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ABSTRACT. In this paper we show that the representing measures of the Dunkl
intertwining operator associated to a Coxeter-Weyl group W in R? and to a
multiplicity function k& > 0, have W-invariant supports under the condition
k > 0. This property enables us to determine explicitly the supports of the
measures representing the volume mean operator, a fundamental tool for the
study of harmonic functions relative to the Dunkl-Laplacian operator.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let R be a (finite) root system in R? with associated Coxeter-Weyl group W
(see [7] or [9] for details on root systems) and for ¢ € R?, let D¢ be the Dunkl
operator defined by

Def(x) =0cf(x)+ Y k(o) (o, €)

aER

f(l') - f(O-le)7 f c Cl(]:Rd)7
(a,z)
where R is a subsystem of positive roots, o, is the reflection directed by the root
a € Ry, k is a nonnegative multiplicity function (defined on R) and ¢ f is the
usual ¢-directional derivative of f.

These operators, introduced by C. F. Dunkl (see [I]), are related to partial
derivatives by means of an intertwining operator Vj (see [3] or [4]) as follows:

(1.1) VEERY, DeVi = Vidk.

We know that V}, is a topological isomorphism from the space C°°(R¢) (carrying its
usual Fréchet topology) onto itself satisfying (LI]) and Vi (1) = 1 (see [I5]) and Vj
commutes with the W-action (see [14]) i.e.

(1.2) vV fECTRTY), ¥V geW, g7 Vilg.f) = Vilf),
where g.f(x) = f(g~'z).

A fundamental fact due to M. Résler (see [L1] or [14]) is that for every x € RY,
there exists a unique compactly supported probability measure p* on RY with

(1.3) supp pu¥ € C(z) := co{gx, g€ W}
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(the convex hull of the orbit of z under the group W) such that

(1.4) V feCTRY), Vil(f)(z)= g Fy)duk(y).

Note that the property (L3]) follows from the results in [§].
Throughout this paper, the notation & > 0 means that k(«) > 0 for all « € R.
Concerning the measure p (which we call Rosler’s measure at point ), the first
result of our paper is the following

Theorem A. For every x € R%, we have

1) z € supp pk.
2) If k > 0, the support of ¥ is a W-invariant set.

3) Ifk >0, then W.x (the W-orbit of x) is contained in supp uk.

A question strongly related to the support of Rosler’s measures concerns the
volume mean operator introduced by the authors in [6] in the study of harmonic
functions for the Dunkl-Laplacian operator Ay = Zle Di2 where D; = D,, with
(ei)1<i<q an orthonormal basis of R¢. Precisely for = € R4 and r > 0, the mean
value of a continuous function f at (z,r) is defined by

1

Mg(f)(x) = m

y F@)hi(r, z, y)wk (y)dy,

where y — hi(r, z,y) is the compactly supported measurable function (a general-
ized translate of 1) called the harmonic kernel (see Section 2) given by

(1.5) hi(r; 2, y) = /Rd Lo (V 2l + Myl — 2 (2, 2))dpag (=),
my, is the measure dmy () := wg(x)dx and wy, is the weight function

(1.6) wi(x) == H | (o, @) ‘%(a).

In particular we have shown that a C?(R9)-function u is Ag-harmonic in R? if
and only if for all (z,7) € R? x Ry, u(z) = M5(u)(z). For a further thorough
study of Ag-harmonicity on a general W-invariant open set, it would be crucial to
get information on the supports of the representing measures of the volume mean
operators. We already know that the measures

1
(1.7) dify , = ))hk(ﬁ%y)wk(y)dy (z € R% 7 > 0),

mg (B(Oa r

are probability measures with compact support equal to supp hy(r,z,.) and satis-
fying the following inclusion ([6]):

(1.8) supp hi(r,z,.) € B (¢,r) = | J Blgz,r),
geEW

where B(x,r) denotes the usual closed ball of radius r centered at x.
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In fact, the second main result of this paper, intimately related to Theorem A,
is a precise description of the support of hy(r,z,.). It states that

Theorem B. Let € R% and r > 0.

1) We have B(z,r) C supp hi(r, x,.).
2) If k >0, then we have

supp hy(r,z,.) = BW(aj,r) = U B(g.xz,r).
geWwW

We will call BV (x,r) the closed W -ball centered at x and with radius v > 0 asso-
ciated to the Coxeter-Weyl group W.

2. THE HARMONIC KERNEL AND THE MEAN VALUE OPERATOR

In this section we recall some results of [6].

Let (r,x,y) — hg(r,z,y) be the harmonic kernel defined by (LH). We note that
in the classical case (i.e. k = 0), we have uf = 6, and ho(r,z,y) = 10 (llz—yl|) =
]-B(gc,v") (y)

The harmonic kernel satisfies the following properties (see [6]):

(1) For all 7 > 0 and z,y € RY, 0 < hy(r,z,y) < 1.

(2) For all fixed x,y € R?, the function r — hy(r,z,y) is right-continuous
and nondecreasing on |0, +o0].

(3) Let r > 0 and = € R?%. For any sequence (¢.) C D(R?) of radial functions
such that for every € > 0,

0<¢. <1, ¢.=1onB(0,r) andVyeR?, lim e (y) = 10, (¥),
e—

we have

VyeR?, hdn%y%=Mn/ G (VT + oI = 2w a0k (2),
e—0 Rd

where @, is the profile function of ¢, i.e. p.(x) = @ (||z|]).
(4) For all r > 0, z,y € R? and g € W, we have

(2.1) hi(ry2,y) = hy(ry, @) and  hy(r, gz, y) = hi(r,z, g~ ty).

(5) For all » > 0 and 2 € R?, we have
dgrdt2y
d+2y’

22) e e i= [ bl enw)dy = m(B(0.7)) =
R
where dj, is the constant
dy, = [ga1 wi(§)do (&) = sommiagmry-

Here do(€) is the surface measure of the unit sphere S?~! of R% and ¢, is
the Macdonald-Mehta constant (see [I0], [5]) given by

[T
Ck ::/ e” 2 wi(z)d.
R4

(6) Letr > 0and x € R% Then the function hy(r, x,.) is upper semi-continuous
on R,



148 LEONARD GALLARDO AND CHAABANE REJEB

(7) The harmonic kernel satisfies the following geometric inequality: if ||a—b|| <
2r with » > 0, then

VEER?, hy(r,a,€) < hy(4r,b,€)
(see [6], Lemma 4.1). Note that in the classical case (i.e. k = 0), this
inequality says that if ||a — b|| < 2r, then B(a,r) C B(b,4r).
(8) Let # € R%. Then the family of probability measures dnf .(y) defined by
(L) is an approximation of the Dirac measure §, as r — 0. That is,
Va>0, lim dnf .(y) =0

xT,r
20 Sje—yl>a

and if f is a locally bounded measurable function on a W-invariant open
neighborhood of = and if f is continuous at x, then (see [6], Proposition
3.2):

(2.3) lim [ f(y)dng, (y) = lim My (f)(x) = f(z).

r—0 Rd

3. PROOF OF THE RESULTS

For convenience we group together the first items of Theorem A and Theorem
B in the following proposition.

Proposition 3.1. Let x € R?. Then
i) for every r > 0, x € supp hi(r, z,.),
ii) = € supp uf,
iii) for every r > 0, B(x,r) C supp hi(r,z,.).

Proof. i) Suppose that there exists » > 0 such that = ¢ supp hg(r,z,.). Then we

can find € > 0 such that hy(r,z,y) =0, for all y € B(z,¢). Let f be a nonnegative

continuous function on R? such that supp f C B(z,¢) and f =1 on B(z,¢/2).
Since ¢ — hy(t, z,y) is increasing on |0, +oo[, we deduce that

. 1
vt €]o, 7], OSMB(f)(x)Sm Rd

Hence, we obtain M5(f)(z) = 0, for all ¢ €]0,7]. Letting ¢ — 0 and using the
relation (2.3)), we get a contradiction.
ii) Let # € R? be fixed. At first, we claim that

(3.1) Vr>0, VyeR! hy(rz,y) < @By,
Indeed, from the inclusion supp u*  B(0,]||z||), we see that

F@)hi(r, 2, y)wr(y)dy = 0.

VyeRY, Vzesupppy, y— 2| <yl + lle)® -2y 2).
This implies for any y € R? and r > 0 that

¥z €supp iy, Lo (VIR + 122 = 2(y. 2)) < 1jo.n(lly = 21) = 1oy, (2).
If we integrate the two terms of the previous inequality with respect to the measure
k. we obtain hy(r,y,z) < pk(B(y,r)) and then @I) follows from (ZI).

Now, if # ¢ supp pF, there exists € > 0 such that p%(B(z,€)) = 0. Thus,

we have 1% (B(y,e/2)) = 0 whenever y € B(z,¢/2). Using B.0]), we deduce that
hi(e/2,z,.) = 0 on B(z,€/2), a contradiction to the result of i).
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iii) Let y € R such that [|[z—y|| < r. Aslim,_,, (||z|*+]y[*>—2 (z, 2)) = |lz—y|?,
there exists 7 > 0 such that

Viz? + [yl =2 (z,2) < for every » € B(y,n).
Therefore, by using the fact that y € supp u’; we obtain

Remark 3.1. For a € R, let
H, :={zx € R% (z,a) =0}

be the hyperplane directed by a. We note that in [I2) Corollary 3.6], and under
the condition = ¢ |J,cp Ha, Rosler has proved that x € supp u* by using the
asymptotic behavior of the Dunkl kernel Ej which is defined by

Ep(z,y) = Vi(e") (2) = /Rd eV dpk ().

We turn now to the second statement of Theorem A that we recall below:

Theorem 3.1. Let x € R? and assume that k > 0. Then the set supp p* is
W -invariant.

Proof. In order to simplify the formulas, we will assume here that the root system
R is normalized i.e. ||a||? =2 for all @ € R. In particular, for reflections we have
0o = — (o, T) .

We will prove that if y € supp u¥, then o,y € supp p* for every a € R. Let
then y € supp p* and suppose that there is a root a € R such that o,y & supp uk.
Write ¢’ := 0,y to simplify notation. There is a ball B(y’,€) (e > 0) such that for
all f € C>®(R%) with compact support included in B(y/, €), we have

Jga f(2)pa(dz) = Vi f(x) = 0.

Let us denote by Cp°, (resp. Cy ) the set of all functions f € C*(R?) (resp.
f € C(R?)) with compact support in B(y',¢). For all ¢ € R? and all f € Cr e, we
also have O¢ f € Cp7 . By the intertwining relation (LI) we obtain

VEERY, YV [feCT,, DeVif(x)=0.

Suppose f € Cp7 and f > 0 and let g := Vi f. We have g > 0 on R? (because V
preserves positivity) and

32 VEER Deglo) = degla) + 3 ko)l WA g,
a€ER, ’

But as g(z) = 0, = is a minimum of g so O¢g(x) = 0 and relation ([B.2) implies

(3.3) veeRrd, Y k(a)(a,{)w —0.

a€ER <J),O{>

Now, consider the set
R, ={a€Ry; v € H,}.



150 LEONARD GALLARDO AND CHAABANE REJEB

There are two possible locations for x:
e First case: Suppose that R, = () i.e 2 ¢ |J,cp Ho (ie. for all roots a € R,
(x,a) #0). Applying B3) with £ = z and using the fact that g(z) = 0, we get

Y acr, kla)g(oaz) = 0.
As g > 0 and by the assumption k > 0, we obtain that g(cax) = Vi f(oaz) = 0 for

alla € Ry and all f € C2F, and f > 0. By uniform approximation, we deduce that
for all f € Cy cand f > O we also have Vi, f(oq2) = 0. Finally for every f € Cy ,
by decomposing f = f* — f~ with fT = max(f,0) and f~ = —min(f,0) and using

the linearity and W-equivariance of Vj, (relation (L2))), we obtain that
VfieCype Ya€Ry Vif(oax)=Vi(oa.f)(z)=0,

where o,.f is the function z — f(0,2). As it is easy to see that 0,.Cy c = Co_y e,
we deduce that
VaeRy, VfeCyye Viflz)=

But this implies in particular that Vi f(x) = 0 for all f € Cy ¢ in contradiction to
the hypothesis y € supp u*. The result of the theorem follows in the first case.

e Second case: Suppose that R, # 0. For every B € R,, clearly we have
x = ogz. Therefore, since g(z) = 0, we get g(ogx) =0, for all 5 € R,. But, as =
is a minimum of g, we have

L R /%gx—twww Dag(a) = 0.

Hence, the relation 3] with £ = x implies
Za€R+\Rm k(a)g(oax) = 0.

Consequently, we obtain g(o,2) = 0 for all @ € R. The end of the proof of the first
case applies and gives also the result in this case. This completes the proof of the
theorem. O

From the W-invariance property of the support of % and the fact that x €
supp ¥, we obtain immediately the last assertion of Theorem A:

Corollary 3.1. Let x € R? and assume that k > 0 . Then, for all g € W,
gx € supp pk.

Now, we can turn to the proof of the second statement of Theorem B.
Corollary 3.2. Let x € R and r > 0. If k > 0, then

(3.4) supp hy(r,z,.) = BV (z,7) U B(gx,r)
geWwW

Proof. Let g € W and y € R? such that ||gz — y|| < r. We will proceed as in the
proof of Proposition [31] iii). We have

tim /[P + yl? =2 (o, 2) = o~ gyl
z—g Yy

Hence, there exists > 0 such that for all z€ B(g~ 'y, n), /||[z]2+|y[>—2 (z,2) <r
and thus hy(r,2,y) > pE[B(g 'y, n)].
But, from the fact that g~ 'y € supp u’; we deduce that y € supp hi(r, z,.).
This completes the proof. (Il
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Remark 3.2. When k > 0, we will say that a root o € R is active if k(a) > 0. Let
us denote by R4y = {« € R; k(a) > 0} the set of active roots and F the vector
subspace of R? generated by {a, a € Ra}. Then we can generalize the results of
Theorems A and B in the following form:

a) The set R4 is a root system. Indeed, using the fact that k is W-invariant, we
can see that for every a, 5 € Ry, k(aaﬁ) =k(8) > 0. Thus

Va€e Ry, RaNRa={+a} and o,(Rs)= Ra.

b) Let W4 be the Coxeter-Weyl group associated to the root system R 4. Then the
restriction k4 of k to R4 is clearly invariant under the W -action. In other words,
it is a multiplicity function.
c) For any ¢ € R?, we will use the notation ¢ = ¢ +¢” € F+ F+ = R? (where F*
is the orthogonal complement of F in R%).

e Let © € R%. Rosler’s measure p¥ is of the form (see [13])

(3.5) Wy = pht @ 8y,

where ul;,“ is Rosler’s measure associated to (R4, k4) and 6, is the Dirac measure
at z”. We have

supp pf = 2 + supp g

From (L3), the support of ,ul;,“ is contained in the convex hull of W4.z' (the W4-
orbit of z’). Furthermore, by Theorem A, it is invariant under the action of the
group W, and contains the whole orbit W4.z'.

o Let z € R% and r > 0. According to (ILH) and (3.5) the harmonic kernel is given
by

hi(r, z, y):/Rd Lo (V2" =y 12+ 122 + ' = 2 (2, 2)dpy (), y € R%
The support of hg(r,z,.) takes the following form:

supp hy,(r,@, ) = 2" + B (a/,r) = 2" + | ] Blga',r) = |J Blga.r).
geEW A geEW 4

Example 3.1. Let (e1,e2) be the canonical basis of R2. Then, the set R :=
{=+e1, +ea} is aroot system in R?, its Coxeter-Weyl group is Z3 and the multiplicity
function can be identified to a pair k = (k1, k2), with k; = k(e;) > 0,4 = 1,2. Take
r = (21, 72) € R? with 21,75 > 0. In this case, according to [16], Résler’s measure
is given by pf = pkt @ pk2 | where pfi =6, if k; = 0 and

1

(uhi, f) = % [1 Fltz)(1 = )51 (1 + )k

if k; > 0 (see [2]).

o If k= (0,0), u* =6, and hy(r,z,y) = 1Bz (Y)-

o If k = (k1,0) with k; > 0, then supp p” is the line segment between x and
Oe,® = (—21,22) and

supp hy(r,z,.) = B(x,r) U B(oe, z, 7).
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o If k1, ko > 0, the support of p” is the convex hull of Z3.z and the closed W-ball

is given by

B% (z,7) = supp hy(r,,.)

(1]

= B((z1,22),7) U B((—=21,22),7) U B((%1, —22),7) U B((—21, —x2),7).
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