PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 146, Number 2, February 2018, Pages 653—-667
http://dx.doi.org/10.1090/proc/13777

Article electronically published on August 30, 2017

SMOOTHING OF WEIGHTS IN THE BERNSTEIN
APPROXIMATION PROBLEM

ANDREW BAKAN AND JURGEN PRESTIN

(Communicated by Walter Van Assche)

ABSTRACT. In 1924 S. Bernstein [Bull. Soc. Math. France 52 (1924), 399-
410] asked for conditions on a uniformly bounded R Borel function (weight)
w : R — [0,400) which imply the denseness of algebraic polynomials P in
the seminormed space C) defined as the linear set {f € C(R) | w(z)f(z) —
0 as |z| — 400} equipped with the seminorm || f||w := sup,cg w(z)|f(z)|. In
1998 A. Borichev and M. Sodin [J. Anal. Math 76 (1998), 219-264] completely
solved this problem for all those weights w for which P is dense in C) but
for which there exists a positive integer n = n(w) such that P is not dense in
C(O1+x2)”w' In the present paper we establish that if P is dense in C(O1+x2)”w
for all n > 0, then for arbitrary ¢ > 0 there exists a weight W, € C°°(R) such

that P is dense in C(quxQ)nWE for every n > 0 and We(z) > w(z) 4+ e~<l®l for
all x € R.

1. INTRODUCTION

Let C(R) be the linear space of all continuous real-valued functions on R and
W(R) the set of all uniformly bounded on R Borel functions w : R — Rt :=
[0,400) which have an unbounded support S, := {z € R|w(z) > 0} and satisfy
|z|"w(x) — 0 as |x| — oo for all n € Ny := {0,1,2,...}. Denote by P the set
of all algebraic polynomials with real coefficients and by C*°(R) the family of all
real-valued infinitely continuously differentiable functions on R.

For w € W(R) the seminormed space C2(R) consists of the linear set of all
[ € C(R) with lim || 4o w(x) f(7) = 0 and the semi-norm || - [|,,, where || f[[,, :=
Sup, e 0(z) |£(2)

We recall the definition of the so-called upper Baire function Mp of F: R — R
as Mp(x) := lims |0 SUpye (452445 F'(y) (see [15, p. 129]). If F' is locally bounded
from above, then Mp is an upper semicontinuous function and F(z) < Mp(z),
x € R. Tt is easy to verify that for arbitrary —oo < A < B < 400, w € W(R) and
f € C(R) we have

sup w(z)|f(x)] = sup My(x)[f(z)].
z€(A,B) z€(A,B)
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This means that the seminormed spaces C(R) and Cf; (R) coincide identically
and, in particular, P is dense in C,)(R) iff it is dense in C'}f; (R). Thus, it is possible
to assume everywhere below that w € W*(R) where W*( ) denotes the family of
all those w € W(R) which are upper semicontinuous on R, i.e., M, (z) = w(z) for
all z € R.

Introduce

(1.1) WIS(R) := {w € W*(R) | P is dense in CJ(R)} .

In 1924 S. Bernstein [ ] asked for conditions on w € W*(R) to be in WIns(R).
This problem is known as Bernstein’s approximation problem. Various results to-
wards a final solution of Bernstein’s approximation problem have been obtained in-
dependently by L. Carleson [8], H. Pollard [17], S. N. Mergelyan [14] and L. de Bran-
ges [B] (see also the surveys of P. Koosis [11], A. Poltoratski [I8] and M. Sodin [19]).

The solution of Bernstein’s problem given by L. de Branges [5] in 1959 was
slightly improved in 1996 by M. Sodin and P. Yuditskii [20] and attained the fol-
lowing form.

Let f be an entire function, Ay be the set of all its zeros, 0 < r,p < oo and
o¢(p) == lim, o0 777 log My(r), where My(r) := SUp|,|=, [f(2)|. We say that f is
of minimal exponential type if o7(1) = 0. Denote by & (R) the family of all entire
functions f of minimal exponential type which are real on the real axis (in short,
real) and have only real simple zeros.

Theorem A (L. de Branges, 1959 [5]). Let w € W*(R). Then P is not dense in
CO(R) if and only if there exists an entire function B € & (R) such that Ap C
Sw = {z € Rlw(x) > 0} and

1
2wy < T

In 1958 S. Mergelyan [14] proved that if algebraic polynomials are dense in C2(R)
but are not dense in C'2 a +z2)"w( R) for some positive integer n, then w has countable

support and the number of points in the set {x € R | w(x) > 0, |z| < R} is o(R) as
R — +o00. Motivated by this result, A. Borichev and M. Sodin in 1998 [6] divided
Bernstein’s approximation problem into two parts.

Definition 1. Let w € W*(R). It is said that algebraic polynomials P are regularly
dense in C2(R) if they are dense in C(1+x2)" (R) for all n € No.
Algebraic polynomials P are called singularly dense in C2(R) if they are dense
in C2(R) but not in C%HEQ)NM( ) for a certain n € N:={1,2,...}.
Similarly to (II]), we denote
W'E(R) = {we W*(R) | P is regularly dense in CO(R)},
WIE(R) = {w e W*(R) | P is singularly dense in C)(R)}.
It is obvious that W™&(R) and W*"8(R) are two non-intersecting classes of
weights and
Wdcns (R) = res (R) L yysing (R),
where the symbol LI denotes the union of two non-intersecting sets.

Thus, the finding of conditions on a given weight w € W*(R) to be in W'&(R)
or in W*ng(R) divides Bernstein’s approximation problem into two independent
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parts: regular and singular, respectively. A complete solution of the singular part
was given by A. Borichev and M. Sodin [6] in 1998.

Theorem B. Let w € W*(R). Algebraic polynomials P are singularly dense in
CO(R) if and only if w is discrete and there exist an entire function E € E(R) and
a non-negative integer n such that

w(z) = Z wA) xalz), zeR, xa(z) ::{ (1): i iii:

AEAE

Z 1 {<—|—oo, it k=n+1,
2\k — i —

x (T+A2)F w\) |[E(N)| 400, if k=mn,

and

1
2 Gy =

AEAFR
for arbitrary transcendental entire functions F of minimal exponential type such
that Ap C Ag and E/F is transcendental.

The regular part of Bernstein’s approximation problem is still open, but the
following important result holds.

Theorem C (M. Sodin, 1996 [19]). If w € W™8(R), then w(z) +e~ %l € Wreg(R)
for every § > 0.

The following statement about perturbations of zeros of an entire function was
proved in [2, Lemma 5, p. 237] (2005).

Lemma A. For an arbitrary entire function B € Ey(R) with zeros Ap = {bn}n21
there exist a constant C > 0 and a sequence of real positive numbers {6n}n21 such
that for any sequence of real numbers {dn}n21 satisfying

‘bn_dn‘géna 71217
one can find an entire function D € Ey(R) such that Ap = {dn}n21 and
|B'(bn)| < C-|D'(dy)], n>1.

If the set of real numbers {|B’(b,)|}n>1 in Lemma [A] is bounded from below,
then the result of Lemma [A] can be improved as follows.

Lemma 1. Let B € &(R) and Ap denote the set of its zeros. Assume that
1
B

Then, for arbitrary 6 > 0 there exist constants Cs = C5(B), ps = ps(B) > 0 such
that for any set of real numbers {dx}\cp, satisfying

(1.3) IAN—dx| < pse XeAp,
one can find an entire function D € Ey(R) such that Ap = {dA}AeAB and
(1.4) |B'(\)| < Cs |D'(dy)], X€Ag.

Observe that the proof of Lemma [l in section [B] gives the explicit expressions
for the constants ps and Cs in (3] and in ([4). Lemma[Ilis instrumental for the
proof of the next statement.
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Lemma 2. Let € > 0 and w € W™8(R). Then,

(1.5) we(z) ;= sup (w(ﬂc +t)+ efs‘”“rtl) € W8(R).

t]<e-<lel
Proof. In view of [10, Example 1, p. 8], the function
(1.6) Be(z) == w(z) 4+ el

is upper semicontinuous on R, and an application of [I0, Theorem 1.2, p. 4] to the
supremum in (L5)) yields for each = € R the existence of 6.(z) € [—1,1] such that

(1.7) we(z) = Be (x + 05(33)6*5'“”‘) , x€E€R

To prove w. € W*(R), let 9 € R, {zp}n>1 C R, lim, ooz, = zg, Ny :=
{n > 1] |0:(xn)lecl®nl > eclwol} and let us choose an infinite sequence Ny :=
{nk}r>1 C N such that limy, o0 we () = limpg 00 We(Tp, ). Since for every n
N\ N; we have |0.(z,)|e~ ¢l < e~¢lzol ([7) and ([TH) yield we(z,) < w.(xo),
n € N\ Ny. Thus, if Ny N (N \ Ny) is infinite, then lim,, o we(2,) < we(zo)
Otherwise, it suffices to consider the case Ny C Ny in which limy_, o |0c(zp, )| = 1
and therefore limy_, o0 we (2, ) < max{B.(zg —e=1%0l), B, (29 + e =170} < w.(x0),
by virtue of (7)) and the upper semicontinuity of S.. This completes the proof of
we € W*(R) (see [16, Theorem 2, p. 150]).

Assume that w. ¢ W' (R). Then, for some m € Ny we have (1 + 2?™)w, ¢
wdens(R) and by Theorem [A] there exists an entire function F' € (R) such that

1
1.8 < 00.
(18) 2 T <
F
It follows from w. € W*(R) that >\, 1/|F'(A)] < 0o, and therefore (L.2) holds
for B=F.

By Theorem [C]

(1.9) Be € W'8(R).
From (L8) and (L) we obtain
1
10 2. T3 BT 0. ) [

ANEAFR

Applying Lemma [ for 6 = /2, we find T. > 0 such that e /2 < pej2, v > T,
and then we find an entire function D € &(R) with zeros Ap = {d,\})\eAB, where

dy=X AEApPN[-T. T, dy=A+0(Ne "N, XeAp\[-T.,T.].
Hence, in view of ([4) and (CI0) we have

oo > Z 1
verr Tz (LX) Be (A4 8- (NeeN) [F/(N)
1 1+ d3m 1
>
~ Cep AeAF%—:TE,TE] L+ A2m (1 +d3™) B (dy) [D'(dy)]
1 1
>

22mC, s (1+d3™) B (dx) [D'(dA)]”

AEAR\[-T:, Te]
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from which it follows that

>+ T AW DT < o

AEAD
By Theorem [A] this means that (1 + 22™) - 8. ¢ WI"S(R) and therefore 3. ¢
Wreg(R). This contradicts (9] and finishes the proof of Lemma [2 O

We are now ready to prove our main result.

Theorem 1. For arbitrary w € W'8(R) and & > 0 there exists W. € C*°(R) such
that W. € W'&(R) and W.(z) > w(x) +e~I*l for all x € R.

Proof. Since the statement of the theorem for € = g9 > 0 implies its validity for all
€ > g9, we can assume without loss of generality that € € (0, 1).
Let w, be defined as in (L), f. as in (L6 and

Qp(z) = sup P(xz+s), zeR, pe(0,1]
|s|<pe-<lel
Since
(1.11) w(z) < w(z) +e = B.(z) < Q,(2) <w.(z), z€R,
by Lemma [2]

Q, e W(R), pe(0,1].
For arbitrary w € C*°(R) satisfying
(1.12) 0<w(@) <e /4 2zeR,

let us introduce

v w@? .\ i)
(1.13) K, (x,t) = </_w(w) exp (—m>ds> exp <—m> 5

where t € (—w(z),w(x)), z € R and K, (z, fw(x)) := 0. For example, we may take
w(z) = (1/4) exp(—z? — 2 /4). Obviously,

w(x)
/ Ky(z,t)dt =1, z€R,

—w(x)

and therefore the weight

(1.14) W.(z) ::/

—w(z)

w(x) ztw(x)

Ko, 1) (e + 1)dt = / Koo, t — 2)Qu(t)dt

z—w(x)
belongs to C*°(R).

Let € R be arbitrary and let ¢ € R satisfy [¢| < w(z). Then, by ([I2)) we
have that |t| < e~*l*l/4, and the inequalities e'/* < 4/3 and 0 < £ < 1 imply that
(3/4)e¢l2l < e=elettl < (4/3)e~c1®l. Thus, for every p € (1/3,1],

(3p — e clol/4 < pe~elo*tl 4t < (16p 4 3)e 171 /12,
and therefore

Qsp-1)/4() Sz + 1) <Quueprayi2(x), pe(1/3,1), [t|<e=I*l/4, zeR,
from which we infer for p = 1/2 that
(1.15) Be(x) <Qyg(x) < Qo + 1) <Quij12(z) <Q(z) =we (),

[t| <w(x), z € R.
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In view of (LII)) this means that the weight W, satisfies
(1.16) w(z) + e < W, (2) <w.(z), zeR.

It follows from the right-hand side inequality of (LI€) that W. € W'8(R), and
therefore the left-hand side inequality of (ILI6]) completes the proof. O

Since the weight W, defined in ([CI4]) depends on an arbitrary function w €
C*(R) satisfying (LI2), we prove in the next corollary that the special choice
w = ¢e yields a good upper estimate for W_. Here,

e el 1
(17 pelw) =S / e TPecltlqy g eR, >0,
K J1

N e - Ka(/2) —Ko(1/2) (12 121
(1.18) n._[l dt = e E( 7 )

e e
K, Ky are modified Bessel functions (see [9, (13), p. 5]) and (II8) is proved in
section [l

Corollary 1. Let ¢ € (0,1), w € W'8(R) and w. be defined as in (D). Then
there exists a weight W. € C®(R) N W'8(R) such that We.(z) > w(z) +e°1*l and
W/ (z)| < 74ellw_(x) for all z € R.

Theorem [I] allows us to assume without loss of generality that each weight in
the regular part of Bernstein’s approximation problem is continuous and positive
on the whole real axis. It also allows us to apply to this part of the problem the
sufficient conditions for the denseness of algebraic polynomials in C)(R) obtained
earlier under this assumption (see [I7, p. 869], [I4, p. 80]). On the other hand,
Lemma 2l makes it possible to replace any weight w € W*(R) by the greater step
function

w(z) = Z WnX[o, log(1 + |n|), on log(l + |n + 1|)] (z), zeR,
neL
Wy = sup w(x), o, :=sign(n), ne€Z,
€ [on log(1 + |n|), o log(1 + |n + 1])]

such that algebraic polynomials are regularly dense in C2(R) if and only if they
are regularly dense in C2(R). Here, sign(n) is equal to 1 if n > 0, 0 if n = 0 and
—1lifn<0.

Notice also that Theorem [I] can be efficiently applied to a representation of the
so-called p-regular measures for 1 < p < co. Recall (see [0, p. 250]) that a non-
negative Borel measure p on R is called p-regular if all its moments [, 2™ dpu(x),
n > 0, are finite and algebraic polynomials are dense in L, (R, (1 + 22)"Pdu(z))
for every n > 0. Here, for arbitrary non-negative Borel measures 4, v on R and
g € Li(R,dp), we write dv(z) = g(x)du(z) or dv = gdp if v(A) = [, g(x)du(x) for
arbitrary Borel subset A of R. According to [3, Lemma 4, p. 203], if u is p-regular,
then there exists a finite non-negative Borel measure v on R and w € W'™8(R)
such that dp = wP dv (the converse is evident). Taking for this w the weight W,
from Theorem [I we obtain dy = w? dv = WP (w/W.)P dv = WP dv where V is also
a non-negative finite Borel measure on R as follows from dv = (w/W,)? dv and
w(x) < We(z) for all z € R. Thus, the following assertion holds.
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Corollary 2. Let 1 < p < oo and a measure p be p-reqular. Then, for every
e > 0, there exists a finite non-negative Borel measure v. on R and a weight W, €
C®(R) N W8(R) such that W.(z) > eIl for all z € R and du = WP dv..

2. AUXILIARY RESULTS

Lemma 3. Let the real numbers a, b, x and A € (0,1) satisfy
(21) be(a—A%a+A%, 0¢(a—Aa+A) and =z ¢ (a—2A,a+24).

Then,
(-50-3)"

Proof. The conditions ([ZI) imply that |a] > A, b € (a — A,a + A) and therefore
that |z — b > A. Thus, ||b] —|a|]| < |b—a] < A% and |b| < |a] + A?, ie,
b]/|al <1+ A?%/|a] <1+ A. Finally,

< (1+4)°.

l—z/a| _|b[lz—a] _ b |b—a+ (z—-0)
L—a/b|  a|lz =0  |a |z — b
6] [b—al + |= — b| ( |b—a|> 2
< ———F———<(1+4A)- [ 1+ <(1+4+A),
la] |z —b] |z — bl
which completes the proof. O

Lemma 4. Lete € (0,1/(2¢)), C. € (0,+00) and f be an entire function satisfying

22) () < e, sec
Then,
o) Zf(_’“’l] <cl, aed;, zecC.

Proof. Cauchy’s formula [21], (3), p. 81]

VR f(Q)d¢
f (Z) B 2mi /|z(|—1/5 (C - Z)2

and (22) for any z € C yield

"(2)] < e max <eC. max ¢Sl
FEI<e mas OIS0 max

< eCeflEl+1/e) = coLefl?l < OLefll,

For arbitrary A € Ay and z € C satisfying |z — A| > 1/(2¢) it follows from (2.2))

that
f(2)>\’ < 250666"2' < Cseé\z|,

z —

which by the maximum modulus principle [21] p. 165] yields

/) ‘ /(<)
— max || = <
2= A T c=Al=1/20) [ { — A c_apax (O
<2C.  max el <2:0.ef I 1/E) < 2ceCefl?l < CLefl?
[C—=A|=1/(2¢)

provided that |z — A] < 1/(2¢). This finishes the proof of Lemma @l O
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Lemma 5. Lete € (0,1/(2e)), C. € (0,+00) and B be an entire function from the
class E(R) satisfying

) < C.efl?l
(2.3) (a) |B(2)| < Cefll, zec, AGZA: |B,

Then, for arbitrary A\ € Ap the inequality

B(x

(2.0 e RO
holds for every real x satisfying
(2.5) |z — Al < Le_‘gl’\|

’ ~ 1+2C.0p '
Thus,

e*E

(2.6) min  [A—pul>——e PN NeAp.

neAp\{A} 1+2C.0p

Proof. Let A € Ap and

Bi(z) := fﬁxi

Obviously, Bx(A) = B’()), and it follows from Lemma [] that

IBi(2)| < C.e®l, zecC.
Furthermore, [23)(b) yields
B'(V)| = 65"
Assume that z € [-1,1] and
[Ba(z 4+ A) = Ba(A)] > [BA(M)] /2.

Then,
05'/2 < [B'NI/2=|BA(N]/2 < |Br(z + ) — Ba(N)|
o] o]
= / B{(\ + ot)dt gca/ e tatlgy < 0et( + 1M g
0 0
< (C.+05/2) LA,

where 0 = 1 if x > 0 and ¢ = —1 if x < 0. This means that if
o—e(1+AD
7] < ——5=5—
1+2C.0p
then
[Ba(z+A) = B'(\)| < [B"(A)] /2,
and therefore
[Bx(A+2)| = [B'(\)+Br(A+z) = B'())]
[B' (M| = [Bx(A+ ) = B'(N)| = [B"(N)] /2,
which was to be proved. ([l

v
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Lemma 6. Let f: R — R be integrable on every compact segment [a,b] of the real
line, w € C°(R) be strictly positive on R, r be defined in (LI8) and

1
(2.7) fulz) = %/_1 flz+tw(z)) exp <— —1t2> dt, x € R.
Then, f, € C*°(R) and for every x € R we have
1
L 2t 1
£ = / o+ tol) 2 e (-2 )

- w/(x) X 200/(25) x w(x L ex — 1
(2.8) fu(z) + /f( +tw(z)) — 7 p< )dt.

Proof. Since
1 otw(@) w(x)?
)h) = s [ pwe (——) i, zeR,
¢ w(m) z—w(z) w(x)2 - (t - x)2
then f, € C*°(R) and for arbitrary € R we obtain

w/ T z+w(x)
kfo(x) = =k fo(z) ()+ ! / F(O T (x, t)dt,

W(ﬂ?) (U({E) —w(x)

ot = e (o)

e@e'@t-e? | 2wEPi-a) ] w@p?
[((t—wv—w(x)z)”((t—xv <>>] (i)

from which (Z8)) follows easily by the change of variables. Lemmal[@l is proved. O

3. ProOF oF LEMMA [

3.1. If Lemma [lis proved for § = g > 0, then for arbitrary d; > dq it follows from
A —dal < ps, e 01lM < Pso e %A X\ € Ap that Lemma [ also holds for § = &;
with Cs, = Cs, and ps, = ps,. Therefore, it is sufficient to prove Lemma [[ only for
those numbers ¢ which satisfy

0<d<1/e

3.2. Let B be an entire function satisfying the conditions of Lemma [Il Then,
these conditions are met by any translation of B of the form Br,(z) := B(z + a),
a € R\ {0} because Ap, = Ap —a, Op,, = Op and By, € &(R), where Op
denotes the value of the series in (2]).

We show that if Lemma[dlis proved for the function B, then it also holds for any
Br,, a € R\ {0}, with constants ps(Br,) = e %% ps5(B) and Cs5(Br,) = Cs(B).

Let § > 0, a be an arbitrary non-zero real number and E := Br,. If {ex}ycp,
is any collection of real numbers satisfying |A — ex| < ps(E) exp (=0|A]), A € Ag,
then in view of A = A — a we have

A= a—ex_a| < ps(B)e P <l ps(E)e™M = ps(B)e M, X € Ap,
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and therefore the numbers dy := ex_, + a, A € Ap, satisfy condition (L3]). Thus,
there exists an entire function D € &(R) such that Ap = {dx},c,, and [B'(A)| <
Cs5(B)|D’(dy)|, A € Ap. Then, for the function G(z) := D(z + a) we have G €
Eo(R), A¢ = Ap—a={dx —a}ycp, ={drta —a}yecn, ={er}rca, and [E(N)] =
[B'(a+ )| < C5(B) |D'(dasa)| = C5(B) |G/ (datr —a)| = Cs(B) |G'(ex)], A € Ap.
This implies the validity of Lemma [l for Br,, as claimed.

We conclude that to prove Lemma [I] for all translations Br,, a € R, of the
entire function B it is sufficient to prove it for at least one of them. We specify
the translation of B by choosing an a € R\ Ap such that minyea, x>a(A —a) =
minyep, a<e(@—A) if Ap is unbounded in both directions, ¢ > 1+ maxAp if Ap is
bounded from above and a < —1 + min Ag if Ag is bounded from below. Consid-
ering such By, as the initial function B in Lemma [l we can therefore assume that
the set Ap of all zeros of B in Lemma [I] obeys the following additional properties:

(a)  0¢Ag;

3.1) (b) Aeﬁi%o Al = Aeﬂ%@ [A| if supAp = +o0 and inf Ap = —o0;
(¢) minAg>1 if infAp > —oc;
(d) maxAp < -1 if supAp < +o0.

Observe that ([B1))(b) means the existence of two neighboring zeros A1, A2 € Ap of
B (i.e., A< )\2, ()\1, )\2) NAg = (Z)) such that Ay = —X\g.

3.3. Denote by ©p the value of the series in (L2) and let
—&

2

e
_— 1/1
4+8C€@B) € (0,1/16),

(32) e:=6/2€(0,1/(2)), ps:= (

where

C. :=supe *|B(2)| < .
zeC

Then, for the function B the conditions of Lemma [0 are fulfilled and (23] implies
that

(33) [)\1—2A)\1, >\1+2A)\1] N [)\Q_ZA)\Q, )\2+2A)\2}:®, AL, €EAB, A\ 7é)\2,
where
(3.4) Ay = ps e M e(0,1/4), XeAp.

Actually, assume that there exist A1, A2 € Ap such that A\; < Ao, (A1, \2) NAg =0
and

(35) A1+ ZA)\I > Xy — 2A,\2.
By virtue of (Z6l),
(36) A <)\2—4A)\2, A1 +4A)\1 <)\2,

and therefore
Ay — AL > 2A>\1 —|—2A>\2,
which contradicts (5] and proves (B.3)).
Introduce the following neighborhood of Ap:

(3.7) Ag = |_|AGA [A—2Ay, \H2A,].
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We now prove that for any two neighboring zeros A\; < As of B the midpoint of
the interval [A1, A2] does not belong to A%. In fact, it follows from Aj, A2 € Ap,
A1 < Ag, ()\1,)\2) NAg = 0 and (]ED that

A A A A
L2 x 20y, M2y, < P02

which proves

A A
(38) A1 < Ag, )\1,)\2€AB, ()\1,)\2)0/\3:@ = 1—; 2 ¢A%

Together with (B]) this property means that
(3.9) 0¢ A3

Actually, if Ap is unbounded in both directions, then according to ([BI)(b) the
origin is the midpoint of a segment joining two neighboring zeros of B which have
opposite signs. It follows from [BS) that (B0) holds. In the case when Ap is
bounded from one side the distance minyep, |A| between 0 and Ap is greater than
1, by virtue of I)(c),(d). But in view of B4), 2A, < 1/2, and therefore (39])
follows readily from (B.1).

3.4. If {dxr}area, are arbitrary numbers satisfying (L3)), it follows from (L3]), (3.2)
and (B4) that

(3.10) dy € [A=A3, AAY] C[A=A\ A+AL], A€ Ap,
and in view of (B3] that
(311) d)\o ¢ [A—?A)\, >\+2A)\], Ao, AEAB, M FEA

It is worth remembering that according to the Lindelof theorem [I3] Theorem 15,
p. 28] a set A C R\ {0} is the set of all zeros of some entire function from the
class & (R) if and only if there exists a finite limit of o (R) and na(R)/R — 0 as
R — +o0. Here,

SA(R) == ZA@W_R " 1/, na(R):=card{Ae A | |\| <R}, R>0,

and card A € Ny U {400} denotes the number of elements in a set A. Then, all
functions f € & (R) satisfying Ay = A are given by the following formula:

f(z)=A lim

R—o0 AeAN(—R,R)
where f(0) = A # 0. Thus,

(1-2/)), AeR\{0}, z€C,

(3.12) B(2)=B0) fm [, Cnn

(1-2/)\), ze€C,
and it follows from limp_, {0 np(R)/R =0 that 7, ) 1/X* < cc.

Denote Ap := {dx}rer,- Since Ap = {A}rea, satisfies the conditions of Lin-
deldf’s theorem, they are also met by the set Ap because

=N < 55, A€ Ap,

by virtue of (3] and the inequality
(3.13) exp(—z) < 1/2?, x> 0.
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Therefore, Ap is the set of all zeros of the entire function

(3.14) D(z) = lim Il «a-=z/d), z€c,
ANEAB
dx€(—R,R)

which belongs to the class & (R).
Let m denote the Lebesgue measure on R. Then it follows from B4), (31 and

(BI3) that
m(AB) <4vps Y et <dem2p5 D1/ < o
AEAB AEAB
Hence, the set
R} = [0,400) \ (A U—A%)
is unbounded, and in view of (BI0), (B3]) and B7) we have
(3.15) {AMAXeApN(-R,R)} ={\|[ A€ Ap, d\€(-R,R)}, ReR}.
3.5. Let us estimate |B’(\o)|/|D'(dy,)| for arbitrary Ao € Ap. It follows from

24, @3), B2) and B4) that

B
PO 1B/l /2, w e - 180 A440)], A€ A,
and therefore, by ([BI0), we have
2 |B(dx)l
B'(\)| € — —22.
| ( 0)|—-|AO|]7_ gég
Ao
Then, by (3.12), B.14) and B.I5),
[B'(Mo)| o 2 |B(dx,)|
D'(dx)] =~ Pol [, _ da
| ( ko)| | 0| A |l)'(dA0)|
(316) _ 2‘d)\o||B( )‘ lim H 1- dAo/)‘ )
[ Ao R— 400 1 —dy,/dx
R€R+ XGAB;()\ RR)
0

The relations B.7)) and [B3) imply that 0 ¢ [A — 2A5, A+ 2A, ] and therefore
|A| < 2A,, which together with the consequence |dy| < |A| + A% of BI0) yields
in view of B4) |dx/A <1+ A%/|A| <14 A,/2 < 2 for every )\ € Ap. Thus, in

BI8) we have |dy,|/| o] < 2.
Setting in Lemma B © = dy,, a = A, b =dy and A = Ay with A\g and A taken
from (BI6), we obtain the validity of the conditions (Z1I),

dye A=A A+AY), 0¢ (A—A\NA+AY), dy, & (A =245, A +24,),
as a consequence of BI0), B.1), B9), and BII). Hence, the factors in (B.I6)

satisfy

-1 2 —elA)?
(1= dag/A) (1= dy, fda) ] < (1 A0) = (14 /s e V)

by virtue of ([B4). It follows therefore from (B.I6) that
1B (M)l

(3.17) |D’( ]

<G5 =4B(0)| [] <1+\/_5e EW) <00, o€ Ag,

AEAB
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where the product above is finite in view of (3.13), B.)(a) and >y, , 1/7% < 0.
Lemma [l is proved, and the formulas B.I7), (3:2)) together with the reasoning of
subsection B2 establish the explicit expressions for the constants ps and Cs in (I3)

and in (TF).

4. PROOF OF COROLLARY [II
We first prove (EDEI) It follows from

1
—t
/e 1- t2dt d = /e_td / -t dt
xft+13/2 Vi+1 \/t+
—1

_ e "t _2d > e~ (@/2tqy
e dx t(t+1)lz=1 e dx 1 WJt2—1) la=1
and [9, (19), p. 82] that
/ —
el 2 gl 02+ KG2) Ka(1/2) -~ Ko(l/2)
edx z=1 Ve Ve

by virtue of [9 (21), p. 79]. The values in [} p. 417], e"°K(0.5) = 1.52410. .. and
e"5K1(0.5) = 2.73100... finish the proof of (LIR). Similarly, we obtain

1 1
21| 1 2 2 1 K
4.1 — - dt = - — —— | dt = ~.
(4.1) /(tz_l)Q eXp( 1—t2) e’ /(t2—1)2 exp( 1_t2) 2
1 1

Let the function ¢, be defined in (LI7). In order to prove Corollary [Il we observe
that all constant functions belong to the set C°°(R), and therefore we can apply
Lemma [6] to the function 4e°¢. which coincides with the function f,, in 1) for
w=1and f(z) = exp(—¢|z|). Thus, (2.8) and (LI7) yield for every « € R that

1 1

1 1

’ o e © —e|z+t| 2te 1-t _ e * —elz+t| —1_%

(4.2)  ¢l(z)= ym /e 7(1 ) dt, ¢.(z) = P e dt.
21 1

It follows from (@2), @), (LI8) and
—lz]-1<—Jz+¢ <1—|z|, |t|<1, t,x R,
that
(43)  ol(x) < (5/12)e 1 (e7*/d) e~ < g (2) < (1/4) eI, z € R

Let W, be defined as in (LI4) with w = ¢.. Then by Theorem[I W, € C*(R)N
Wreg(R) and We(x) > w(x) + el for all 2 € R. Furthermore, W. is equal to the
function f,, in 7) for w = ¢. and f = Q5. Thus, by (2.8), we obtain

1
) = — x x _ exp | — 1 _ %:(@) x
Wgu)—ws(x)/lm/z( 10 p(-2g) - Eww)
1
20/(@) e
(44) + ¢E(I)/191/2(x+t¢5(a:))(t2_1)2 p( 1—t2>dt‘
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According to (LI3) and (LI6), Q4 /2(z + toe(z)) < we(x) and W (z) < we(x)
for all |t| <1 and x € R. Therefore, it follows from (@), (3] and (@4) that

de?eclzl 9 10e? 2 10e?* &k
w/! < w, = i -

< 10e* el (z) < 7461w, (z),

which completes the proof of Corollary [l
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