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ON THE ALGEBRAIC STRINGY EULER NUMBER

VICTOR BATYREV AND GIULIANO GAGLIARDI

(Communicated by Lev Borisov)

ABSTRACT. We are interested in stringy invariants of singular projective al-
gebraic varieties satisfying a strict monotonicity with respect to elementary
birational modifications in the Mori program. We conjecture that the alge-
braic stringy Euler number is one of such invariants. In the present paper,
we prove this conjecture for varieties having an action of a connected alge-
braic group G and admitting equivariant desingularizations with only finitely
many G-orbits. In particular, we prove our conjecture for arbitrary projective
spherical varieties.

1. INTRODUCTION

Let X be a smooth projective algebraic variety over C. The dimension btop( )

of the i-th cohomology group H'(X,C) is called the i-th topological Betti number
of X. The topological Betti polynomial of X is defined as

2dim X . .
Btop(Xut) = Z (_1)Z iop(X)tz'
=0
Its value
2dim X
erop(X) = Biop(X, 1) = > (=1)"bl,,(X)
1=0

is the topological Euler mumber of X. Let Hadg(X7 C) be the C-subspace in

H?(X,C) generated by the classes [Z] of algebraic cycles Z € X of codimen-
sion ¢. We call the dimension balg( ) of the C-space H2 1« (X, C) the 2i-th algebraic
Betti number of X. This naturally leads us to the algebmzc Betti polynomial

dim X
Baig(X, 1) Z b2, (X))t

Its value
dim X

ealg(X) = Balg(X’ 1) = Z bdlg( )
=0

we call the algebraic Fuler number of X. Using the hard Lefschetz theorem, one
can easily show that e, (X) > dim X +1. In particular, the algebraic Euler number
ealg(X) of a smooth projective variety X is always a positive integer.
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In order to consider stringy versions of the above invariants for singular varieties
X we need some additional notation.

Let X be a normal projective algebraic variety over C and let Kx be its canonical
class. A birational morphism p: Y — X is called a log-desingularization of X if
Y is smooth and the exceptional locus of p consists of smooth irreducible divisors
Dy, ..., Dy with simple normal crossings. Assume that X is Q-Gorenstein, i.e.,
some integral multiple of Kx is a Cartier divisor on X. We set [ == {1,...,k},
Dy :=Y, and for any non-empty subset J C I we denote by D the intersection of
divisors e Dj, which is either empty or a smooth projective subvariety in Y of
codimension |J|. Then the canonical classes of X and Y are related by the formula

k
Ky =p"Kx + ZaiDi>
i=1
where a1, ..., a; are rational numbers which are called discrepancies. The singu-
larities of X are said to be log-terminal if a; > —1 for all i € I.
For a projective algebraic variety with at worst Q-Gorenstein log-terminal sin-
gularities one defines the topological stringy Betti function

t2—1
str
B (X,t) = > BupDst)]] <—t2(aj+1) — - 1)
§CICI jeJ
and the algebraic stringy Betti function
btl‘ B D t? -1 1
alg Z alg 7t H $2(a;+1) _ 1 - :
pCJCI jeJ
In particular, one obtains the topological stringy Fuler number

str str —4
0 = I B0 = 3 a0 T ()
J

9pCJCI jeJ

and the algebraic stringy Fuler number

str . str —aj
) =l B0 = 3 eneDn TT ()

9CJCI jeJ aj +1

It is well known that the definition of Bfy:,(X,t) and €3l (X) does not depend on
the choice of the log-desingularization p (see [Bat98]). The proof of this statement
uses a non-archimedean integration and the fact that the Betti polynomial B(X, )
can be extended to an additive function on the category V¢ of algebraic varieties

over C having the multiplicativity property
Btop(Xl X Xg,t) = Btop(Xl,t) . Btop(XQ,t) VXl,XQ c V(C.

We note that the algebraic Betti polynomial Baig(X,t) can also be extended to
an additive function on the category of arbitrary algebraic varieties, but the above
multiplicativity property fails for Baig(X,t) in general. Nevertheless, it was noticed
in [Teh09] that the weaker multiplicativity property

Bayg(X x P t) = Bag(X,t) - Bag(P',t) VX € Ve
is sufficient in order to define stringy invariants. In particular, the algebraic stringy

Betti function Bjji(X,¢) and the algebraic stringy Euler number e3ji(X) do not
depend on the choice of the log-desingularization p.
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The algebraic stringy Euler number ef:lg(X ) of a singular variety X is usually a
rational number. Our first conjecture claims the positivity of the algebraic stringy
Euler number:

Conjecture 1.1. Let X be a projective algebraic variety with at worst Q-

Gorenstein log-terminal singularities. Then e3it(X) > 0.

Remark 1.2. Tt is natural to expect an even stronger inequality:

e (X) > dim X + 1.

alg

Now we consider some relations between the stringy Euler numbers and bira-
tional geometry.

Recall that two smooth birationally isomorphic projective varieties X; and X5
are called K-equivalent if there exists a birational isomorphism f: X7 --+ X5 and
a smooth projective variety Y together with two birational morphisms p1: Y — X3
and ps: Y — X5 in a commutative diagram

Y
7N
X1***£**>X2

such that the pullbacks of the canonical classes of X; and X5 are the same:
pi(Kx,) = p5(Kx,). Using methods of non-archimedean integration, one can
show that K-equivalent algebraic varieties must have the same Betti polynomials:
Biop(X1,t) = Biop(Xa,t). In particular, two birationally isomorphic Calabi-Yau
manifolds must have the same Betti numbers (see [Bat99a]).

The notion of K-equivalence immediately extends to algebraic varieties with at
worst Q-Gorenstein singularities.  Using the same method based on non-
archimedean integration, one can prove that two K-equivalent projective varieties
X1 and X, with at worst log-terminal singularities must have the same stringy
Betti functions: Bjy (X1,t) = B (Xa,t). In particular, one has the equality

e (X1) = i (X2) for the stringy Euler numbers if X; and X5 are K-equivalent.

Definition 1.3. A proper birational morphism f: X — X’ of two Q-Gorenstein
varieties X and X' is called a divisorial Mori contraction if f contracts a divisor
D C X and the anticanonical divisor —K x is f-ample.

Definition 1.4. A birational morphism g: X --+ X of two Q-Gorenstein varieties
X and X together with the birational morphisms f: X — Z and fT: Xt — Z
in a commutative diagram

is called a Mori flip if g is an isomorphism in codimension one, the anticanonical
class —Kx is f-ample, and the canonical class K x+ is fT-ample.
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We conjecture the following strict monotonicity of the algebraic stringy Euler
number with respect to the above elementary birational transformations in the
Mori program:

Conjecture 1.5. Let f: X — X' be a divisorial Mori contraction. Then
6s‘mr (X) > estr (X/)

alg alg
Conjecture 1.6. Let g: X --» X be a Mori flip. Then

eaig(X) > efig(XT).

Remark 1.7. From the viewpoint of Conjectures [l [LA and [L6 a projective
algebraic variety X with at worst terminal singularities is a minimal model in a
given birational class if its algebraic stringy Euler number ejﬁg(X ) has the mini-
mal possible value among all projective algebraic varieties with at worst terminal
singularities in the same birational class.

Since erop(X) = e, (X) for smooth algebraic varieties, Conjecture [LT] is obvi-
ously false for the topological stringy Euler number efi,(X) because egop(C) < 0
already for smooth projective algebraic curves C' of genus g > 2. If X is a
blow-up of a smooth curve C' in a smooth minimal threefold X', then ey, (X) =
etop(X”) +etop(C) and one gets the opposite inequality 3t (X) < eftr (X') if g > 2.
Therefore Conjecture is also false for topological stringy Euler numbers. This
does not happen for the algebraic Euler number e,5(X) of smooth projective vari-
eties X, because the cohomology groups in odd degrees do not contribute to it.

In general, the topological and algebraic stringy Euler numbers of a singular
variety are rational numbers. However, if X = Xy, is a d-dimensional Q-Gorenstein
projective toric variety associated to a rational polyhedral fan ¥ in a d-dimensional
Q-space Ng, then the stringy Euler number eigrp (Xyx) is always a positive integer.
This statement follows from the explicit computation of the stringy Betti function

of the toric variety X by the formula

B:g;(Xg,t) = (t2 - 1)d Z t_zﬁ(n)v
neN
where N C Ng = N®Q is the lattice of 1-parameter subgroups in the d-dimensional
algebraic torus acting on Xs and x: Ng — Q is a special piecewise linear function
having the following properties: 1) & is linear on every cone o € ¥; 2) k has value
1 on primitive lattice generators of 1-dimensional cones in ¥ (see [Bat98|). More-
over, it was observed in [Bat98 Proposition 4.10] that the stringy Euler number
i (Xx) of a d-dimensional toric variety Xy coincides with the normalized volume

d!'vol(shed(X)) of the bounded polyhedral set
shed(X) :== {z € Ng | k(z) <1},

which is called the shed of the fan ¥ (see |[Rei83l (4.2)]). Torus-equivariant bi-
rational morphisms of toric varieties Xy --+ Xys can be described by polyhedral
subdivisions of the corresponding fans. It was observed by Reid in [Rei83] that
one has strict inclusions shed(X’) C shed(X) for divisorial toric Mori contractions
f: Xs — X5 and shed(XT) C shed(X) for toric Mori flips g: X5 --» Xs+. There-
fore, the statements in Conjectures and hold true for equivariant birational
morphisms in the toric Mori program. It is not difficult to show that for projective

toric varieties X one always has even the stronger inequality eff, (X) > dim X 4 1.
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Let G be a connected reductive algebraic group. An irreducible normal G-variety
X is called spherical if a Borel subgroup B C G has an open orbit in X. Spher-
ical varieties are generalizations of toric varieties. Following the equivariant Mori
program for toric varieties in [Rei83|, the equivariant Mori program for spherical
varieties was considered by Brion and Knop in [Bri93|[BK94] (see also the recent
papers of Perrin and Pasquier [Perl4l[Pasibal). It is known that a Q-Gorenstein
spherical variety is always log-terminal (see [AB04] and [Pas15bl Proposition 5.6]).
As in the case of toric varieties, one has the equality Bjji(X,t) = B, (X,t) for
any spherical variety X. However, the stringy Euler number of a projective spher-
ical variety X is not always an integer even in the case when X is Gorenstein
(see [BM13| Example 4.6]).

The main purpose of this paper is to attract attention to the above conjectures
and to prove them for arbitrary projective spherical varieties:

Theorem 1.8. Let G be a connected reductive algebraic group. Conjectures [LL1],
and are true in the G-equivariant Mori program for projective spherical
G-varieties.

We remark that our proof of the above theorem works even for more general
G-varieties having a regular action of a connected algebraic group G. We need
only the following well-known properties of spherical varieties: 1) every spherical
G-variety X contains only finitely many G-orbits; 2) every singular spherical G-
variety X always admits a G-equivariant log-desingularization Y which is again a
spherical variety; 3) every birational G-equivariant map g: X7 --+» X5 between two
spherical G-varieties can be extended to a G-equivariant commutative diagram

Y
7
X1———£——>X2

for some smooth spherical G-variety Y and G-equivariant log-desingularizations
p1:Y = X7 and po: Y — Xo.

In Section [2, we explain the construction of generalized stringy invariants of
algebraic varieties that include the algebraic stringy Euler number and some other
invariants that could attain minimum on the minimal models in a given birational
class.

In Section Bl we prove Theorem [[.§ as a consequence of some more general results
on the G-equivariant birational Mori theory. We also discuss some generalizations
of our results that include the G-equivariant Mori program for pairs (X, A).

2. GENERALIZED STRINGY INVARIANTS OF ALGEBRAIC VARIETIES

We denote by V¢ the category of complex algebraic varieties. Let Ko(V¢) be the
Grothendieck group of complex algebraic varieties, which is the quotient of the free
abelian group generated by isomorphism classes [X] of complex algebraic varieties
modulo the subgroup generated by [X] — [X'] — [X \ X'] for closed subvarieties
X" € X. One defines the structure of a commutative ring on Ko(Vc) by the
equation [X]-[X'] = [X x X']. We can consider the ring K¢(V¢) as a module over
the polynomial ring Z[A] using the ring homomorphism Z[A] — Ky(V¢) that maps
A to the class L == [A'] € Ko(Ve).



34 VICTOR BATYREV AND GIULIANO GAGLIARDI

Let S = S(A\) € Z[)A] be the multiplicative subset generated by A and the

polynomials Zf:o A for all K > 0. We define a filtration F* on the localized
ring ST1Z[)\] using the subgroups F*ST1Z[\] (m € Z) generated by all rational
functions p(A)/q(A) such that g(A\) € S and degq — degp > m. This filtration
is obtained by the restriction to S™!Z[A] of the filtration on the ring of rational
functions on P! over SpecZ defined by the discrete valuation corresponding to the
point co € P!,

We define the filtration F* on the S~!Z[)]-algebra

Mc = S Ko(Ve)
where fmﬂ(c is the subgroup of M@ generated by
{ﬁ :degg(A) —dim X > m, q()\) € S}.
q(LL)
This filtration is compatible with the filtration F* on S™1Z[\]:
Fm.F C F™H ym,l € Z.

In papers devoted to motivic integration (see, for instance, [DL99, (3.2)] or
[Cra04l, Definition 2.11]) one often considers the ring M¢ obtained as the completion
of the ring /\/l@ with respect to the filtration F*. However, the kernel of the
completion map Mc — MC is rather difficult to understand because MC is not a
noetherian ring. The above filtration is necessary for the definition of the topology
and the convergence in this topology, but we do not really need the completed ring
./\/l(c because all non-archimedean motivic mtegrals considered will take their values
in the localized ring ./\/lc or in an extension Mtc ), which we explain next.

Let r be a positive integer. Using the ring monomorphism

1 STYZIN = STYZ[N], A N
we can identify the image of 2,, with S™!Z[)\] and obtain the ring extension
STIZIN € S(AYTY Tz
This allows us to consider any rational function

A—1
N/ — 17

as an element of S(AY7)~1Z[AY/"]. For any Z[\]-module M, we define

keN,

S M = SOV T ZN ) @y ST,

and we define
M) = Sy Ko(Ve)-
The following Definition 2.I] and Theorem are slightly modified versions of

some of the content from [Teh09) Section 4].

Definition 2.1. Let X be a normal projective variety over C with at worst Q-
Gorenstein log-terminal singularities. Denote by r the minimal positive integer
such that rKx is a Cartier divisor. Let p: Y — X be a log-desingularization
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together with smooth irreducible divisors D1, ..., D with simple normal crossings
whose support covers the exceptional locus of p. We can uniquely write

k
Ky =p"Kx + Z%Di

i=1

for some rational numbers a; € %Z satisfying the additional condition a; = 0 if D;
is not in the exceptional locus of p. We set I := {1,...,k} and, for any § C J C I,
we define

Y if J=10
DJ:—{ _ ’ DS =Dy \ U D;.
ijJDj lf.]#@, jel\J

Let ¢: Ko(Vc) — M be a Z[A\]-module homomorphism. It induces a S(;)lZ[)\]—

module homomorphism
-1 4. A4 -1
S(T)qﬁ. M — S(T)M.

We define the generalized stringy invariant associated to ¢ as

o) = 3T ey | -o0%)

PCICI \jeEJ
A—1 1
= Z e+l 1 1) -¢(Dy) € S(T)M'
9CICT \jEJ

Theorem 2.2. The definition of ¢**(X) is independent of the choice of the log-
desingularization.

Proof. Tt follows from the theory of motivic integration (see, for instance, [VeyO1}
Appendix]) that the element

str L-1 o 'viG
[X]" = Z Lol —1 '[DJ]EM((C)
0CICI \jeJ
is independent of the choice of the log-desingularization. By ¢*** (X )= S’(;;¢([X]Str),

the element ¢5"(X) is also independent of the choice of the log-desingularization.
O

We now consider examples of Z[A]-module homomorphisms ¢: Ko(V¢) = M and
their respective stringy invariants.

Example 2.3. The virtual Hodge polynomial (also known as the E-polynomial)
E(X;u,v) = Z(—l)’”qh”’q(X)upvq
p.q

induces a Z[A]-module homomorphism Ko(V¢) — Z[u,v] where the Z[A]-module
structure on Z[u,v] is given by the map A — wv. By Theorem 2.2 we obtain the
stringy E-function

E*(X;u,v) € S(T;Z[u,v].
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Example 2.4. The topological virtual Betti polynomial
Buop(X;1) == B(X;1,1)

induces a Z[A]-module homomorphism K¢(Vc) — Z[t] where the Z[A]-module struc-
ture on Z[t] is given by the map A ~ t2. By Theorem [ZZ] we obtain the topological
stringy Betti function

B, (X3t) € S Z[t?).

top
Example 2.5. The topological Euler number
etop(X) B(X 1) E(Xa]-,]-)
induces a Z[A]-module homomorphism K¢(Vc) — Z where the Z[A]-module struc-

ture on Z is given by the map A — 1. By Theorem [Z2] we obtain the topological
stringy Euler number

eiﬁfp( ) € S(T;Z.
Using the map SilZ — Q, A7 1, we interpret efg‘"p(X) € Q, and then we have

(X)) = hm B (X:t) = lim E(X;u,v).

etop top u,v—1
The following was shown by Teh using [Bit04, Theorem 3.1].

Proposition 2.6 ([Teh09, Proposition 4, k = 2p]). The algebraic Betli polynomial
of smooth projective algebraic varieties

Baig(X;1) Zbalg X)t¥

can be extended to a Z[\]-module homomorphism
Bag: Ko(Ve) — Z[t?)
where the Z[\|-module structure on Z[t?] is given by X — t2.
Corollary 2.7. By Theorem [2.2], we obtain that the algebraic stringy Betti func-
tion

B (Xst) € S Zt]

alg

does not depend on the choice of the log-desingularization and the same is true
for the algebraic stringy Fuler number

S (X) = lim B3 (X t) € Q.
t—1

alg alg

Example 2.8. It is also possible to consider the following modified version of the
virtual E-polynomial:

1
Eeven(X5,0) = 5 (B(X;0,0) + B(X; —u, —v)) = > API(X)uPvr.
p+qE2Z
The corresponding stringy invariant
tr uv — 1
Egven(X;u,0) Z Eeven (D73 u,v) H m

0CJCI jeJ

we call the even stringy E-function.
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Example 2.9. Another modified version of the virtual E-polynomial is
Ep—g(X;u,v) = Z hPP( X )uPoP.
0<p<dim X

This leads to the stringy invariant

. uv — 1
EX (Xiu0) = Y Epeg(D5iu,0) H(a;—+1
. uy) J -1
pCJCI =

Remark 2.10. We also obtain the modified Euler numbers
et (X) = hmlEStr (X;u,v)  and e (X):= lim B3 (X;u,v).

even even pP=q w,v 1

The results of the next section show that one can expect that Conjectures [T} [[.5]

and could also be true for the rational numbers €5%% = and ezt:‘"q, i.e., these alter-

native stringy invariants are also candidates for invariants attaining their minimum
on the minimal model in a given birational class.

3. EQUIVARIANT DESINGULARIZATIONS WITH FINITELY MANY ORBITS

Let G be a connected linear algebraic group. We consider the category of alge-
braic G-varieties with G-equivariant birational maps over C. We need two results
of Brion and Peyre.

Lemma 3.1 ([BP02, Lemma 1 and Lemma 2]). Let H C G be a closed subgroup.
Then there exists a locally trivial fibration in the Zariski topology G/H — Z with
fiber T' such that Baig(Z;t) = Byop(Z;t) and T is an algebraic torus.

Proposition 3.2. Let H C G be a closed subgroup. Then for the quasi-projective
variety G/H one has

Bug(G/H; 1) = Buop(G/Hs1).
In particular, one has eag(G/H) = eiop(G/H).
Proof. Using the fibration from Lemma [B1] one obtains

Baig(G/H;t) = Baig(T;t)Baig(Z;t) = Biop(T';t) Brop(Z;t) = Biop(G/H; t)
because Baig(T;t) = Biop(T;t) = (12 — 1)4m T, O
Proposition 3.3 ([BP02, Theorem 1(b)]). Let H C G be a closed subgroup. Then
one has

0 if rank G > rank H,

op(G/H) =
ctop(G/H) {|W(;|/|WH otherwise,

where Wg (resp. Wy ) denotes the Weyl group of G™% (resp. of (H°)™d). In
particular, one has ewop(G/H) > 0 if H is a parabolic subgroup.

Theorem 3.4. Let X be a Q-Gorenstein projective G-variety with at worst log-
terminal singularities. Assume that there exists a G-equivariant log-desingulariza-

tion p: Y — X such thatY contains only finitely many G-orbits. Then ejﬁg( )>0.
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Proof. We write

k
Ky =p"Kx + Z%Di
i=1
for some G-invariant smooth irreducible divisors D1, ..., Dy. By Definition 21l we

have

e (X) = Y eus(D5) [[—

a; +1°
OCJCI jeJ it

Since the G-invariant locally closed subvariety D9 is a union of finitely many G-
orbits, by Proposition B3] we obtain eaqg(D) > 0 for all J C I. Together with the

inequalities a; +1 > 0 for all j € T it implies e5j: (X) > 0. Choose a subset J C T

with DG = Dy # (. As DS contains a projective G-orbit, by Proposition B3] we
obtain e,g (D7) > 0 and, hence, the strict inequality e3j;(X) > 0. O

Theorem 3.5. Let g: X ——» X be a G-equivariant Mori flip with G-equivariant
log-desingularizations p: Y — X and py:Y — X as well as a G-equivariant
commutative diagram

Y
-
X--—-2-_sXx+
such that Y contains only finitely many G-orbits. Then we have eZ'ig(X) >
earg (X 1).
Proof. Write
k k
Ky =p*Kx + Z%‘Di =pL Kx+ + Za?‘Di
i=1 i=1
for some G-invariant smooth irreducible divisors Dy, ..., Dg. By Definition 2] we
have
Str [e] 1
eaﬁg(X) = Z eﬂlg(DJ) H PR
~La;+1
9CJICI jed
Str [e] 1
(X = > eag(DH ] prans
0CJCI jer %

According to [IS05, Lemma 3.4], we have a; < aj for every j € I and there exists
Jjo € I such that aj, < a;;. Since the G-invariant locally closed subvariety D9 is a
union of finitely many G-orbits, by Proposition B3] we have eaqg(D5) > 0 for all
subsets J C I. Thus, we obtain et (X) > et (X ™). Choose a subset J C I with
Jo € Jand DS = Dj # (. As D9 contains a projective G-orbit, by Proposition [3.3]
we obtain ealg(D5) > 0 and, hence, the strict inequality efji (X ™) > efje (X+). O
Theorem 3.6. Let f: X — X' be a G-equivariant divisorial Mori contraction
with a G-equivariant log-desingularization p: Y — X such that Y contains only
finitely many G-orbits. Then e*5(X) > eM5(X).

str str
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Proof. We write

k k
Ky =p"(Kx)+ Y aDi=p"f*Kx/ + Y _a;D;
i=1 i=1
for some G-invariant smooth irreducible divisors Dy, ..., Dg. By Definition 2] we
have
str [e] 1
eaﬁg(X) = Z eﬂlg(DJ) H . ’
tLa; +1
pCJCI jeJ
Str [e] 1
eatlg(X,) = Z eag (D7) H PR
tlal+1
pCJCI jeg i

Again we have a; < a;- for every j € I and there exists jo € I such that a;, < a}o.
The rest of the proof is the same as in the proof of Theorem

Remark 3.7 (Proof of Theorem [[8). Spherical varieties have only finitely many
G-orbits (see, for instance, [Perl4l, Theorem 2.1.2]). Moreover, the desingulariza-
tions of spherical varieties required in Theorems [B.4] B35 and can be always
constructed explicitly using subdivisions of the corresponding colored fans (see, for
instance, [Perl4l Theorem 3.1.13 and Corollary 3.3.8]).

Remark 3.8. As in [Bat99b], it is possible to generalize Definition 2] to define
stringy invariants for any Kawamata log-terminal pair (X, A).
For example, let p: Y — X be a log-desingularization of (X, A) together with

smooth irreducible divisors D1, ..., Dy with simple normal crossings whose support
covers the exceptional locus of p and the support of p*A. We can uniquely write
k
i=1

for some rational numbers a; € %Z satisfying the additional condition that —a; is
the multiplicity of D; in A if D; is not in the exceptional locus of p. We then define

Str Str o 1
eatlg(Xa A) = E eatlg(Dj) i € Q
1la, +1
pCJCI jeg

Conjecture 3.9. The algebraic stringy Fuler number e;tlg(X, A) is strictly mono-
tone with respect to the elementary birational transformations from the Mori the-
ory of Kawamata log-terminal pairs (X, A).

It is possible to prove generalized versions of Theorems B4l B35 and for
Kawamata log-terminal pairs (X, A) where the irreducible components of A are
G-invariant. In particular, we obtain the following result.

Theorem 3.10. The algebraic stringy Euler number e:tlg(X, A) is strictly mono-

tone with respect to the elementary G-equivariant birational transformations from
the G-equivariant Mori theory of Kawamata log-terminal pairs (X, A) for projec-
tive spherical varieties X and G-invariant divisors A.

Remark 3.11. Let B C G be a Borel subgroup. Since every divisor on a spherical
variety is linearly equivalent to a B-invariant divisor, it is natural to consider the
B-equivariant Mori theory of pairs (X, A) on spherical G-varieties X. Irreducible
B-invariant divisors on X that are not G-invariant are called colors. As in the
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case of toric varieties, B-invariant Cartier divisors can be described by piecewise
linear functions on the colored fan of a spherical variety. It is possible that the ir-
reducible B-invariant divisors (colors) have singularities, even in the open G-orbit,
and even if all colors are smooth, they may not satisfy the normal crossing condition.
The B-equivariant log-desingularizations of B-invariant divisors on horospherical
varieties have been constructed by Pasquier in [Pasl6] using Bott-Samelson reso-
lutions of Schubert cells in homogeneous spaces. We remark that every spherical
variety X contains only finitely many B-orbits. However, a B-equivariant log-
desingularization of B-invariant pairs on a spherical variety X having only finitely
many B-orbits may not exist in general.

Proposition 3.12. Consider the spherical SL(2)-variety X = P(sly) = P2, d.e.,
the projectivization of the adjoint representation of SL(2). Then the set of B-
invariant divisors in X does not admit a B-equivariant log-desingularization with
finitely many B-orbits.

Proof. It is easy to show that X contains exactly two irreducible B-invariant di-
visors Dy and D;. The divisor Dy = P! is an SL(2)-invariant conic in P2. It is
the projectivization of the set of nilpotent matrices in sly. The B-invariant divisor
D; = P! is the tangent line to the conic Dy at the B-fixed point x5 € Dy.
Assume that there exists a B-equivariant desingularization p: Y — X such that
Y has only finitely many B-orbits and the set of B-invariant divisors in Y has
simple normal crossings. Then the birational morphism p: ¥ — X between two
smooth projective algebraic surfaces Y and X can be decomposed into a sequence
of B-equivariant blow-downs ¥ = X,, —» X,,_1 — -+ —» Xo = X; — Xy = X.
Moreover, every smooth projective algebraic surface X; must have finitely many B-
orbits. Since X has only one B-fixed point xg := DyN D1, the birational morphism
p1: X1 — Xo must be the blow-up of this point. Then the B-variety X; contains
three B-invariant divisors p~1(Dy), p~1(D1), and p~'(zo) having a common B-
fixed point x; € X;. It is easy to show that x; is the unique B-fixed point in
X;. Therefore, the birational B-equivariant morphism ps: X5 — X7 must be the
blow-up of x1. On the other hand, the tangent spaces of three divisors at the point
x1 are pairwise different. Hence, the group B has at least three pairwise distinct
fixed points in the exceptional divisor E = p~!(z1) € X3. So B must act trivially
on F, i.e., there exist infinitely many B-orbits in X5, a contradiction. O
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