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SMOOTHNESS OF THE STEINER SYMMETRIZATION
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ABSTRACT. It is proved that for a convex body with C? boundary and posi-
tive Gauss curvature, its Steiner symmetral is again a convex body with C?2
boundary and positive Gauss curvature.

1. INTRODUCTION

Denote n-dimensional Euclidean space by R™ and let K be a compact convex
subset of R™. Let e; be a unit vector in R™. The Steiner symmetral K; of K with
respect to the hyperplane e; orthogonal to e; is the set generated by translating
all chords of K parallel to e; so that their centers are on ej. For over 150 years the
Steiner symmetrization has been a fundamental geometric method for studying var-
ious isoperimetric problems, in particular, affine isoperimetric problems (see, e.g.,
[TL2,4H9,1TLI3HI7]). An important property of the Steiner symmetrization is that
iterating Steiner symmetrizations of K through a suitable sequence of directions,
the sequence of successive Steiner symmetrals of K, converges to a Euclidean ball
in the Hausdorff metric (see, e.g., [BI0]).

In this paper, we study the smoothness of the Steiner symmetrization process.
Kiselman [12] showed that K; N e need not be of class C? even if K is of class
C. This implies that the Steiner symmetral of a convex body of class C'**° need
not even be of class C2. Thus, the smoothness problem is not trivial. We prove the
following result.

Theorem 1.1. If K C R" is a convez body of class CJQF, i.e., K has C? boundary
and positive Gauss curvature, then its Steiner symmetral K1 is also of class 02 .

Let K|e; denote the orthogonal projection of K onto the hyperplane ei. The
following corollary follows immediately from Theorem [T} since Ky Nej = Kles.

Corollary 1.2. If K C R" is a conver body of class C2, then Klei is a convex
body of class C% in et

2. PRELIMINARIES

The setting will be Euclidean n-space R"™. We write eq, ..., e, for the standard
orthonormal basis of R". For z € R", we will write |z| = /= - z. A compact convex
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set with nonempty interior is called a convez body. A convex body is strictly convex
if its boundary does not contain a line segment of positive length. By int K and
0K we denote, respectively, the interior and boundary of a convex body K.

A convex body K is said to be of class C*, for some nonnegative integer k, if its
boundary hypersurface is a regular submanifold of R™, in the sense of differential
geometry, that is, k-times continuously differentiable. In this paper, smoothness of
convex bodies is understood as smoothness of hypersurfaces in the sense of differ-
ential geometry. A convex body is of class C’J’“r if it is of class C* and the Gauss
curvature at each point of K is positive.

Let K be a convex body in R™. Fori=1,2,...,n, the overgraph and undergraph
functions are defined by

(2.1) li(x) :=max{t €ER: 2z +te; € K}, x € Klej,

(2.2) ‘

() :=min{t cR:x +te; € K}, z € Klef,
where K|e;- is the orthogonal projection of K onto the hyperplane e;. Note that
—¢; and £, are convex functions.

By 1) and Z32), for any = € K|e, it is easily seen that (z,0;(x)), (z,£,(x)) €
OK. Moreover, for x € int(K|ei), the Gauss curvature H,,_; of K at the boundary
point (x,¢;(x)) satisfies (see [LI], p. 210])

[V2L,(2)]
(1 +[VLi(2)?)

where |V2/,| denotes the determinant of the Hessian matrix of ¢, and |V{;| denotes
the Euclidean norm of the gradient of £;. If £, is twice differentiable, then £, has
positive semi-definite Hessian matrix on int(K|e;) (see Theorem 1.5.13 in [16]).
Therefore, by ([3)), if K has C? boundary and = € int(K|e; ), then OK has positive
curvature at (z,¢;(x)) if and only if ¢,(x) has positive definite Hessian matrix.
The Steiner symmetral of K with respect to the hyperplane ei- can be expressed

as follows:

(2.3) Hp1(z, 4i(2)) =

n+1?
2

G(z) — 4 (x)
2

(2.4) Ky :={x+te: z€Klet, |t| < }.

By the above definition, the overgraph and undergraph functions of K; with
respect to eq, denoted by ©; and 9, satisfy the following equality:
_ h(2) —4(2)

(2.5) 0.(x) = —Ql(I) == T € K|ef‘.

It is easily checked that K is a convex body symmetric with respect to ei.
Moreover, if K is strictly convex, then ¢;(x) and —¢;(z) are strictly convex on
r € Kle;. By ([Z3), —o,(z) and 0,(z) are also strictly convex on z € Klet.
Moreover, it is easily checked that —p,(z) = g, (2) for € O(K|et). Therefore, K;
is also strictly convex.

It follows that if K is a convex body of class C’i, then K is strictly convex.
Moreover, £, (z) and —/; (x) are C? and have positive definite Hessian matrices for
x € int(K|et). Thus by (ZH), 0, and —p, are also C? smooth and have positive
definite Hessian matrices on int(K|ei ), which implies that K; is C? and has
positive curvature at every point 2 € dK;\e;. Thus we only need to prove the C?
smoothness and positive curvature for z € 9K Net.
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For a fixed z, € 0K N e{-, choose a coordinate system so that x, is the origin,
x, = 0 is a support hyperplane of K; at x, and e,, points to the interior of K;. For
simplicity of notation, we let o, (), = € Ki|e;, denote the undergraph function of
K1 with respect to e,.

In order to prove that OK; is C? and has positive curvature at x,, we need to
prove that g, has the following properties:

C' smoothness: g, is differentiable at the origin and
n—1;

o0 (0)=0,i=1,2,...,

2
C? smoothness: The second partial derivatives ai_g’;_ (), 1 <i,5 <n-1,
1O
exist on a neighborhood of the origin and are continuous at the origin;
Positive Hessian: g, has positive definite Hessian matrix at the origin.

Let A be a sufficiently small positive number such that
(2.6) h < min{p,(z) : x € A(Ki|el)} and h < min{{, (z) : = € (K|e}:)}.

For h > 0 as in (Z4]), let
(2.7)
Kip=K n{(z,z,) e R": 2, <h} and Kj = KN{(z,z,) € R" : 2, < h}.

Let D; be the orthogonal projection of Kj j; onto e;-. Let D be the orthogonal
projection of Kj, onto e;. It is easily checked that for + € dD; and y € 9D,
on(x) = h = £, (y). Moreover, D is the Steiner symmetral of D with respect to
1L
er.

For x € Dy, let x = (r, z), where r = 21 and z = (z2,...,25—1). Let r > 0 and

(2.8) T, = on(T, 2).

By [23) and the definition of g,, we have (r,z,z,) € K. Thus, by the strict
convexity of K7 and the definition of 9;, we have

(2.9) r=701(z,2n).

Let

(2.10) s:=s8(r,2) =L (z,2,) = £,(2, 0n(r, 2))
and

(2.11) ti=1t(r,2) = l1(2,2,) = l1(2, 00 (1, 2)).

By (29), 23), [@I0) and (ZII), we have

7 n) — £ " t—
(2.12) r=70,(2x,) = 1(2,2n) — £, (2, %) _t=s
2 2
By (Z10), (2I1) and the definitions of ¢; and ¢,, we have (s, z,x,), (t, z, ¥,) € OK.

By (r,2) € Dy, (s,2),(t,2) € D and ([2.8]),

(2.13) L.(s,2) =1, (t,2) =z = 0n(r, 2).
If r =0, then x,, = 0,(0, 2) and (0, z,z,) € 0K1, so 0 =9,(z,z,). Let
(2.14) s1:=51(2) = l1(z,7,) = £1(2, 0,(0, 2)).

By [@2I4), we have
(2.15) £,.(s1,2) = 0n(0, 2).
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In fact, for fixed z, s1 is the minimum of ¢,,(x1, z) over z1, so

(2.16) %(51, z) = 0.

Moreover, for fixed z and s, ¢, s; as in (2.10), (Z11]) and (2.14), we have s < 51 <t
and s,t — s; when r — 0.

For fixed z € Dy Net, let (=§,8) = {z1 € R : (21,2) € D1} and (d1,02) =
{1 € R: (x1,2) € D}. Then §; — §; = 2§. Since K, is a strictly convex body
and symmetric with respect to ei, 0, (71, ) is an even and strictly convex function
for x; € (—0,d). Since K is a strictly convex body, £, (z1,2) is a strictly convex
function for 1 € (41, d2).

Moreover, for fixed z and s; as in (ZI4]), the one-dimensional function z, =
¢, (21, 2) for z; € [s1,02) and the one-dimensional function z; = ¢(z, x,,) for z,, €
[¢,,(s1,2), h) are inverse functions; x,, = £, (x1, z) for 1 € (01, 1] and 1 = {1 (z, zy)
for z, € [{,(s1,%),h) are inverse functions; x, = gn(z1,2) for 1 € [0,4) and
x1 = 01(%,2y) for z,, € [0,(0,2),h) are inverse functions. Since inverse functions
have reciprocal slopes at reflected points, by ([2I3) we have that

Oon (. .y (221 -
(2.17) 8—:101(T’ z) = (5‘:3" (z,xn)> ,

oL, A !
(2.18) T 60 = (G )
and
_ -1
0Ly, _ (94
(2.19) 8—961(t,z) = <8xn (z,xn))

For fixed z € Dy Nei and s,t as in (ZI0) and (ZI1]), for simplicity of notation,
we let

or o
(220) Q= Oé(’l”, Z) = 8;.’1;;(572)7 B = ﬂ(’f‘, Z) = 8—;(t72)
By I17), I8), (Z19), (ZI2) and (Z20), for r > 0 we have
00n _ 2ap
(2.21) 8—x1(r’ z) = ot

3. PROOF OF THE MAIN RESULT

Lemma 3.1. g, is differentiable at the origin and g‘i’: (0)=0fori=1,2,...,n—1.

Proof. For r > 0, by 0,(0) =0, 213), (Z13) and (216]), we have

8-l-Qn (O) — lim On (T, 0) - Qn(oa 0)
0x1 r—0+ r
o . t—s1 ﬁn(t,())—ﬁn(sl,()) §— 851 ﬁn(s,o)—gn(SLO)
- r1—1>%1+< o t—s1 + nm s — 81
(3.1) = 0.

Because g,(x1,0) is an even function with respect to xy, the left derivative of g,

with respect to z; at the origin is also zero. Thus %(O) =0.



SMOOTHNESS OF THE STEINER SYMMETRIZATION 349

If H is a support hyperplane of K; at the origin, by %(0) = 0, then H is
parallel to e;. Thus H is also a support hyperplane of K at the point (sg,0), where
s1 as in (ZI4). Since K is of class C% and hence of class C*, K has a unique outer
unit normal vector at the boundary point (s1,0). Therefore, K; has a unique outer
unit normal vector at the origin, which implies that o, is differentiable at the origin
(see Lemma 1.5.14 and Theorem 1.5.15 of [16]). Because g, is a convex function
and attains its minimum at the origin, %’;(0) =0fori=1,2,...,n—1. |

By Lemma [B] and the arbitrary choice of x, € 0K Nei, K; is of class C?.
Lemma 3.2. For fived 2 € Dy Net and a and B as in [Z20), we have
(3.2) lim = = —1.

Proof. By [2I0) and ¢, € C?, for s1 as in ([2.14), we have

(3:3) Lyt 2) = L£y(51,2) +0(t — 1) + 1%(817 2)(t—s1)” +o((t = s1)?),

2 Oz3
10%¢
(3.4)  £,(s,2) =£L,(s1,2) +0(s —s1) + iﬁ(sl’ 2)(s — s1)% + o((s — 51)?).
1
Let 3;5; (s1,2) = c. Since £, € C? with positive definite Hessian matrix, we have
1

¢> 0. By B3), B4) and £,(t,z) = £,,(s, z), we have

1 1
(3.5) ic(t —s51)2 +o((t—s1)%) = 50(5 —51)% +o((s — 51)?).
By (B3) and s,t — s; when r — 07, we have

o (t—s1)?
(3.6) Jim, (5=s1)2

By [220), 33), B4), (306) and s < s1 < t, we have

. c(s—s1)+o(]s — s1])
(37) 7"1—1>I(r)l+ E o r—0+ C(t — 81) + 0(‘t — 81|)

=1.

=—1.

O

Lemma 3.3. For fired z € D1 Net, for s, t and 51 as in Z10), @II) and ZI4),

and fori=2,...,n—1, we have

oL, oL, %L,
o ae(8,2) — (7)) 25555 (51,2)
(3.8) hm+ 57 = —3 )
r=0 ﬁ(saz) 31%” (8172)
2°¢
where ) (s1,2) > 0.
Proof. First,
aL oL oL ot ot ot aL
ort(5:2) ~ 5t (t2) _ p(s:2) —pa(s1.2)  pa(ta) Ga(te) — 5ilsi2)
oz = oL oL oz :
5o (5,2) (5, 2) (5, 2) o (1, 2)
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2
Since ¢, € C? with positive definite Hessian matrix, %T%‘(sl, z) > 0. By %(31’ z)
=0 and s,t — s; when » — 07, we have

oL oL
L) - Fn(sy,z) (a;; (s,2) — 37’3(51,2)) /(s —s1)
hm+ ST N = 3152 EY) EY,
0 7 (5,2) (5 (s,2) — G (s1,2)) /(s — 1)
9%¢
_ BZLéraLZl (817 Z)
— "o
aer (51, 2)
and
ae, ¢ %n(t,2) — Ln(sy,2)) /(t — s1)
.o (t2) — g (s1,2) oz \by oz, 51, 1
7 e (ot oL
o (1:2) (B (t.2) = G (51.2)) /(1 = 1)
20
817521 (31’ Z)
8;2L (817 Z)
By the above three equalities, (Z20) and Lemma B2l we have
oe oL oL oL
. ﬁ(s,z)—ﬁ(t,z) . 8;: (s,z)—a;xzf(sl,z)
lim 57 = hm+ 57
r—0t ﬁ(S, Z) r—0 8;;(57 Z)
oL oL
— lim = lim ﬁ(tz) _ a;ﬁ(SI’Z)
r—0t & r—0+ girlt (f,Z)
2%¢

— 28:&(57;1 (817 Z)

92¢
aa:%l (Sla Z)

O

The next three lemmas give the explicit values of the second order partial deriva-
tives of o, for x € Di\(Dy Net).

Lemma 3.4. For fitred 2 € DyNei, r >0 and s, t, o, 8 as in 2I0), @II) and
@20), we have

Tonny = 20 Py B T
0z3 he ~ (a—pB)3 Ox? - (a—pB)3 Oz3 5:4)-

Proof. By t = l1(2, 0,(r,2)) and ([ZI9), we have

(3.9)

ot il don, . _ (0L, ~ o
310) 5= gt Gl g = (F20n)) 5.

Dy
By (310), 22I) and [220), we have

ot 20
Similarly, by s = £, (2, 0,(r, ), @IF), [2I) and @20), we have
(3.12) 9s _ 28

or a-p
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By partial differentiation of (2.2I]) with respect to r, [220), (31I) and BI2), we

have

N T S )
o7 7T (a—B)?

- 2a2-%fg<t,z>%—ﬁ2-%fg(s,z>%
- (a—B)?

(3.13) o 625"@ z) — L,

g ot )T app o

O

Lemma 3.5. For fived 2 € Dy Nei, forr >0 and s, t, o, B as in Z10), EII)
and 220), and fori=2,3,...,n— 1, we have

Poo o _ (502 - Fa2) (@P5R(2) - PHEG2)
0x10x; (r2) = (@ = pB)
82%¢ 520
(314) +2042 aazl_anmi (t5 Z) - /8226131_87;1, (5, Z)
(=)
Proof. By [212),
1 1- 1

(3.15) r= §(t —s5) = 5[1 (z,2p) — §£1(2733n)7

where z, = p,(r,z). Partial differentiation of BIH) with respect to z;, i =
2,...,n—1, at (r,2) gives

05 (G (o) + ot ) 524(0,2))

2 \ Ox; Oz, Ox;
1 (0L oL, don
—5 <(?a:¢ (z,xp) + oz, (z, ) - oz, (r,2) ).
By [Z18), (219), 220) and the above equality, we have

(3.16)

8971 _ O‘B 8£1 _ a_zl
Ox; (r,2) = a—0 (&ri (2 2n) 0z, (z,xn)> '

By the chain rule, z,, = £,,(s,2) = £, (t, z), @14), (ZI0), @I]), @I9) and 220),

(3.17)

ot o o, oL, o, 10,

8—m(z’$”) = —E(Z,iﬂn) : 8—%(t’z) = _8—xi(t’z) 6—:131(t’z) = 30 (t, 2)
and
(3.18)

ae, oL a, . oL, o, . 100,

Bz; 9T = T, ) g (92) =~y (920 By () = = g (00 2)
Putting 3I7) and BI8) into (BI6]), we obtain

B oL

%( )= 2 oL,

1) ol ey B ol Gy B x5
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By t= Zl(«z;xn), Tp = Qn(ra Z)a (m)’ (m)7 (B:EZD and M)a we have

= oL oL
ot _o0h o0, Oon B ﬁ(t,z) - 87’;(5,2')
(320) 8IIL (Z xn) - azz ('Z? xn) 8$n (Zﬂ xn) 8Ii (T, Z) - a— B :
Similarly, we have
oL Y4
Os 7 (t,2) — 522(s,2)
Moreover,
da  O(F=(s,2) &%, Os o2,
and
oL
o 0(G=(t.2) 9%, ot o,
(3.23) o, oz, = (t,z) - 8—%(z,xn) + 02,01, (t, z).

By ([220), 320), B21), B22) and B23), partial differentiation of 22I)) with

respect to x; at (r, z), we have

90, z(axﬁm 2) (- ) —ap (2 - 2£)
0x10x; (r;2) (a — B)?
) - B 2) (@P5R(2) - P FE G 2)
- (a—p)3
0?25 (t,2) - B 505 (s, 2)
2 (a—BP

]

Lemma 3.6. For fized z € Dy Net, forr >0 and s, t, o, B as in (ZI0), ZII)
and 220), and fori,j =2,3,...,n— 1, we have

(3.24)
9% on
8%‘1'8%‘]‘ (T’ Z)
(Gt - B ) (B 2) - B (s,2) - (a5t 2) - BGE (s, 2))
- (a=B)?
. (32a(t,2) — 922(s,2)) - (0 mg (1. 2) — Boogs (5. 2))
(a=B)?
. (5 (t,2) — 32(5,2)) - (agmgi (1 2) — Bgi (5,2))
(o= B)?

&t %
X 5z,00, (t,z) — Bm(s,z)

a—pj
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Proof. First, we have
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(5= (t,2)) 021, ot 1,

and
oy QBN P 0 P

’ ox; T Q01 % oz v 0x;0x; 5
By (B25) and ([B26), partial differentiation of (B.I9) with respect to x; at (r,z)
gives that

820, r2) = (3%5) oL, (t2)+ 2 %L, o)+ 02,

0z, 0 nE = Oz oz; »# a— [\ 0z;0z, % (’hzaxl

() oL, (s.5)— P 0%, o) 520
0z Oz; "’ a—p \0z;0x;" 0z;011

——(s,z

2

By (320), B21), B22), B23), the right side of the above equality equals the right

side of (3:24)).

]

The following lemma gives the explicit values of the second order partial deriva-
tives of p,, for x € D1 N ef-.

Lemma 3.7. For fized z € Dy Nei, for sy as in @I4) and i,j =2,...,n

have
(3.27) 682795(0,2) = %(51,2)7
(3.28) aijgl 0,2)=0= aij?;l (0,2),
and
%, L,
(3.29) aijg;( ,z) = 8(;2'({_)23]’ (31,2) = = (813;2(3?28; o

; 9on
Proof. Since viroy

221 we have

2 9en (p ) — Don(( %, (s, 2 ﬁntz 2
(3.30) 2 90.(0,2) = lim or(2) ~ 50, (02) _ - 5oy (52)5 ( )T
axl r—0+ r r—0 L (s z)/r— L,

By B6) and 2r = (t — s1) + (s1 — s), we have

(3.31)

(3.32)  lim

t—s1 lim S1— S

r—0+t T r—0+ r

=1

Similarly, we have

(3.33)

ae, o, oe
5o (t:2) — i 2o (t,2) — 52 (51, 2) 0%, n (s o).
r r—0+ t—s1 B
oL
lim a1 (%:7) _ 2L, (s1,2)
r—0t r 0 % b

—1, we

(0,z) = 0 and g%(r, z) is an odd function with respect to r, by



354 YOUJIANG LIN

By 330), 332) and (333), we have

0%, 2
%0y, Q(am (s1, )) 9%(
(3.34 (0,2 5 = —2(s1,2).
) ox3 )= (?952 (s1,2) dx} (&

Since gg’l‘ (0,2) =0 for any z € Dy Nef, %(O, z) = 0 is established.
Since o, and £, are C*, by (3.19) and [B.2) we have

don, _ don
ox; 0,2) = r1—1>%1+ ox;

By B13), B35), B2), B31) and ¢, € C?, we have

9en (r,z) — 89" (0 2)

(3.35) (ryz) = gi’; (81,2).

lim 2%
r—0+ r
@ 8£n agn 8£n 8£n
i P} (axi (t,z) — a—mi(shz)) - a‘%g (a—m(s’z) - 8_301.(51;2))
= lim
r—0+ T
aL, ot oL, aL,
1. g(tz)—520s1,2) 1 52(s2) — 52 (s1,2)
= = lim — = lim
2t—)sJr t—s1 s—>s s— 51
1 0% 1 0%
= 20 83:1( ) 3 B )
(3.36) = 0.
Moreover, since g%(r z) is an even function with respect to r, by (B:30)
9en (. ) — 9en(Q, » 9on () — 9en(Q), 2
(3.37) lim 2= r2) = 5: 02 _ lim 2% (r2) = 52 (0.2) _ 0
r—0- r r—0t r
By (836) and ([B.37), we have
9¢n 90n
82 Oz, (T7 Z) - a—(O,Z)
3.38 0,z) =1l i L2 =0
( ) ox; 3:101( ,2) = 50 r
By (38) and £, € C?, we have
don Aon
e 0,2) = lim?2 oz, (02 +ees) — 5:7(0.2)
dz;0x; e—0 £
ot oL
_ oy Jmsi(zteeg) 2 +ee) — ma(s1(2),2)
- c
L B (1 ees), 2 4 ees) — (i (2 4 2e5), 2)
= c
ae oL
+ lim Ere (s1(z + 56]) z) — e (51(2), 2)
e—0 9
02¢,, 0%¢, s1(z +eej) — s1(2)
= — — . 1' J
Ox;0x; (51,2) + Ox;0x1 (51,2) i) c
o2, o2,
(3.39) - P (s1,7) — 2200 (31,2) - Farai; (51, 2)
‘ = Ozom; V" L, ’
J B3 (s1,2)



SMOOTHNESS OF THE STEINER SYMMETRIZATION 355

where the last equality is obtained from

(3.40)
lim s1(z +eej) — s1(2)
e—0t €
o (Fex(51(2),2 +2¢5) = 52 (s1(2), 2)) /=
= — 1m+ L. L
07 (Gar(s1(z +2¢j), 2+ ee5) — 522(51(2), 2 + €¢5)) /(s1(2 + 2¢5) — 51(2))
0%¢ 92¢

— _63518% (s1,2)/ 635_2 (s1,2).

1
]

Lemmas BAH37T show the ex1stence of 5 Q’; (x), 1 <i,j <n-1,forx € Dy.
J

We will prove the continuity of a ax at the origin and prove that p,, has positive
definite Hessian matrix at the origin.

Lemma 3.8. Fori,j = 1,2,...,n — 1 and any fized compact set S C Dy N e,

82 iy (r,2) converges to 5 g;j (0, z) uniformly on S as r — 0.

Proof. By Lemmas B.2H3.3] and Lemma [B.7] taking the limit of » — 0% in (B3],
2

BI4) and ([B24) shows that 8‘2 g;/, (r, z) converges to aiig;j (0, z) pointwise on S as

r — 07. Moreover, since g,, is symmetric with respect to ell, fori,j=2,...,n—1,

(r,z) is odd with

2
O on_ and 2o (r,z) are even with respect to r and

0x2(r,2) Ox;0x; éhlam

respect to r. Therefore, aa iy (r,z) converges to m mj (0,z) pointwise on S as
r— 0.

Since |s — s1|+ |t — s1| = 2r is independent of z and the second partial derivative
of ¢, is uniformly continuous on any compact subset of D, the left sides of the
equalities (8:2) and (B8] converge uniformly to their right sides, respectively. By

B9, 314, (B:ZZI) and the uniformly continuity of (% a'x , we have that 3‘2 g’; (r,2)

amia’;j (0, z) uniformly on S as r — 0. O

converges to

Proposition 3.1. The second partial derivatives of o, are continuous at the origin.

Proof. For z € Dy Net, if z — 0, then s1(2) — s1(0). By B27), B23), (3:29)

and £, € C?, the second partial derivatives of g, are continuous at the origin when
z € Dy Nei and z — 0. By the uniform convergence proved in Lemma B8 the
second partial derivatives of p, are continuous at the origin when = € D; and
z — 0. (]

Proposition 3.2. The Hessian matriz of o, at the origin is positive definite.

Proof. Let A = (ai;)n—1,n—1 denote the Hessian matrix of g,, at the origin and let
B = (bij)n—1,n—1 denote the Hessian matrix of £, at the point (s1,0). By B.217),
B2]), (329), the kth row (k= 2,...,n — 1) of A can be obtained by adding the
kth row of B by — b’“ times the ﬁrst row of B. Thus |A| = |B|. Since |B| > 0,
|A| > 0. Moreover, Qn is a convex function, so its Hessian matrix A is semi-positive
definite. By |A| > 0, A is positive definite. O

By Proposition [3.], Proposition and the arbitrary choice of z, € K Net,
K is of class C’i.
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4. OPEN PROBLEMS

Problem 4.1. For 3 < k < oo, is the Steiner symmetral of a convex body of class
C_’ﬁ again of class C’f_?

The following problem is provided by the referee.
Problem 4.2. Can Theorem [[.T] be obtained simply from Corollary L2
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