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ABSTRACT. Let m > 3 be an integer, and let 3™ be a non-totally geodesic
complete minimal hypersurface immersed in the (n + 1)-dimensional space

form H”Jrl(c), where the constant ¢ denotes the sectional curvature of the
space form. If X" satisfies the Simons’ equation (3.9), then either (1) ™ is a
catenoid if ¢ < 0, or (2) X" is a Clifford minimal hypersurface or a compact
Ostuki minimal hypersurface if ¢ > 0. This paper is motivated by a 2009 work
of Tam and Zhou.

1. INTRODUCTION

In 1968 Simons [14] (see also [2, §7 or §9] and [I8], §1.6]) showed that the second
fundamental form of an immersed minimal hypersurface in the sphere or in the
Euclidean space satisfies a second order elliptic partial differential equation, which
can imply the famous Simons’ inequality. The Simons’ inequality enabled him to
prove a gap phenomenon for minimal submanifolds in the sphere and the Bernstein’s
problem in R™ for n < 7. Since then the Simons’ inequality has been used by various
authors to study minimal immersions.

In this paper, we shall classify all complete minimal hypersurfaces immersed in
the space form MHJ’_I(C) which satisfy the Simons’ equation ([39]), where n > 3.

Roughly speaking, a catenoid is a minimal rotation hypersurface immersed in
Hnﬂ(c). In the case when ¢ = 0, Tam and Zhou [I7, Theorem 3.1] proved that if a
non-flat complete minimal hypersurface X" immersed in R"*! satisfies the Simons’
equation (B9)) on all non-vanishing points of |A|, then ¥™ must be a catenoid.

Motivated by the ideas of Tam and Zhou, we generalize the result to the cases
when ¢ # 0. More precisely we will prove the following theorem.

Theorem 1.1. Let MHH(C) be the space form of dimension n + 1, where n > 3.
Suppose that X" is a non-totally geodesic complete minimal hypersurface immersed
mn M”H(c). If the Simons’ equation [B9]) holds as an equation at all non-vanishing
points of |A] in X", then X" C Mnﬂ(c) is either
(1) a catenoid if ¢ <0, or
(2) a Clifford minimal hypersurface or a compact Ostuki minimal hypersurface
if ¢ > 0.

Received by the editors February 8, 2017.
2010 Mathematics Subject Classification. Primary 53A10; Secondary 53C42.
This research was partially supported by PSC-CUNY Research Award #68119-0046.

©2017 American Mathematical Society
369


http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/13781

370 BIAO WANG

Remark 1.2. The compact minimal rotation hypersurfaces in Theorem 2.3 are called
the Otsuki minimal hypersurfaces (see [11]). The Otsuki minimal hypersurfaces are
immersed catenoids.

Remark 1.3. Combining Proposition and Proposition 3.4 with Theorem [I1]
we can see that the Clifford minimal hypersurfaces and the catenoids are the only
complete minimal hypersurfaces satisfying the Simons’ equation (39).

Remark 1.4. When we say that X" is a complete minimal hypersurface in the space
form Mn+1(c), we actually mean one of the following cases:

(1) if ¢ <0, then X" is a non-compact hypersurface without boundary, that is,
an open hypersurface, or

(2) if ¢ > 0, then X" is a compact hypersurface without boundary, that is, a
closed hypersurface.

Plan of the paper. This paper is organized as follows: In §2] we define the
catenoids and their generating curves in the space forms. In 3 we derive the
Simons’ identity (B0, and we show that the Clifford minimal hypersurfaces and
the catenoids satisfy ([B.9). In §dlwe prove Theorem [ Il In §5] we offer some figures
of the generating curves of the catenoids in the space forms.

2. PRELIMINARY

A simply connected (n + 1)-dimensional complete Riemannian manifold whose

sectional curvature is equal to a constant ¢, denoted by MWH(C)7 is called a space
form. There are three types of space forms:
(i) If ¢ >0, let

(2.1) Mnﬂ(c) =S""e)={z e R"? | 2i+ - +al ,=1/c}.
(i) If ¢ < 0, let
(2.2) M) =B () = {z e R™ |22 -+ 22, < —1/c},

with the metric

4|dx|?

2.3 ds? = ——1

23 T

where 2 = (z1,...,2p41) and |z =2 + - + 2744,
(iii) If ¢ = 0, let

(2.4) " 0) =R

be the (n + 1)-dimensional Euclidean space.

In Theorem and Theorem [2.3] the results that we quote are about minimal
hypersurfaces immersed in the unit sphere S"*!, but these results can be generalized
to the space forms S"*1(c) for ¢ > 0.

In fact, consider both S**1 and S"*!(c) (¢ > 0) as the subsets of R"*2. Define
the map f : R"*2 — R"*2 by f(z) = z/\/c for any x € R""2 where ¢ > 0. It’s
easy to verify S"*1(c) = f(S"*1). For any hypersurface X" immersed in S"*!, let
¥ (c) = f(X"); then ¥"(c) is a hypersurface immersed in S"*1(c).

Lemma 2.1. If X" is a minimal hypersurface immersed in S, then X"(c) is a
minimal hypersurface immersed in S"t1(c).
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Proof. Let g;; and g;; be the first fundamental forms of the hypersurfaces X" C
S+ and £"(c) C S"T!(c) respectively; then §;; = gi;/c and §¥ = cg™ for 1 <
i,7 < n. It’s easy to verify that the Laplacians on 3™ and X" (¢) satisfy the equation
Asn(e) = ¢Axn. Let 2 and & be the position functions of ¥" and £"(c) in R™*2
respectively; then & = z/+/c.

If ¥ is a minimal hypersurface immersed in S"*1, then by Theorem 3 in [16] (see
also [B p. 101] or [8, Theorem 3.10.2]) we have Agn2z = —nz. On the other hand,
we have the following identities:

%) = VeAsnz = /e (—nz) = —nci |

which can imply that ¥"(c) is a minimal hypersurface immersed in S"*!(c) by
applying [I6l Theorem 3] again. O

Agn(c).’i' = CAZn (

As we will see that any complete minimal hypersurface ¥" immersed in VAR (c)
satisfying the equation (B8] at all non-vanishing points of |A| is a minimal rotation
hypersurface unless 3" is a Clifford minimal hypersurface in the case when ¢ > 0,
so at first we shall study the Clifford minimal hypersurfaces and minimal rotation
hypersurfaces in the space forms.

2.1. Clifford minimal hypersurfaces in S"*!(c). In this subsection, we shall
define the Clifford minimal hypersurfaces in the space forms S"*1(c) for ¢ > 0.
Let S9(r) be a g-dimensional sphere in R9*! with radius 7. In particular S4(c) =
S9(1/+/c) for ¢ > 0.

For ¢ > 0and m = 1,...,n — 1, a Clifford minimal hypersurface embedded in
S"*1(c) is defined as follows:

(2.5) My (c) = S™ <\/§) x gn—m < ”c_nm> .

In particular, A, n—m = M n—m(1) is a Clifford minimal hypersurface embedded
in S"*! (see also [2] and [8, pp.229-230]). The following result is well known.

Theorem 2.2 ([3l0]). The Clifford minimal hypersurfaces Moy, n—m are the only
compact minimal hypersurfaces in S*T1 with |A|* = n.

Furthermore the second fundamental form A has two distinct constant eigenval-
ues with multiplicities m and n respectively.

2.2. Catenoids in space forms. In this subsection we shall follow Hsiang [6l[7] to
derive the differential equations of the generating curves of catenoids in the space

“5n+1 . . . .
form M (c), and solve the differential equations in the case when ¢ < 0.

Let G = SO(n) be a subgroup of the orientation preserving isometry group of

M”H(c) which pointwise fixes a given geodesic M C M"H(c). We call G the

spherical group of Mnﬂ(c) and M' the rotation azis of G. A hypersurface in
Hnﬂ(c) that is invariant under G is called a rotation hypersurface; if the rotation
hypersurface in MnH(C) is a complete minimal hypersurface, then it is called a
spherical catenoid or just catenoid, denoted by C.

The following 2-dimensional half space is well defined

(2.6) M2(c) =" (e)/G .
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There are three types of half spaces:
(1) S3(c) ={af +a2  +a2,,=1/c|z1 >0} =M3(c)if c> 0.
(2) Bi(c) ={af +a},, < —1/c|x1 >0} =M3(c)if c<O.
(3) RZ = {(z1,2n41) € R? | 21 > 0} = M2(0) if ¢ = 0.

It’s easy to see that the rotation axis M* is the boundary of M3 (c).

The orbital distance metric on A" (¢)/G is the same as the restriction metric of
M2 (c). Let d(-, ) be the distance function defined on M? (c). We shall parametrize
Mi(c) by the following coordinate system: Choose a base point O € M! and let
x be the arc length on M* travelling in the positive orientation of M* = dMZ (c).
To each point p € M2 (c), there is a (unique) point ¢ € M! such that the length of
the geodesic arc connecting p and ¢, denoted by pg, is equal to d(p, M*'). We shall
assign to the point p the coordinate (x,y), where z = d(O, q) and y = d(p, q) = the
length of the geodesic arc pg (see Figure [I]).

T

anrl

FIGURE 1. The warped product metric on the half space M2 (c)
for ¢ = £1. In each half space, © = d(0O, q) and y = d(p,q) = the
length of the geodesic arc pq.

According to the above definition of z and y, we have

—o<r<ooand 0 <y < oo, ife<O0,
™ ™ ™ .
——<zr<—=and0<y< — ife>0.

Ve e 2y’

In the case ¢ > 0, the coordinate of the center is <x, ), where x is arbitrary.

T
2y/c
The warped product metric on M3 (c) is written in the form
(2.7) ds® = (f'(y))? - da® + dy* |
where f' = df /dy and
1
W sinh(v/—cy) , if ¢ <0 (hyperbolic case) ,
(2.8) fy =<y, if ¢ = 0 (Euclidean case) ,
1
Ve

Let 3™ be a rotation hypersurface in Hm_l(c) with respect to the geodesic M*;
then the curve v = X" N MJQr (c) is called the generating curve of £™. Suppose that
~ is given by the parametric equations: = = z(s) and y = y(s), a < s < b, where s

sin(v/cy) , if ¢ > 0 (spherical case) .
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is the arc length of v and y(s) > 0. Let a be the angle between the unit tangent
vector of v(s) and 9/0y (see Figure ).

X1

O Tn41

FIGURE 2. In the hyperbolic half space Bi, « is the angle between
the parametrized curve v and the geodesic o at the point (z,y),
where ¢ is perpendicular to the x,1-axis.

Now suppose that the mean curvature of the rotation hypersurface 3" cartt (c)
generated by the curve v C M2 (c) is zero; then we get the following differential
equations of 7 (see [6] pp. 487-488] for the details):

% = "' f'- sina = k (constant)
Y

where y' = dy/dzx.

Without loss of generality we may consider the differential equations (Z.9]) with
initial data y(0) = @ > 0 and y'(0) = 0. Plugging the initial conditions into (229,
we get k = f""(a)f’(a), which implies the following equation:
fta)f'(a)
1w ()

Now we assume ¢ < 0; then we can write dz/dy as follows:

dx 1 dy

T () -

Integrating both sides in terms of y, we have the following function:
dt

A f’l“f\/(f(t))?”2,<f’<t>>21’

f(a) f'(a)

(2.9)

(2.10) sina =

(2.11)

where a < y < o0.

2.3. Catenoids in S""1(c). In this subsection we follow Otsuki [11] to study the
generating curves of the compact immersed minimal rotation hypersurfaces in S™*1.
See also [I] in equivariant language.

Suppose that v C Sﬁ_ is the generating curve of a minimal rotation hypersurface
in S**1. Project orthogonally the curve ~ into the 2,412, 2-plane, and denote it
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by o. Let h(f) be the support function of the curve o. Otsuki [11I] proved that h
satisfies the differential equation

d%h dh
2.12 h(1 — h?)— —
(2.12) an( - 1) + (5

with the initial conditions h(0) = a < 1/y/n and h'(0) = 0 (see Figure [3)).

>2+(1—h2)(nh2—1)_0

Tn+2

0] Tn+41

FIGURE 3. The generating curve for the spherical catenoid in S"*1,
its support function is k() = d(0,Q) and h'(0) = d(P, Q). The
coordinates (Z,11,Zn42) of the point P (inside the unit disk) are
given by z,41 = hsinf + h'cos@ and x,.9 = —hcost + h'sinf
(see equation (4.2) in [I1]).

If a = 1/y/n, then the minimal rotation hypersurface in S**! generated by the
curve o satisfying (2.12]) with this initial data is .#,_1 1, one of the Clifford minimal
hypersurfaces (see [11I, p. 160]).

From now on we may assume that 0 < a < 1/4/n, and set

(2.13) C(a) = (a®)/"(1 = a®)' V" = a®/"(1 = a?)' /"

for 0 < a < 1/y/n. Otsuki [I1,12] (see also [I0]) proved that the support func-
tion h(6), which is the solution to the differential equation (ZI2)) with the initial
conditions h(0) = a < 1/+/n and h'(0) = 0, is a periodic function whose period is

(2.14) T(a) :2/a1 \/ dz

1— 22— Cla) (i_1>1/n |

22
where ap = a € (0,1/4/n), and a1 € (1/4/n,1) is a solution to the equation
1 1/n
1— 2%~ Cf(a) (P_1> =0.
It was proved in [TOHI2] that the period T satisfies the following conditions:
(1) T(a) € (m,2m) is differentiable on (0,1/4/n),

(2) lim T(a)=mand lim T(a)=+2n.
a—0+ a—(1/vn)~
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Moreover the generating curve o is a simple closed curve if and only if T'(a) = 27 /k
for k=1,2,..., and o is a closed curve (not necessarily simple) if and only if T'(a)
is a (positive) rational multiple of 7.

In conclusion we have the following results:

Theorem 2.3 ([ILI0HI2]). Let n > 3 be an integer.

(1) There is no closed minimally embedded rotation hypersurface of S**1 other
than the Clifford minimal hypersurface My—11 and the round geodesic
sphere S™.

(2) There are countably infinitely many closed minimal rotation hypersurfaces
immersed in S"T1 (see also [7]).

3. SIMONS’ EQUATION AND CATENOIDS IN SPACE FORMS

Suppose that 3" is a hypersurface immersed in the (n 4 1)-dimensional space

form Mnﬂ(c). Let A be the second fundamental form of X" and VA be the
covariant derivative of A, and let h;; and h;;, be the components of A and VA in
an orthonormal frame respectively.

The following lemma was proved by Tam and Zhou [I7, Lemma 3.1] for the case
when ¢ = 0, but it’s also true for the case when ¢ # 0.
Lemma 3.1. Let X" be a minimal hypersurface immersed in the space form

Mn+1(c). At a point where |A| > 0, we have

2
(3.1) |A|AIA| + |A)* = - IV|A|]2 +nc|A* + E |

with £ > 0. Moreover, in an orthonormal frame such that h;; = \;6;5, then
FE = E| + Ey + E3, where

Ey = Z h?jk )

JFGkFE kAT

2 2
(3.2) E2 = E 4 Z 4(hkk:i - hjji) )

JF#LkFG kAT
2 —2 2
By = <1 + ﬁ) Al ZZ(hm«hM — hyihik)?
k i#j

Proof. For any point p € X", we choose an orthonormal frame field ey, ..., €,41
such that, restricted to X", the vectors ey, ..., e, are tangent to X" and the vector

en+1 is perpendicular to ¥, and the second fundamental form of ¥™ is diagonalized
by hij = )\iéij, where 1 S Z,j S n.

Recall that the curvature tensor Ragcp of MHH(C) is given by
(3.3) Rapep = c(6acdpp —dapdpc), 1< ABC,D<n+1,

where 04 is the Kronecker delta. According to [3 (3.1)] and [13] (1.21) and (1.27)],
we have

(3.4) Z hijAhi; = —|Al* + nclA]?
(2]
and
1
(3.5) |AJA|A] + [V|A|* = §A|A|2 =3 B+ > hiAhi

.5,k .3



376 BIAO WANG

where h;j, denotes the component of the covariant derivative of the second funda-
mental form A of X" for 1 < i, j, k < n. Therefore we have

(3.6) [AIAJA] + [VIA|]? = [VA* — |A] + nclA]
where |VA|? = Z hZ;.- We claim that

i3,k
2

(3.7) |VA|? = (HE) IVIA|? + E .

In fact, according to the computation in [I7, pp 3456-3457], we have

IVA? = |V|A|? =E1 +2) b}
i#£k

n n n
=E1+—(IV|A||2+—E3+—E2)+—E3
n n n+2

3

+2 2
2
=FE + H\V\AHQ + Ey + E3

where we use the fact hijp = hiy; since the sectional curvature of MnH(C) is
constant (see [3, (2.12)] or [13], (1.10))).
Combining (3:6) and [B.7) together, we have (BI). O

Obviously, the term F in (BI)) is always non-negative, which implies the famous
Simons’ inequality

33 AIALAL+ 4] 2 2 VAP + el AP

If £E=0in (3I), we get the Simons’ equation

(3.9) AIALA] 141 = 2 VAP 4 nel A7

If n =2, then £ =0 in 3IJ), so we have the following corollary.

Corollary 3.2. If ¥? is a minimal surface immersed in the 3-dimensional space
form Mg(c), then X2 satisfies the following Simons’ equation:
(3.10) |A|AJA] + |A]* = |V|A|]? + 2¢|A] .

We may ask what kinds of non-totally geodesic minimal hypersurfaces in the
space form Mnﬂ(c) satisfy the Simons’ equation ([B3]). Proposition B:3and Propo-
sition [3.4] show that the Clifford minimal hypersurfaces (23] and the minimal ro-
tation hypersurfaces (i.e., the catenoids) satisfy (39).

On the other hand, Theorem [[.T] shows that the Clifford minimal hypersurfaces
and catenoids are the only non-totally geodesic complete minimal hypersurfaces

satisfying (3:9).
Proposition 3.3. When ¢ > 0, the second fundamental form |A| of each Clifford
minimal hypersurface [Z5) in S*T1(c) satisfies ([B.9).

Proof. We can prove the statement by direct computation (see [3| pp. 68-70] or
8 pp. 229-230] for the details). Because of Lemma 21l we will just prove the
statement for the case when ¢ = 1.

Form =1,...,n—1, we may embed the Clifford minimal hypersurface .4, n—m
into S"*! as follows. Let (u,v) be a point of M opn,n—m Where u is a vector in R™+1
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of length \/m/n, and v is a vector in R"~™%1 of length \/(n —m)/n. We can

consider (u,v) as a vector in R"*2 = R™*+1 x R"=™+1 of length 1. Then we may
choose an orthonormal basis on .4, ,—m such that the second fundamental form
of My, n—m can be written as follows:

. n—m n—m m m
h;; = diag e TERE Y e RERT AL | Grmpel) I
m n—m

Since each component of h;; is a constant, we have E = 0 in (). On the other
hand, it’s easy to get

n—m m
+(n—m)-

AR =m
so the Clifford minimal hypersurfaces satisfy (3.9I). O

Next we shall verify that any catenoid in the space form Mnﬂ(c) satisfies the
Simons’ equation ([39). In the case when ¢ = 0, Proposition B4 was proved by Tam
and Zhou [I7, Proposition 2.1 (iv)].

Proposition 3.4. The second fundamental form |A| of each catenoid C in the space
form MHH(C) satisfies the Simons’ equation ([B.9)).

Proof. We shall prove the statement in the unified way by using the argument in

[, § 2 and §3]. Consider the space form Mnﬂ(c) as a subset of R"*2 as follows:
(i) Ifc>0, let

§"(e) = {x € R"™? | gi(x,2) = 1/} = M (0)

where g1(z,y) = 21y1 + *+* + Tpi1Yn41 + Tni2yYnyo for z,y € R™H2
(ii) If ¢ < 0, let

Hn+1(c) = {‘T € Rn+2 | g,l((E,LE) = 1/07 T2 > O} = MnJrl(C) )

where g_1(2,y) = 1y1 + -+ + Tn41Yn+1 — Tnt2Yn2 for z,y € R™T2,
(iii) If ¢ = 0, let

R™! = {2 € R"2 | 2,40 = 0} = 3" (0) .

Let ¢, = (0,---,0, 1h,O, -+-,0) be the i-th vector in the space R"*2 for i =
it

1,...,n+ 2. Let P? be a subspace of R"*2 spanned by either e, and e, if
c# 0or eyt if ¢ = 0, and let O(P?) be the set of metric-preserving transformations
of (R"*2 g1)if ¢ > 0, (R"2,g_1) if ¢ < 0 or R"*1 if ¢ = 0, which leave P? pointwise
fixed. Let P3 be a subspace of R"*2? spanned by either e;, e,,1 and e, if ¢ # 0
or e; and e,41 if ¢ =0.

Let M?(c) = MnH(C) NP3, and let v be a smooth curve in M?(c) that does
not meet P?. The orbit of v under the action of O(P?) is a rotation hypersurface
generated by v, and the curve + is the generating curve of the rotation hypersurface.

Suppose that the generating curve v is parametrized by either x; = x1(s), xp41 =
Tnt1(s) and Tpqo = Tpya(s) if ¢ # 0 or 1 = 21(s) and 41 = Tpy1(s) if ¢ =0,
where s is the arc length parameter of the curve . Let I be either a straight line
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if ¢ < 0 or a closed curve immersed in a plane if ¢ > 0. Let f : S*7! x I —
——n+1 o . .
M (c) € R"™2 be the minimal spherical rotation hypersurface generated by 7,

which is parametrized as follows:

(3.11) fltr, o ytn-1,8) = (x1(8)¢1, -, 21(8)Pns Trnt1(8), Tnpa(s))

if c#£0, or

(3.12) fltr, o tno1,8) = (x1(8)p1, - -, 21(8)@n, Tnt1(S))

if ¢ =0, where (t1,...,tn—1) = (¢1,.-.,pn) is the orthogonal parametrization of

the (n — 1)-unit sphere of the subspace of R"*2 spanned by e1,...,e,.

Let C = f(S™~! x I) be the minimal rotation hypersurface immersed in Mnﬂ(c)
C R"*2. According to the computation in [4, §3], we have the first fundamental
form of C:

aij,r%(s), 1<i,j<n-1,

(3.13) gij = 4 0, i=n,jEnori#n,j=n,
1, i1=j=n,

_ & Ok O . . . .

where a;; = —= for 1 <i,j <n—1. According to Proposition 3.2 in [4],
k=1 3tz 815]
the principal curvatures of C are
1 — 2 _ 2 .
G18)  amoon, o ViZed—dl o ditem
x1 1—ca?—i?

where 41 and #; are the first and second derivatives of x1 on s respectively. Since C

is a minimal rotation hypersurface, i.e., a catenoid, in Mnﬂ(c), then by [4, (3.13)
and (3.16)] we have

(3.15) it =1—ca? —a%227 2",
and
(3.16) i = —cxy +a*(n — 1)z 2",

where a > 0 is a constant. Therefore we have the following identities:

1—ca? —i? #1 + cxp)?
—— il +2 1).2 =a’n(n — 1)z ",
x7 1—cx]— a7
where we use the equations (B15) and (3I6) for the last equality.
If = ¢(s) is a function on C C MnH(C) depending only on the variable s, then
the Laplacian and the square norm of the covariant derivative of ¢ with respect to
the metric (3I3) on C respectively are

(3.17) A = (n—1)-

(3.18) Ap=d+ (-1
x

and

(3.19) Vo> = % .

Since |A| = ay/n(n —1)z]" is a function on C that depends only on s, we have
the following equalities:

JA|A|A] + |A|* = a®n?(n — D)7 (=202 + 223772 — ca?™)

2
= = [VIAI + nelA?,
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where we use the equations (BI5) and (BI6]) again. O

4. PROOF OF THEOREM [LL1]

Theorem I3l Let Mnﬂ(c) be the space form of dimension n + 1, where n > 3.
Suppose that X" is a non-totally geodesic complete minimal hypersurface immersed
mn Mn+1(c). If the Simons’ equation [B9]) holds as an equation at all non-vanishing
points of |A] in X", then X" C Mnﬂ(c) is either

(1) a catenoid if ¢ <0, or

(2) a Clifford minimal hypersurface or a compact Ostuki minimal hypersurface

if ¢ > 0.

Proof. By the assumption X" is not totally geodesic, so |A| is a non-negative con-
tinuous function which does not vanish identically. Let p be a point such that
|A|(p) > 0, there exists an open neighborhood U of p such that |A| > 0 in U.

We claim that |V|A|| # 0 in U unless X" is a Clifford minimal hypersurface in
the case when ¢ > 0. We need to deal with two cases:

Case 1 (¢ <0). Assume |[V|A|| =0 in U. Since 3" satisfies the Simons’ equation
B3), and |A] is a positive constant in U, we have 0 < |A|*> = nc < 0 in the open
set U, which is a contradiction.

Case 2 (¢ > 0). In this case, if [V]|A|| =0 in U, then |A]| is a non-zero constant in
U, so |A|? = ncin U according to ([3.9) and the assumption |A| # 0 in U; then X" is
a Clifford minimal hypersurface according to [39]. In this case, we have |V|A|| £ 0
in U if ™ is not a Clifford minimal hypersurface.

Therefore in each case, there is a point in U such that |V|A|| # 0 if £™ is not a
Clifford minimal hypersurface in the case when ¢ > 0.

By shrinking U, we may assume that |A| > 0 and |V|A|| > 0in U if ¥" is not a
Clifford minimal hypersurface in the case when ¢ > 0. By (BI)) and the fact that
Y™ satisfies (B9) in U, we conclude that E = 0in U. According to the argument in
[17, pp. 3457-3458], the eigenvalues of A = (h;j)nxn are A with multiplicity n — 1
and g = —(n — 1)\ with A > 0 since |4| > 0. According to [II, Theorem 5] and
[, Corollary 4.4], U is part of a catenoid C in MHH(C).

According to the maximal principle of minimal submanifolds, 3" is part of a
catenoid C in MHH(C). We claim that £ must coincide with the catenoid C. Let
f+X™ — C be the inclusion. There are two cases:

Case 1 (¢ < 0). In this case, each catenoid is a simply connected (since n > 3)

complete minimal rotation hypersurface embedded in Mnﬂ(c). Since f is a local
isometry, the inclusion f is a covering map by Lemma 8.14 in [I5] p. 224]. Therefore
f must be an identity map, i.e., 3" = C.

Case 2 (¢ > 0). In this case, since X" is a closed minimal hypersurface immersed in
S™*1(c), we then have ¥" = C according to Theorem 4 and Theorem 5 in [11]. O

5. APPENDIX

In the appendix, with the help of Mathematica and TikZ/PGF, we shall draw
some figures of the generating curves of 3-dimensional catenoids in the space form

M (c).
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FIGURE 4. Generating curve of a compact Otsuki minimal surface
in the unit sphere S*. In this figure, the support function h has
initial conditions h(0) = ap = 0.42231 and A'(0) = 0, and the
period of h is T = 1.4m.

5.1. Catenoids in S"*!. In this case we draw the generating curve for a compact
Otsuki minimal hypersurface in S*. The function C(a) is given by

(5.1) Cla) = a®3(1 — a?)?/? |
where 0 < a < 1/\/5 ~ 0.57735. Then the following equation:

1 1/3

2 _
(5.2) 1—2°—C(a) (P_l) =0
has two solutions ap = a and a; = (—a + V4 —3a2)/2 € (1/V/3,1). Let ap =
0.42231; then a; = 0.71957, and the period of h(0) is
dz

T:2/
a 1 1/3
\/1—3:2—C(a0) (;—1)

i.e. T'= 1.4w. Therefore we have a closed immersed generating curve as shown in
Figure @ the rotation hypersurface in S* is a compact immersed minimal hyper-
surface.

= 4.39823 ,

5.2. Catenoids in B"*!. In this case, c = —1 and f(y) = sinhy, so f/(y) = coshy.
Equation ([ZII]) becomes

(5.3) o) = [ = dat ,

cosh? sinh ¢\ "2 cosht\ 2 _q
sinh a cosha

where a < y < 0.
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Z1 T

B2 B

O Tnt+1 O Tn+1
F1GURE 5. Two generating curves for the catenoids in the hyper-

bolic space B*. In these figures, a = 0.2 and a = 1 respectively.
The rotation axis is the z,41-axis.

Now let n = 3, and let a = 0.2 and a = 1 respectively in (53)); then we have two
generating curves as shown in Figure

x1 T

-1 Il .5 1 05 O -05 -1 —15 Tnt1

FIGURE 6. Two generating curves for the catenoids in the Eu-
clidean space R*. In these figures, a = 0.5 and a = 1 respectively.
The rotation axis is the z,41-axis.

5.3. Catenoids in R"*!. In this case, ¢ = 0 and f(y) = ¥, so f'(y) = 1. Equation

2110 becomes

(5.4)

= [ ———
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where a <y < co. It’s easy to see that the integral

(5.5)

( )_/OO dt _/°° dt
xa,m—a—\/m—ali\/m

is always finite if n > 3, where a > 0 is a constant. Actually if n > 3, then

de  «

o dt *dt < dt >
— < —< —— = =5
/1 V=2 _ 1 ~ /1 VHEZ ] /1 Wt —1 /0 coshz 2

where we use the substitution ¢ = cosh x.
Now let n = 3, and let @ = 0.5 and a = 1 respectively in (54); then we have two
generating curves as shown in Figure
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