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ABSTRACT. We construct new covers of the Suzuki and Ree curves which are
maximal with respect to the Hasse-Weil bound over suitable finite fields. These
covers are analogues of the Giulietti-Korchméros curve, which covers the Her-
mitian curve and is maximal over a base field extension. We show that the
maximality of these curves implies that of certain ray class field extensions
of each of the Deligne-Lusztig curves. Moreover, we show that the Giulietti-
Korchmaéros curve is equal to the above-mentioned ray class field extension of
the Hermitian curve.

1. INTRODUCTION

A smooth, geometrically irreducible, projective algebraic curve (henceforth
curve) X defined over a finite field I, is called maximal (over F,) if it meets the
Hasse-Weil upper bound for the number of F,-rational points for its genus, that is,
if

#X(Fg) =q+1+ 29q1/2.

This is equivalent to saying that the L-polynomial of X over F, is of the form
Lx(T) = (14 ¢'/?>T)%. Interest in studying maximal curves was sparked in the
1980s by their application in the theory of algebraic geometry codes. An interesting
observation, often attributed to Serre (see [15, Prop. 6]), is that if X — Y is a non-
constant map of curves defined over Iy, then there is divisibility of L-polynomials
in the opposite direction. This implies that any curve covered by an F,-maximal
curve is also F,-maximal. This observation motivates the question of determining
which F,-maximal curves are largest with respect to the partial order on the set of
F,-maximal curves induced by coverings of one curve by another.

It was shown by IThara [I3] that an Fj,-maximal curve has genus at most
qo(qo — 1)/2, where ¢ = ¢2. Since this bound is attained by the Hermitian curve
H = H,, defined by

Yyl 4y = :L'q0+1,
the curve H is not covered by any other F,-maximal curve.

Other examples of maximal curves include the Suzuki and Ree curves. These
curves are defined over finite fields Fy of odd prime power order in characteristic 2
and 3, respectively. Each has an optimal number of [F-rational points for its genus,
and becomes maximal over a suitable extension of the base field. Together with
the Hermitian curve they constitute the Deligne-Lusztig curves associated to the
simple groups of type 245, 2B,, and 2G> [2], [7]. It has been shown that the smallest
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examples of the Suzuki and Ree curves are not Galois covered by the Hermitian
curve maximal over the same field [I7]. Each of the Deligne-Lusztig curves can
be described as a composite of Artin-Schreier extensions over P! with very similar
ramification structure, and Lauter has shown [I6] that their function fields admit
a unified description as ray class fields over Fy(x) with conductor supported at a
single rational point.

In 2009, Giulietti and Korchméros [6] discovered a new family of curves maxi-
mal over Fgs for ¢ = g2 a square, each of which is not covered by the Hermitian
curve H,s. We denote this “GK-curve” by H=0H (¢). The curve H has genus

%q(q —qo — 1)(go + 1) and its function field may be defined by the equations
yQO +y= .’[q0+1, tm =9 — 1,

where m = g — qo + 1. These equations describe the curve H as the fiber product
of the cover H — P. with a Kummer extension of PL of degree m.

The results in this paper are motivated by the observation that the abelian
cover H — H is tamely ramified at each F,-rational point of H, and that every
other F s-rational point of H splits completely in H. Thus, the function field

Fgs (H) is contained in the maximal abelian extension of Fys(H) of conductor m =
> pen,) P in which each point of ¥ = H(Fy:) \ H(Fy) splits. The corresponding

curve H,. is also maximal over Fgs and is in fact equal to H , as we show in
section Bl We note that the splitting set X consists of the second short orbit under
the action of Aut(H) = PGU(3, q), the first being the set of Fy-rational points.
This provides an intrinsic alternate description of the GK-curve as arising from the
Hermitian curve in a natural way. Moreover, it motivates our analogous contruction
of maximal covers of the Suzuki and Ree curves.

We outline the remaining contents of the paper. In section 2] we give background
information about the Deligne-Lusztig curves. In sections [B] and [] we introduce
cyclic covers S and R of the Suzuki and Ree curves analogous to the GK-curve,
and show that these are maximal over a suitable base field. In section[B] we consider
for each Deligne-Lusztig curve X a cover X, — X obtained from X via a ray class
field construction, and show that the maximality of X implies that of X .. We then
show that the cover X,s — X is cyclic of a prescribed form. This allows us to show
that H..f = H, and to verify computationally that X, = X for small values of ¢
when X is one of the Suzuki or Ree curves. We leave as an open problem whether
Xiet = X in general, but give a bound on the degree of the cover X, — X.

The curves X, can be thought of as arising via a two-step ray class field con-
truction over P'. First, apply the construction of Lauter allowing one F,-rational
point to ramify and splitting all other rational points. Then extend the base field
before taking another ray class field in which the F,-rational points are allowed to
ramify tamely, while all other points rational over the new base field are caused to
split.

2. THE DELIGNE-LUSZTIG CURVES

In this section we collect some facts about the Deligne-Lusztig curves which will
be used later. In particular, we note that the Hermitian, Suzuki, and Ree curves
have exactly two short orbits under the action of their full automorphism group,
each consisting of all points of certain degrees. These orbits form the sets of points
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which ramify and split in the covers constructed in later sections. The results in
this section should be well known; we include proofs of some statements for the
sake of completeness.

A point of a curve X is fixed by some automorphism of X exactly if it is rami-
fied in the quotient by the full automorphism group. Thus, the Riemann-Hurwitz
formula may be applied to the cover X — X/ Aut(X) to study these points. For G
a finite subgroup of automorphisms of X, this formula may be written in the form

29(X)—2=+#H | 29(X/G) — 2+ Z Mdegp ,

vex /G e(p)

where d(p) and e(p) are the different exponent and ramification index of p in X —
X/G.

2.1. The Hermitian curve. Let ¢ = ¢3 be a prime power. The Hermitian curve
H = H,, has an affine plane model defined by

y‘IO + y= x(IO‘Fl'

It has genus qo(go — 1)/2 and is maximal over F,, with #X(F,) = ¢*/? + 1. Tts
automorphism group PGU(3, o) is of size (¢%/2 +1)¢*/?(¢ — 1).

Proposition 2.1 ([4, Proposition 2.2]). The Hermitian curve Hy, has exactly two
short orbits under the action of its full automorphism group. One is non-tame
of size ¢*/? + 1, consisting of the Fg-rational points. The other is tame of size
%q3/2(q —1)(qo + 1), consisting of all points of degree 3.

2.2. The Suzuki curve. For s > 1 and ¢ = 2¢% = 22**1 the Suzuki curve S/F,
has an affine model defined by

y'+y=a® (@ +x)

and has genus ¢o(q — 1). Its automorphism group Sz(q), which has size (¢* +
1)¢?(q—1), acts doubly transitively on the ¢? + 1 rational points. The Suzuki curve
is maximal over Fga.

Proposition 2.2. The Suzuki curve has exactly two short orbits under the action
of its full automorphism group. One is non-tame of size ¢> + 1, consisting of the
F,-rational points. The other is tame of size 1¢*(q —1)(q + 2qo + 1), consisting of
all points of degree 4.

Proof. The automorphism group G' = Sz(q) transitive on the ¢? 4+ 1 points of S(F,)
with point stabilizer of order ¢%(¢ — 1). Fix a rational point ‘Bo, on S lying above
a point poo in S/G = PL. Then
#G oo = e(Poo|po) = q2(q —-1).

Let G; denote the (lower) ramification groups at Poo. Then ([I1], §12/2])

#Gl = q27

#Go = = #Gag41 = ¢

#G2q0+2 = 1
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Therefore, the different exponent at poo is
d(pc) = (¢°(q—1) = 1)+ (¢* = 1) +2q0 - (¢ = 1)
= ¢° + 2qq0 — 290 — 2.

From the Hurwitz formula, it follows that

d -2
P#Poo q %

Now d(p) > e(p) — 1, with equality if and only if p is tamely ramified. Thus the
inequality above implies that there is exactly one place p of S/G other than p
which is ramified in S — S/G, and that degp = 1. Moreover, p is tamely ramified
with e(p) = ¢ — 2g0 + 1.

Let P be a prime of S lying over p. Then the inertia group I = I(Blp) is
cyclic of order ¢ — 2qgp + 1. There is a unique conjugacy class of cyclic subgroups
of this order (I is a Singer subgroup; see [12]). The decomposition group D of P
has size (degPB)[G : I]. Since N¢(I) is the unique maximal subgroup containing
I, D C N¢g(I) and deg*P divides [Ng(I) : I] = 4. But P does not have degree 1
because it is not conjugate to P, and S has no points of degree 2, so degP = 4 and
D = Ng(I). Thus, the point 9B has orbit of size [G : D] = 1¢?(q — 1)(q + 2qo + 1).
Since this is equal to the number of points on S of degree 4, these points form a
single orbit under the action of G. O

2.3. The Ree curve. For s > 1 and ¢ = 3¢3 = 3?°*1, the Ree curve R/F, may be
defined by the affine equations

y!' —y =% (2 - x),
29 — 7 = 2% (29 — ).
The curve R has ¢* + 1 points rational over F,, genus 3qo(q — 1)(q + o + 1), and

automorphism group Ree(q) of size (¢* + 1)¢®(¢ — 1). The Ree curve is maximal
over [Foe.

Proposition 2.3. The Ree curve has exactly two short orbits under the action of
its full automorphism group. One is non-tame of size ¢> + 1, consisting of the F-
rational points. The other is tame of size %qS(q —1)(¢g+1)(g+3qg0+ 1), consisting
of all points of degree 6.

Proof. The proof of this proposition is similar to that of Proposition The only
pieces of information needed are the sizes of the ramifications groups at a rational
point of R in R — R/ Aut(R), and a list of the maximal subgroups of Aut(R).
These may be found in [§] and on page 648 of [I1], respectively. O

3. THE CURVE S

In this section, we introduce a cover S — S of the Suzuki curve which is analogous
to the GK-curve H — H and show that it is maximal over Fpa. Fix s > 1, let
q = 2q3 = 225! and recall the definition of the Suzuki curve S from section 2l Let

S be a smooth model of the curve with function field described by
yq + Y= x(IO(mq —|—$),

t" =z + 1z,
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where m = ¢ — 2qg + 1. The curve S may be described as the normalization of the
fiber product of the covers S — PL and C,,, — P, where C,, is the curve described
by the second equation above.

Let F = F,(x). The function field F,(S) is the composite of F,(Cy,) = F(t) and
F,(S) = F(y). Each place of F' of degree 1 is ramified in F(t), with ramification
index m, and no other places are ramified. Also, the place oo corresponding to 1/x
is the only place ramified in F(y), with ramification index g. Therefore, the only
places ramified in F(t,y)/F(y) are the ¢® + 1 rational places, and each is tamely
ramified with ramification index m. Thus, the Hurwitz formula gives

1 1
gs=1+m(gs—1)+ 5(612 +1)(m—1) = 5((13 —2¢* +q).

Theorem 3.1. The curve S is mazimal over Fga.

We prove this by means of the following “Natural Embedding Theorem” of Ko-
rchméros and Torres.

Theorem 3.2 (Korchméros-Torres [I4]). A smooth geometrically irreducible pro-
jective curve is maximal over Fyp2 if and only if it admits an embedding as a curve
of degree £ + 1 in a non-degenerate Hermitian variety defined over Fy=.

Here a Hermitian variety means a projective hypersurface defined by the vanish-

ing of
E aijxix?,
0<i,j<n
where a is the involutive automorphism w — w’ of Fp2, and A = [a;;] is some

“Hermitian” matrix satisfying A* = A<,

Given an Fp2-maximal curve X, there is a concrete construction described in [14]
for an embedding as in Theorem First take a basis fi,..., f; for the linear
series L((¢ + 1)Py), where Py is any rational point of X. Then there is a unique
point (zg : - : zm) € P (x) satisfying

2 fi4 et 2l fm =0

After a linear change of variables, and possibly taking a projection, the functions
z; then give desired embedding. N

Define functions z = 2% 4 z2%+1 and w = xy?% + 229 on S. These satisfy the
relations

(1) 294 2 = 22 (27 + 1), w? +w = y? (27 + ).
Moreover, if co denotes the pole of the function z, then

—veo(2) = gm = ¢* — 2qq0 + ¢,

1
Vo (y) = —(1 + =—)veo(2) = ¢* — qq0 + o,

2qo

1
“too(2) = ~ (14 - Jvee () = 7* — ¢+ 240,

11 ,
—Uoo(w) = =(1+ i a)voo(x) =q +1,
—V(t) = —%voo(x) = ¢
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Since the semigroup generated by these numbers has genus ¢(5), the pole orders
of these functions generate the Weierstrass semigroup of S at co. In particular, the
linear series L((¢®> + 1)oo) has a basis B of monomials in 1,z,y, 2, w,t. This fact
was useful for finding the equation of the particular Hermitian variety in which we
wish to embed S , since it allows a search for the functions z; mentioned above to

2
be phrased as a linear algebra problem over a vector space with basis b! kbj with
b;,b; € B. Such a computation performed in Magma [I] resulted in the discovery
of equation (2)) below.

Lemma 3.3. Every automorphism of S lifts to an automorphism 0f§ defined over

Fy.

Proof. The group G = AutF,(S) is generated by the stabilizer of the point oo,
which consists of automorphisms 4. taking

T axr+b

y = a® Ty 4 p0p 4 ¢,
for a € FX and b,c € Fy, along with an involution ¢ defined by ¢(z) = z/w and

#(y) = y/w, which swaps co with another rational point (see [9] and [10]).
To extend 1 = Yqpe to S, we need

Y™ = P(2)? - Y() = a(a? + ).

Fix a generator a of F and an mth root 8 of a which is contained in F,4 since m
divides ¢* — 1. Then we may take 1 (t) = a'/™t, where a!/™ is chosen consistently

with the choice of « and 3. N
The automorphism ¢ may be lifted to an automorphism of R by ¢(t) = ¢/w.
Indeed, ¢ so defined satisfies
B0 = 6(x)? + 6(a) = (2/w)" + z/w.
To verify this, first multiply the desired equality by w?*! and use () to obtain
w29 = 2%y + zw?
=w(z?4 2) + z(w? + w)
= wr?® (27 + ) + 2y (27 + 2).

Thus the desired equation is equivalent to w2 = wz2% 4 2% which may now
be verified by using the definitions of z and w. ]

Lemma 3.4. The mapm = (1:x :¢: z: w) defines a smooth embedding of the
curve S in P,

Proof. Let X, ..., X4 be homogeneous coordinates on P*. We first check that 7(5)
has no singular points on the affine piece Xy = 1. Here the equations

294 2 = 22 (27 4 1),
w? 4w = (2P 4 2) (27 + ),

t" =%+ x,
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give a matrix of derivatives of rank 3. It remains to check that 7r(§ ) has no singular
points on the hyperplane Xy = 0. Since the function defining 7 are in L((¢?+1)c0)
and

Voo (W) = _(q2 +1) < veo(f)

for f € {1,x, z,t}, the only point in 7(S)NZ(Xy) is Peo :=m(c0) =(0:0:0:0:1).
Let ¢ be the automorphism of R mentioned in the previous lemma, which acts

on the image m(S) C P* via the permutation (04)(13) of homogeneous coordinates
on P*. Since the point Py = (1:0:0:0:0) € m(S) is non-singular, so is the point

¢(PO) = Py O
Proof of Theorem Bl We claim that
(2) w’ twt 2T+ 27z :tq2+1,

so that the image of themap 7 = (1 : z : ¢ : z : w) lies on the Hermitian hypersurface
q° q° 9 @ 7*+1
XoX{ + X Xy + X! X5+ X1 X5 =X3

in P*. By Theorem this will complete the proof of the theorem. Writing
f = 2%+ x for convenience, we use () to rewrite the terms on the left hand side of
the desired equation as

w” 4w = (y? )7 4y f
— (y2qo 4 g2aqota Iq+2qo)fq + yQQof
and
2 2 2 2
x4+ a?z2=(27 +2)z+ (27 +x)z
= ()T + 2 )t (174 ) )
— (x2qqo+1 4 og2eotl y2q°)fq + 200 f,
Adding these gives
(229904 4 24200 4 2090+1 4 22001y pa  pat2a0 4] tq2+1’

and so the claim is proven. (Il

4. THE CURVE ﬁ

Fix s > 1, and let ¢ = 3¢Z = 3%**!, and recall the definition of the Ree curve R
from section IZlNIn this section, we construct a cover R — R which is also maximal
over Fge. Let R be a smooth model of the curve with function field described by

y' -y = (2 — x),

29 — z = 22 (g7 — 1),
t"m =a? —x,
where m = ¢ — 3g9 + 1. The curve R may be described as the normalization of the
fiber product of the covers R — PL and C,, — PL, where C,, is the curve described
by the third equation above. N
Let F' = F4(x). The function field F,(R) is the composite of F(C,,) = F(t) and
F,(S) = F(y, z). Each place of F of degree 1 is ramified in F'(¢) with ramification
index m, and no other places are ramified. Also, the place oo corresponding to 1/x
is the only place ramified in F(y, z), with ramification index ¢?. Therefore, the
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only places ramified in F(t,y, z)/F(y, z) are the ¢® + 1 rational places, and each is
tamely ramified with ramification index m. Thus, the Hurwitz formula gives

gr=1+m(gr—1)+ %(q3+1)(m— 1)

1
= 5((14 +6q%q0 + 2¢° — 2¢° — 6gg0 — 3¢ + 2).

Theorem 4.1. The curve R is mazimal over Fgo.

We proceed as with the curve S by embedding R in a Hermitian hypersurface.

In [I8], Pedersen defines ten functions wy, ..., w1 on the Ree curve by
wy = x3(10+1 _ y3Q()7 we = ,U3QO _ w;’qo + xwiQt)’
wy = xy3P — 30 wy = wa + v,
(3) ws = x50 — Wi, wsg = wg + zwd®,
wy = zwd® — ywi, wy = wawd® — ywd®,
v =zwl® — 2w, wig = 2w — wiwy.

— q0 q0
Ws = Ywsy — 2wy ,

From the appendix of [I8], these satisfy

wl —wy = 23 (27 — 1), wi —wy = (wg — zwy)?®(z? — z),
@ wf—ws =y —w), - we = i —a),
wd — wy = 230 (27 — 1), wl — wg = Wi (27 — ).

Furthermore, if co denotes the unique pole of = in R, then it follows from the above
that

—voo () = ¢* = 3¢%q0 + ¢, Voo (w6) = ¢° — ¢+ 3q0,
—veo(w1) = ¢* = 2¢° + 3440, —voo(ws) = ¢ + 1,
~voo(w2) = ¢° = ¢* + ¢, ~vso(t) = ¢’
—voo(w3) = ¢* = 3qq0 + 24,
Duursma and Eid show in [3] that the 14 functions 1,z,y, z,w1,..., w1 define a

smooth embedding of the Ree curve in P'3 and give a system of 105 equations
describing this image, a few of which are referred to in this section.

Lemma 4.2. Fvery automorphism of R lifts to an automorphism of]?? defined over

Fys.

Proof. We use the concrete description of G = AutF,(R) found in [I8]. The group
G is generated by the stabilizer G, of the point co and an involution ¢ which swaps
oo with another rational point. The stabilizer G, consists of automorphisms ¥ gpcq
taking

T axr—+b
Y aqo+1y+abq°$—|—c

23 2%ty aq°+1bq0y + ab®®x + d,
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for a € Ff and b,c,d € Fy. To extend ¢ = Yapeq to fi, we need
PO = 0(@)" — () = ala? - ).

Fix a generator a of F and an mth root 3 of a which is contained in Fge since m

divides ¢° — 1. Then we may take v (t) = a'/™t, where a'/™ is chosen consistently
with the choice of « and .
The involution ¢ € AutF,(R) mentioned above sends

T we/ws, Yy = wio/ws, Z > wo/ws.
We claim that ¢ extends to R via @(t) = t/ws. To verify this, we show that
P(t)" = d(x)? — ¢(z) = (we/ws)? — we/ws.

Upon multiplying through by wé’“, using (@), and then dividing by x? — z, this is
seen to be equivalent to

wgq“ = wgwi’qo — wgwiqo.
But this is one of the equations appearing in Lemma 4.3 of [3]. ([l

Lemma 4.3. The map m = (1 : ¢ : wy : we : t : w3 : wg : wg) defines a smooth
embedding of the curve R in P7.

Proof. Let Xy, ..., X7 be homogeneous coordinates on P”. We first check that 7(R)
has no singular points on the affine piece Xo = 1. Here we have, from (B]) and (@),

w —wy = 2% (27 — z),

$3QO+1

wi — wg = ( —w)(z? — ),

p390+2

wi —ws = ( — 2wy —ws)(z? — x),

q _ — (3900, _ 4,9 300+1 atlyiea _
wg —we = (z°%w3 — wix +wi" ) (29 — x),

q _ — 3q0 390,,4 _ ,.6g0+1, 4 3q0,,9+1 q q _
wig —wg = (W™ + z*Pwl —z wi + 27w + wawd) (29 — x).

These equations, along with ¢ = 2% — z, give a matrix of derivatives of rank 6. It

remains to show that 7(R) has no singular points lying on the hyperplane X = 0.
Since each of the functions defining 7 are in L((¢® + 1)o0), and

voo(ws) = = (¢° +1) < voo(f)

for f € {1, 2, wy, we, w3, we, t}, the only point of 7(R) N Z(Xy) is Ps 1= 7(00) =
(0:0:0:0:0:0:0:1).

Let ¢ be the involution in Aut Fq(é) defined in the previous lemma, which takes
x — wg/wg and ¢ — t/ws. Since the automorphism ¢ also sends

wy — w3/ ws, Wy > Wy /ws, wg > wy /ws,

we > T/ ws, wg > wg/ws,

it acts on the image 7(R) C P7 via the permutation (07)(16)(25) of homogeneous

coordinates on P7. Since the point Py = (1 : 0:0:0:0:0:0) € «(S) is
non-singular, so is the point ¢(Fp) = P O

Proof of Theorem L1l We show that

3 3 3 3 3 3 3
q q q q ¢+l _ 4q7+1
wg +ws +zwg + 27 we +wiwg +w] wy+wy =177,
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so that the image of the map m = (1 : @ : wy : wo : t: w3 : we : wg) in P7 lies on the
Hermitian hypersurface
XoX9 + XE X7+ X1 XE + X7 Xo + Xo X + X X5+ X8 = xH.
The desired result will then follow by Theorem Since
1

1+ = (27 — x)qi—rf = (29 — C8)q2-|-3qqo-i-2q-|-3q()—l—l
b

our verification may be done completely inside of the function field Fy(z,y, 2) of
R. Writing f = 2?7 — z for convenience, we use () to rewrite the terms on the left
hand side of the desired equation as

wf +ws = (i) 74 (i) 11+ wd f — w,
:Ewgs + 27w = (wg — we)T + (xq — T)we — TWg
= ()2 )
+ (wi™) % + we) f* + (™ + we) f — wws,
q° q° q° q°
wiwy +wi wy = (w§ —wz)wy + (W] — wr)ws —wiws
— ((z?’qo)qul + ($3qo)q2w3)fq2

+ ((z 3qo)qw + (z 3qo)qw3)fq 4 (23q°w1 + x3q°w3)f — wiws,

wy e (w2 — wa) w2 —|—w2

= (YPO) T wa fT + (1P wa f1+ Y Pws f + w3,
Collecting terms involving common powers of f gives
Ay + Aof + Arf1+ Ao f7
where
A_1 = —wg — rwg — wiws + wg
and
Ay = (wf )0 4 (] )00 + (2520w, + (y%)* 0w, + (292w + wg

for i = 0,1,2. We claim that A_; = Ay = A; = 0. Indeed, the quadric A_; and
each of the three terms in the expression

Ay = (J,‘ 1011)3 -z mw] — w7q° + w2q°)
3q0 3q0 3qo0
(wi r+ 2°"w; —y ’LUQ)
3q0 3q0
( T+ w;," + w — ’LU6)

are among the relations listed in Lemma 4.3 of [3], so A_; =0 = Ajy. Now using
M), we obtain

Al — A = (w3 (29 — 2) + (wd — we)
+ (29)°0 (w] —wy) + (29)°® (w§ — ws) + (y7)** (w§ — ws)
= (wi +wy + 2% + 292+ y I T30 (g7 ),
Further simplification reveals that
By = w] +wy + 2% + 292 + y?t =0,
and so A; = 0.
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It remains to show that Ay = (29 — )3990+2a+30+1 By (),
Af = Ay = (] ) (2 — ) + (w] — w)
()P (wf = wn) + @) (wf — ws) + (57 (wf — wa)
= (wff2 Fwg+ 2T w2l 2yt T (7 — ).
Thus it suffices to show that
By = wf + wy + P L yq2+1 = — (27 — x)7T20 T+
To do this, we use (@) again, obtaining
B = By = (wf —wa) + 27 (a1 —2) + 27 (2~ 2) + 47 (4" ~ )
= (Wi — wizo 4+ 207 4 g0 20 4 yq2$qo)(xq — )

[(xy?)qo _ Z3qo)qo _ (x3q0+1 _ y3qo)qoxqo

420 4 2T 200 4y g0 (% —x)
_ [(Zq _ Z)q + (yq _ y)qazq“ + (Iq _ x)%?tm] (1:‘1 _ 3:)
— (x2q(m 4 g9t x2q°)(xq — x)q-&-l

— (xq _ I)q+2qo+1' 0

5. RAY CLASS FIELDS

In this section, we let X/, denote one the Deligne-Lusztig curves H, S, or R,
and let d = 3,4, or 6, respectively. Then #X(F,) = ¢¥? +1, and X is maximal
over F a, and the cover X > X is of degree m = ¢ — |d/2]qo + 1. Moreover,
each F,-rational point of X is totally ramified in X and these are the only points
ramified in X — X. The following lemma implies then that every point of X of

degree d splits completely in X over Fya.

Lemma 5.1. Let X/F, be a curve which is mazimal over Fya, and let f: Y — X
be a tame cover of degree m > 1 defined over F,. Suppose that f is totally ramified
at each IFy-rational point of X and unramified elsewhere. Then any two of the
following conditions implies the third:

(i) Y is mazimal over Fa,
(ii) #X(Fq) = "% +1,
(iii) #(f~H(P)NY (Fya)) =m for every P € X(F,a)\ X (F,).

Proof. Let N, denote the number of F --rational points of X. From the Hurwitz
genus formula,

29y —2=m(2gx — 2) + N1(m —1).
Also, since X is maximal over F,a we have Ng = ¢ +1+2gxq??. Then
#Y (Fpa) < ¢* + 1+ 2gvq"/°
=q¢"+1+q"? [m(2gx —2) + Ni(m — 1) + 2|
= N1+ m(Na = M) + "3 (m = 1) [Ny = (@2 + 1))



536 DANE C. SKABELUND

If Y is maximal over F 4, then equality holds above, and so (ii) is satisfied if and
only if (iii) is. On the other hand, if both (ii) and (iii) hold, then

#Y (Fya) = Ni + m(Ng — Ni) = ¢% + 1+ 2gy¢¥/2,
and Y is maximal over IFa. O

Define the divisor m as the sum of all F-rational points of X and let ¥ be
the set of the points of X of degree d over F,. Then there is a curve X;cf — X
whose function field is the ray class field over K = F,a(X) of conductor m in which

each place in X splits completely. Since K = F,a(X) is an abelian extension of

K satisfying these ramification and splitting conditions, K is contained in K. =

Fya(Xret), and the cover X, — X factors through X.

Theorem 5.2. The curve X, is maximal over [Fga.

Proof. Write Y = X,¢. By Lemma [5.1] it suffices to show that Y — X is totally
ramified at each point of X (F,). Let k be the degree of the cover Y — X and write
N = #)?(IB‘Q) =q¥?2+1. For P e )N(, let ep denote the ramification index of P in
Y. Then

#Y (Fga) = km#X + N —r,
where r is the number of F,-rational points of X with ep < k. On the other hand,
the Hasse-Weil bound and Riemann-Hurwitz give

#Y (Fa) < g%+ 1+ 2gy¢?/?
= (¢ +1)* + (29v — 2)¢*?
= N2+ kq¥?(295 — 2) + ¢¥/* deg Diff Y/ X.
Now

degDiff Y/X =k (1—i>—N(k—1)— > <ﬁ—1).

po €p ep
PeX(F,) ep>1

Combining all this with the facts m#Y = ¢%/?(¢ — 1)N and 295 —2=(¢—2)N
and doing some rearranging yields

k
(5) > (——1) <14rg? <24¢2

€
ep>1 P

Since ep divides k, each non-zero summand on the left hand side of () is at least
1, so we conclude that ep < k for at most two P € X(F,). In particular, if r > 0,
then either » = 1 and ep = k/3 for a single P, or r € {1,2} and ep > k/2 for all
P. But either of these cases gives a contradiction in (H]). ]

Corollary 5.3. The cover X, — X is cyclic. In particular, the function field
K,ep is of the form K((x? — 2)Y/™k) for some k dividing (¢%/? + 1)/m.

Proof. The first statement follows from the fact that any tame abelian extension
L/K which is totally ramified at some place is cyclic. Indeed, if not, then by
replacing K with a larger subfield of L we may assume that Gal(L/K) = (Z/rZ)?
for some r > 1. Then L is a composite of two cyclic Kummer extensions K; = K (v;)
with o] = f; € K. Since L/K is totally ramified at some place P, it follows that
a; = vp(f;) is invertible mod r for ¢ = 1,2 (see [19, Prop. 3.7.3]). Choose j so
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that ja; = az mod r. Then v = v /vy € L is a root of v" = f/fy, and K (v)/K is
unramified at P since vp(ff/fg) = ja; — az = 0 mod r.

Let Jy, denote the ray class group over K of conductor m. Then J, fits into an
exact sequence

1—>IE‘;d—>OnX1—>Jm—>J—>1,

where J = Jac(X)(F,«) and

On = H (Op/mp)* = (F:d)#X(JFq’z) ~ (Z/(qd B 1)Z)qd/2+1.
Pem

Furthermore, we have J 2 (Z/(q%? + 1)Z)?9% since X is maximal over F . Thus
Jw has exponent dividing ¢¢ — 1, and so does its quotient Gal(K,.f/K). From the
discussion above, L = K ((z? — x)l/(qdfl)) is the largest abelian extension of K of
exponent dividing ¢¢ — 1 in which each F,-rational place of K is totally ramified.
Since K, is such an extension, we have KcC K.t C L, and so K, is of the form
K((x7 — z)'/™k) for some k dividing (¢¢ — 1)/m.

This shows that Xt covers the curve Cp, given by u™* = 29 — x. Since Xif
is maximal over FF,a, so is Cp,x. But a theorem of Garcia and Tafazolian [5] states
that a curve of the form u” = 29 — x may be maximal over F s only for r dividing
q¥? + 1. Thus k divides (¢%/? + 1) /m, as desired. O

k

It follows from the proof of Corollary that a sufficient condition for X,.t to
be equal to X is that none of the curves C, defined by v" = x? — r are maximal
over F a for r a proper multiple of m. This is the case when X = H, as we show
in the following proposition.

Proposition 5.4. Let ¢ = g2 be a square, and let r be a multiple of m = q¢—qo + 1
which divides ¢*/% +1 = (qo + 1)m. Then the curve C, defined by u" = z9 — x is
mazximal over Fys if and only if r = m.

Proof. Let r = mk for some k dividing go 4+ 1. Then since g(C;) = 1(r —1)(¢ — 1),
C is maximal over Fs only if

#C(Fgs) = >+ 1+ (r —1)(q — 1)¢*/2.

Let Tr denote the field trace from Fgs to ;. Since r divides q® — 1, the field Fgs
contains the rth roots of unity. Therefore, each o € F has exactly r rth roots
in Fgs, and the number of solutions of a = 3¢ — f is either ¢ or 0, depending on
whether Tr(a) = 0 or not. Thus, every element of IE‘;{ N ker Tr contributes rq

points to C,(Fgs). Along with the ¢ points corresponding to 4 = 0 and the point
at infinity, this gives

#Cr(Fgs) = q+ 1+ rq- #(F 5" Nker Tr).
Therefore, C;. is maximal over s if and only if

(6) #(Fo3 Nker Tr) = (¢ — 1)(qo0 + 1/).
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Since the curve C,, is maximal over s, we have #(F;Sm Nker Tr) = (¢—1)(go +1).
Let o be an element of IF;{” Nker Tr, so that o(?~1/m = 1 and Tr(a) = 0. Then

0 = (¢’ ~D/m=-d¢* Tr(«)

= a(qs_l)/m_qz (a + af + quQ)

=190 4 la=Dlwo+l) 4 1

so there is at most (¢ — 1)(go + 1) such a. We conclude that IF;Sm N ker Tr consists
of the roots of the polynomial

f(T) = T(a=D(e0+1) o ple=Dao 4 1,
We claim that the trace zero elements of IFngm are evenly distributed among the
cosets of the multiplicative subgroup W = ]F;S, C IF;Sm of index gy + 1. To see this,
first note that the polynomial f(7') admits the factorization

f)y = T @' +¢ret +1).

qu+1:1
Fix a generator 8 of IFngm, so that ¢ = Bq3/2_1 is a primitive (go + 1)th root of
unity. Then we claim that each root of f(T) lying in the coset 3~¢W is a root of
fi(T) =TT ' 4+ ¢iT2=1 4 1. For if « € B~'W, then (a8")% 1 =1 and
a(qfl)qofi(a) — (e (aqfl + Ciaqu +1)
= e D@+ | ga5-Diga—1 4 ola=Dao = f(q).

It follows that #(Fy, NkerTr) = (¢ — 1)(go + 1)/k. Comparing with (@), we see
that C) is maximal only if £k = 1. O

Corollary 5.5. The Giulietti-Korchmdros curve H is equal to Hye.

The analogue of Proposition [5.4] does not hold in the situation corresponding to
Sect and Ryer. Indeed, in the Suzuki case ¢/2 +1=¢> +1 = (¢4 qo + 1)m, and
the curve u? +1 = 29 4 z is covered by the Hermitian curve w1 = g0 4 x, hence
is maximal over Fg 4. In the Ree case, there are also proper multiples r of m such
that the curve u” = x9 — x is maximal over Fge.

In any case, Corollary 5.3 allows one to verify computationally that X,.; = X
for small values of ¢ by checking that K ((z? — z)'/™¢) is not maximal over Fa for
any prime /¢ dividing (qd/ 2 +1)/m. Our computations in Magma have shown that
Sret = S for g = 22°T! with 1 < s < 6, and that Rys = R for q = 27. We leave
as an open problem the question of whether X, = X in general. The following
bound on the degree of the cover X;.s — X follows from Theorem

Corollary 5.6. The degree k of the cover X, — X satisfies

d/2 _

pe "3

=722
Proof. Since the curve X,f is maximal over Fa its genus is at most ¢%/?(q%/%—1)/2
[13]. The desired bound follows immediately by combining this with the Hurwitz
formula applied to the cover X,cf — X, and the fact that 295 —2 = (¢ — 2)(q%? +
1). O
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Remark. This bound is slightly better than the bound &k < (¢%? + 1)/m from
Corollary When X is the Suzuki or Ree curve, it gives

k<q+2,
k<q*+2q+4,

respectively. Current results on the genus spectrum of maximal curves may be used
to reduce these bounds by a factor of 3.
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