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ABSTRACT. Let A be a finite rank torsion-free abelian group. Then there exist
direct decompositions A = B @ C' where B is completely decomposable and
C has no rank 1 direct summand. In such a decomposition B is unique up to
isomorphism and C' is unique up to near-isomorphism.

1. INTRODUCTION

All ‘groups’ in this article are torsion-free abelian groups of finite rank, and
undefined notation comes from the standard texts [4] and [g].

Groups are best thought of as additive subgroups of finite dimensional Q—vector
spaces. The rank of a group A is the dimension of the vector space QA that A gener-
ates. By reason of rank, such groups always have ‘indecomposable decompositions’,
meaning direct decompositions with indecomposable summands. Indecomposable
decompositions can be highly non-unique (see for example [4, Section 90]). A par-
ticularly striking result in this direction is due to A.L.S. Corner [2], [3].

Let P = (rq,...,7¢) be a partition of n, i.e., r; > 1 and r; +--- 4+ r; = n. Then
G realizes P if there is an indecomposable decomposition G = G & - - - & G such
that for all 4, r; = rank(G;).

Corner’s Theorem. Given integers n > k > 1, there exists a group G of rank n
such that G realizes every partition of n into k partsn =ry + -+« + rg.

Corner’s Theorem constitutes a positive partial answer to the general

Question. Characterize the families of partitions of n that can be realized by a
group.
On the other hand, Corner comments that

...1it can be shown quite readily that an equation such as 1+1+2 =
1+ 3...cannot be realized.

Related questions were studied by Lee Lady [6] for finite rank almost com-
pletely decomposable groups, that is, finite extensions of completely decom-
posable groups. For a comprehensive exposition see [§].

Near isomorphism is a weakening of an isomorphism also due to Lady [7].
There are several equivalent definitions (see for example [8, Chapter 9]), the most
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useful one for us being that a group A is nearly isomorphic to B, denoted A =, B,
if there exists a group K such that A K 2 B® K.

An important result due to Arnold [, 12.9], [8, Theorem 12.2.5] is that if A &,
A'and A=X@Y, then A= X" &Y’ with X =, X’ and Y =, Y'. Conversely,
f X2, X andY =, Y then XY =, X' Y’

By Arnold’s Theorem, nearly isomorphic groups of rank n realize the same par-
titions of n.

A group G is clipped if it has no direct summands of rank 1, a property which
is also preserved by near isomorphism. Lady’s ‘Main Decomposition Theorem’
says that every almost completely decomposable group G has a decomposition
G = G.q® G, where G4 is completely decomposable, G is clipped, G4 is unique
up to isomorphism, and G¢; is unique up to near-isomorphism.

Our main result, Theorem 2.5 is the generalization of the Main Decomposition
Theorem to arbitrary groups, which then settles Corner’s remark above about non-
realizability.

2. MAIN DECOMPOSITION

A rank—1 group is a group isomorphic to an additive subgroup of @, and a
completely decomposable group is a direct sum of rank—1 groups. A type
is the isomorphism class of a rank-1 group. It is easy to see that every rank-1
group is isomorphic to a rational group, by which we mean an additive subgroup
of Q that contains 1. Types are commonly denoted by o,7,..., and we use the
same notation to mean a rational group of type o,7,.... It will always be clear
from the context whether 7 is a rational group or a type. The advantage of this
notation is that any completely decomposable group A of finite rank r can be
expressed as A = o101 @ - - - @ 0,0, with v; € A. In this case {v1,...,v.} is called
a decomposition basis of A.

A completely decomposable group is called 7—homogeneous if it is the direct
sum of rank—1 groups of type 7, and homogeneous if it is 7-homogeneous for
some type 7. It is known [4] 86.6] that pure subgroups of homogeneous completely
decomposable groups are direct summands.

Definition 2.1. A group G is 7—clipped if G does not possess a rank—1 summand
of type 7.

Lemma 2.2. Suppose that G = D ® B = A® C where D and A are completely
decomposable T—homogeneous and B and C' are T—clipped. Then D = A.

Proof. Let 6,8, .,y € End(G) be the projections belonging to the given decompo-
sitions and let 0 # = € D, so that x = xa + z7y. Denote by (x), the pure subgroup
of D generated by z, so (), is a summand of D of type 7.

If za = 0, then (x). C Kera = C, so (z). is a subgroup and hence a summand
of C of type 7, contradicting the fact that C' is 7—clipped.

Hence o : D — A is a monomorphism and therefore rank D < rank A. By
symmetry rank A < rank D and D = A as desired. O

The direct sum of 7—clipped groups need not be 7—clipped as Example 2.3 shows.

Example 2.3. Let p, g be different primes and let o, 7 be rational groups that are

incomparable as types and such that neither % nor % is contained in either o or 7.
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Recall that Z is a type. Let
1 1
X1 = (ov1 ® Tv2) + Z};(vl +v2) and Xy = (ow; ®Tws) + Za(wl + wa).

It is easy to see that X; and X5 are indecomposable and therefore clipped.

Let X = X7 & X5. There exist integers uy,us such that uip + usqg = 1. Now
%(vl + vo) + %(wl + wy) = i ((qu1 + pw1) + (qua + pws)). Set v} = qui + pwy,
vh = qua + pwe, W) = —uyvy + uswy, and wh = —uyvy + uswe. Then (change of
decomposition basis) ovy ® owy = ov] @ ow} and Tve B Twy = TV, G Tw),. Hence
X = ow} & Twh & ((Uv'l @ Tvh) + Zp—lq(v’l + vé)), so X has rank-1 summands of
types o and 7.

However, Lemma [2.4] settles positively a special case.

Lemma 2.4. Let G = A® B where A is completely decomposable T—clipped and B
is T—clipped. Then G is T—clipped.

Proof. We may assume that rank A = 1. In fact, if A = A; & --- & A where
rank A; = 1, then Ay @ B is 7—clipped by the rank 1 case, As @ --- @ Ax @ B is
7—clipped by induction, and A @ B is 7—clipped by the rank 1 case.

By way of contradiction assume that G = Tv®C = oca® B with 7 % o (as rational
groups or 7 # o as types). Let «: G - 0a C G, :G—-BCG,6:G—1vCQG,
and v : G — C C G be the projections (considered endomorphisms of G) that come
with the stated decompositions.

(1) We have v = va + v uniquely. Suppose va = 0. Then (7v)a = 0 and the
summand 7v is contained in Ker« = B. Then 7v is a summand of B con-
tradicting the fact that B is 7—clipped. So « : Tv — ga is a monomorphism
and 7 < 0.

(2) We have a = ad + a7y. Suppose that ad = 0. Then (ca)é = 0 and the
summand ca is contained in Kerd = C. Hence C = ga & C’ for some C’
and G = Tv®oa®dC’ = ca® B. Hence % ~ ru@C’ = B. This contradicts
the fact that B is 7—clipped. So § : 0a — 7v is a monomorphism and hence
o<T.

(3) By (1) and (2) we get the contradiction ¢ = 7, saying that G = ca & B
does not have a rank—-1 summand of type 7, and the special case is proved.

|

Theorem 2.5 (Main Decomposition). Let G be a group. Then G has a decom-
position G = Ag @ Ay in which Ag is completely decomposable and A; is clipped.
If also G = By @ By where By is completely decomposable and By is clipped, then
Ay = By and consequently Ay =, By.

Proof. Let Ag be a completely decomposable summand of G of maximal rank. Then
G = Ay P Ay, and A, is clipped.

Let Ao = @, A, and By = @, B, be the homogeneous decompositions of the
completely decomposable groups Ag and By. By allowing A, and B, to be the zero
group, we may assume that the summation index ranges over all types p.

We consider G=A,® (@p# A, @ Al) =B,® (@p# B, ® Bl). By Lemma 2.4
@D, Ap ® A1 and D, B, ® By are both 7—clipped. Hence by Lemma we

conclude that A, = B,. Here 7 was an arbitrary type, and the claim is clear.
The fact that A, =, By follows from the isomorphism Ay @ A1 2 Ag® B;. O
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Corollary 2.6. Suppose G has rank n and G realizes the partitions (1,...,1,m)
and (1,...,1,m’). Then m =m’.

Proof. The indecomposable summands of ranks m and m’ are necessarily clipped.
By Theorem 235 the completely decomposable parts of the decompositions are
isomorphic and hence have the same rank, i.e., n — m = n —m’, and hence m =
m'. O

In particular there is no group that realizes both (1,1,2) and (1, 3).

We call a decomposition G = G.q ® G with G4 completely decomposable and
G clipped a Main Decomposition of G.

Main Decompositions are unique up to near isomorphism but not unique. For

example, let X = 0@ <(Tv1 P ovg) + Z%(vl &) vg)), where p is a prime not dividing
o or 7. The group (Tv; B ove) + Z%(vl @ v9) is indecomposable, hence clipped. We

also have X = 7(v +v1) ® ((7‘1}1 @ ove) + Z%(Ul ® vg)) and 7v # 7(v + vy).

On the other hand, if G = G4 ® G and Hom(Geq, Goi) = 0, then Gq is unique
and direct complements of G¢q are isomorphic ([8, Lemma 1.1.3]).
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