal, it is easy to check that τ
preserves the circular order (that is, (x, τ (x)) is an open arc in X with end points
x and τ (x) that emanates from x in the positive direction and if y ∈ (x, τ (x)),
then τ (y) �∈ (x, τ (x))). These two facts imply that τ is continuous, hence also
surjective. Finally we show that τ is one-to-one. Suppose to the contrary that
τ (x1) = τ (x2) = z with x1 �= x2. It immediately follows that there is an open arc
L which is mapped onto z. By minimality there is a finite set {gi}ni=1 ⊂ G with
X =

⋃n
i=1 giL, whence τX = {giz}ni=1. This however is impossible as we have seen

that τ (X) = X. Thus τ is an element of Aut (X,G), which is not the identity.

Step 6. The automorphism τ ∈ Aut (X,G) constructed in Step 5 satisfies τk = id
for some positive integer k. To see this observe first that, by compactness and the
definition of τ , there is a positive ε such that any two points x and y in X are
proximal whenever d(x, y) < ε. Therefore, since τn is an automorphism, we have
d(x, τnx) �∈ (0, ε) for every x ∈ X and n ∈ Z. It then follows that τ has no infinite
orbits. It also follows that for each positive integer m the set Fm = {x : τm(x) = x}
is both closed and open, and we conclude that Fk = X for some k ≥ 2. Note that,
with H = {id , τ, . . . , τk−1}, X/H is a circle and the quotient dynamical system
(X,G)/H is proximal.

Putting together our results so far, we see that if the system (X,G) is not
equicontinuous, then either it is extremely proximal or it is a Zk-extension of an
extremely proximal system for some positive integer k ≥ 2. �

3. The Ghys-Margulis alternative

Following Malyutin we now retrieve a version of the Ghys-Margulis alternative
[Gh-01], [Mar-00].
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Theorem 3.1. Let G be a countable subgroup of homeomorphisms of the circle T

which acts minimally on T. Then either G is isomorphic to a subgroup of T × Z2

or G contains a free group on two generators.

Proof. According to Theorem 2.1 the resulting dynamical system (T, G) is either
equicontinuous and then the action is conjugate to an action by translations (or
of translations composed with a reflection if the orientation is not preserved; see
Lemmas 2 and 3 in [Mar-00]) or it admits a nontrivial factor, via a covering map,
which is a minimal extremely proximal G-action on T. In the latter case we apply
Proposition 1.1 to conclude that G contains a free group on two generators. �

It is easy to see that an extremely proximal system cannot admit an invari-
ant probability measure. This observation, together with Theorem 3.1, yields the
following corollary.

Corollary 3.2. A minimal system (T, G) either admits an invariant probability
measure or admits a nontrivial factor which is an extremely proximal action of G
on T where the factor map is a Zk-extension with k a positive integer, hence a
covering map.

When the minimality assumption is dropped we have the following classification
of G-actions on T (see [Bek-04, Theorem 3.7]).

Theorem 3.3. Let G ⊂ Homeo (T) be a group. Then there is a nonempty G-
minimal subset of T and at least one of the following mutually exclusive assertions
holds:

(1) Every minimal set is finite.
(2) There is a unique minimal set M ⊂ T which is perfect and nowhere dense.
(3) The minimal set coincides with T.

Proof. Suppose that M ⊂ T is a minimal Cantor set. Pick any maximal open arc A
in the complement ofM . Then for any ε > 0 the countable collection {g(A) : g ∈ G}
contains only finitely many arcs of length ≥ ε. Thus A is a contractible set. This
proves the uniqueness of M . The rest of the claims of the theorem follow easily. �

In the second case it is easy to see that by collapsing the closure of each maximal
open arc in the complement of the minimal set M to a single point, one obtains a
factor map π : (T, G) → (Y,G), where (i) Y is homeomorphic to T, (ii) π � M :
M → Y is at most two-to-one, with card (π � M)−1(y) = 2 iff π−1(y) is a closed arc
as above. Thus, in particular, the set {y ∈ Y : card (π � M)−1(y) = 2} is countable.

Using these facts we deduce the following theorem [Mal-07, Corollary 2].

Theorem 3.4. For any G-dynamical system (T, G) exactly one of the following
alternatives holds.

(1) There is a finite orbit.
(2) There is a factor map π : (T, G) → (Y,G) onto a system (Y,G) where

Y ∼= T and the G-action on Y is minimal and equicontinuous.
(3) There is a factor map π : (T, G) → (Y,G) onto a system (Y,G) where

Y ∼= T and the G-action on Y is minimal and extremely proximal.

In turn, this leads to the following, more usual, formulation of the Ghys-Margulis
alternative [Mar-00].

Theorem 3.5. A subgroup of Homeo (T) which does not contain a free subgroup
on two generators must admit an invariant probability measure on T.
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