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ABSTRACT. We improve the Cauchy radius of both scalar and matrix polyno-
mials, which is an upper bound on the moduli of the zeros and eigenvalues,
respectively, by using appropriate polynomial multipliers.

1. INTRODUCTION

A simple but classical result from 1829 due to Cauchy ([2], [5, Th.(27,1), p. 122
and Exercise 1, p. 126]) states that the zeros of a polynomial p(z) = a,z™ +
Ap_12"" 1 4 -+ + a1z + ag, with complex coefficients and a,, # 0, lie in |z| < p[p],
where p[p] is the Cauchy radius of p, namely, the unique positive solution of

lan|z™ — |an,1|z"_1 — - —|a1]|z — |ao| = 0.

A smaller Cauchy radius was obtained much more recently in [8, Theorem 8.3.1]
by Rahman and Schmeisser, who showed that p[(a,z* — a,,_1)p(2)] < p[p], where
k is the smallest positive integer such that a,_; # 0, i.e., a better bound can be
found by using a polynomial multiplier.

A generalization to matrix polynomials of Cauchy’s classical bound for scalar
polynomials was derived in [I], [4], and [6]. It states that all the eigenvalues of the
regular matrix polynomial P(z) = A,,2"+ A, 12" 1+ + A1 2+ Ap, with complex
coefficient matrices and A,, nonsingular, lie in |z] < p[P], where, as in the scalar
case, p[P] is called the Cauchy radius of P, which is the unique positive solution of

1AM 2" = Anaall2" ™ = - = [ Aullz = [|Ao] = 0

for any matrix norm. The eigenvalues of P are the complex numbers z for which
a nonzero complex vector v exists such that P(z)v = 0. If A, is nonsingular, they
are the solutions of det P(z) = 0. A matrix polynomial P is regular if det P is not
identically zero. When P is linear and monic, i.e., P(z) = Iz + Ay, one obtains the
standard eigenvalue problem.

In [7], the improved Cauchy radius from [8] was also generalized to matrix poly-
nomials. It was shown there that, under mild conditions on A, and with k the
smallest positive integer such that A,,_j is not the null matrix, both

P [(Anzk - An—k) P(Z)} <p[P] and p [P(Z) (Anzk - An—k)] <plP] .
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Other multipliers with these properties do not seem to exist in the literature,
and our purpose here is to derive different multipliers that also improve the Cauchy
radius for both scalar and matrix polynomials and that, in general, perform better
than the improvements from [7] and [§].

In Section 21 we present such polynomial multipliers first for matrix polynomials,
while we consider scalar polynomials as a special case in Section Bl

2. IMPROVED CAUCHY RADIUS FOR MATRIX POLYNOMIALS

The following theorem presents three matrix polynomials, obtained by multiply-
ing a given matrix polynomial P by another matrix polynomial, that have a smaller
Cauchy radius than that of P. Clearly, for any matrix polynomial T, a region in
the complex plane containing all the eigenvalues of TP or PT also contains those
of P.

Theorem 2.1. Let P(z) = Z?:o Ajzj be a reqular matriz polynomial of degree n
that is at least a trinomial, with square complex matrices A; (0 < j < n) and A,
nonsingular, and let k and ¢ be the smallest positive integers such that A,_j and
A, _r_¢ are not the null matriz. Define

QgL)(z) = (Anszr[ —A,_p2t — An_k_g) P(z2),
éL)(z) = (Anz% — Ap k2t A2 LAY P(2),
and, when £ =k,
) (2) = (Ap2®F — Ay 32" — Ay _op + A2 LAY P(2).
Furthermore, define
gR)(z) = P(z) (Anzk'M — A, 2t — An,k,g) ,
Q57(2) = P(2) (An2™ — Auia® + A7 A7),

and, when { =k,

QY (2) = P(2) (A2 — A 32" — Ao + A2 LAY,
For any matriz norm ||.||, if [|A 2|71 = [[Anl||A 7Y and if Ay A,_ = Ay 1A,
and ApAn_—o = Apn_k—¢An, then, for any admissible values of k and £, it follows
that p[QE—L)] < plP] forj=1,2. If L =k, then p[QéL)] < p[P]. Analogous results
hold for Q" (j = 1,2,3).

Proof. We prove the theorem for QE—L) (j = 1,2,3); the proof for Q;R) (1 =1,2,3)
is analogous. Let k and £ be as in the statement of the theorem and, if it exists, let
s be the first positive integer such that A, _;_s—s is not the null matrix (when P is
a trinomial, then no such s exists). We will make use of the following expression,
where m is any positive integer and M is any square complex matrix:
(A,Lzlﬁm — A, 2" — M) P(2)
_ Aizn-i-k-i-m + AnAn,k,gZ"_Z-i_m _ Aiikzn—k+m _ MAnZn
n—k—~{—s n—k—~¢ n—~k
+A, k™ Z Ajz? — Ay 2™ Z Az — MZAjzj .
j=0 j=0 Jj=0

(2.1)
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If P is a trinomial, then the summation in (ZII) with upper index limit n—k—£¢—s
is set equal to zero.

We begin with QEL), which is obtained by setting m = £ and M = A, _x_¢
in (ZI):
(2.2) (An2"t — Ay g2" — Ay ) P(2) = QP (2) = A2z K+ 1 §(2),
where

n—k—~0—s
(2.3) S(2) = —A7 32" M4 A N AL
j=0

n 14

J
—k—
DEDS

n—~k v
Aij - An_k_g Z Ajzj = Z szj,
§=0 3=0 j=0
v <n—min{s, k — ¢} (when P is a trinomial, v < 2(n — k) = 2/, since in this case
k+¢ = n so that k—¢ = 2k —n), and each matrix B; is a sum of terms of the form
Aj or A;A;. If we define

®(z) =) |IBjll<,
3=0
then the Cauchy radius of QgL) is the unique positive solution of || A, 2||~tzn+k+ —
®(z) = 0. We now set « = p[P], i.e., x satisfies
n—k—~{0—s
(24) AT e JAnk e = Az = D 4lle7 = 0.
3=0
Using (24) and the basic properties ||A + B|| < ||A]| + || B|| and ||AB]| < ||A]l|| Bl
of matrix norms, we have that

n—k—~{—s
(25) () < [[An-gl?2"FH 4 ApaF T YT Ay
j=0
n—k—~ ) n—=k )
+lAn-klle® D A1 + [ An—k—el D 1145127
7=0 7=0

= [l An sl A (LA e = [ Anglla™ ™ = [ Angella” )
HlAn—illa’ (142117 2" = | An—pllz" ) + | Ans—ell (1417 "2")

< (LA AT TR = AL T
We have used both the fact that ||A;![|7! < ||A,| and our assumption that
1427 = |A.]l|A; 27, This means that ||A,; 2| ~tz"t**+¢ — &(z) > 0 and,
therefore, that « must lie to the right of p[QgL)], ie, p[Q(lL)] < p[P].

When P is a trinomial, the second term in the right-hand side of ([Z3)) is absent,
and the result follows analogously.

For QéL) the proof is similar and we will omit unnecessary details. Here we set
m=Fkand M =—-A%2 , A in ZI) to obtain

(2.6) (An2?% — Ay 2" 4+ A2, AT P(2) = Q8P (2) = 42272 1 5(2),
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where

n—k—~{0—s
(2.7) S(2) = ApAp_pez" " TF 4 A N AL
j=0

n—k—~¢ n—k v

k j 2 -1 j j

— A, _pz Azl + AL LA, E Az = E B;z’,
j=0 j=0 Jj=0

and v = n — min{k,¢ — k} (when P is a trinomial, v = n — min{k,n — 2k}). The
Cauchy radius of QS is the unique positive solution of | A2 ~1z"+2k — &(z) = 0,
where ®(2) = Y7 | Bj||2?. With z = p[P] and ([24), we have

n—k—~{—s
O(z) < Aull[An—p—ellz"TE 4 ([ An]l2* Y [14y]l27
7=0
n—k—~¢ n—k
HlAngllz® > A+ [ AnklPIALT D 14127
7=0 7=0

= || Al An—p—ella™ =
A2 (A e = A glla™ ™ = | Angef|2™ )
HAn—rll2® (1A 2™ = [ Anzill2™ ) + [ An—i P14 (1A 2™)
< [ ARNIAL I~ 2R = (| A% e,
Therefore, ||A; 2|~ tz"+2F — &(z) > 0, implying that the Cauchy radius of QéL) is
smaller than that of P. When P is a trinomial, the same result follows analogously
as before.
For QéL), with £ =k, weset m =k =Fand M = A,,_op — Ai—kAZI in (1),
which gives
(2.8) (Anz?" — Ap_p2¥ — Ap_op + A2 LAY P(2) = Q5P (2) = A227F2% 1 5(2),
where

n—2k—s n—2k

(2.9) S(z) = Ap2%* Z A2t — A, g2k Z A
J=0 §=0

n—~k v
— (Anok — AL LAY AP =D By,
=0 =0

and v <n —min{k,s} <n—1 (v <n-—k<n-—1when P is a trinomial). With
D(2) = X7 o I1Bjll#7, the Cauchy radius of Q4" is the unique positive solution
of [|[A;2||7! "2k — &(2) = 0. Setting z = p[P], which satisfies equation (Z4)),
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we have
n—2k—s n—2k
Ox) < [Anllz® D0 A7 + | An—kllz® D (14527
=0 =0
n—k
HlAn—2x — A2 LA IA )27
=0
= Al (1A e = [[An k™™ = (| Ap—ok[l2"2*)
HlAn—gllz® (JA 1 2" = [[An k]2 ")
| An o — A2 A (41 ")
< JARIAG Y 2R
+ ([ An—2k — A2 L AHIA T = AR An—akll = | An—]?) 2"
< Al AL e RE
+ ([ An—arllIIAL Y+ Ak IP1AL AL
— | Al An—2k]l = [[An—kl?) 2"
< JAIA I 225 4 (A okl 1A 1T = 1Al An—akll) ="
< JARJAG I R = AR e R

We have obtained that ||A;2||~t2"+2F — &(z) > 0, with an analogous result when

P is a trinomial, which means that the Cauchy radius of QE))L) is smaller than that
of P. This completes the proof. O

Remarks.

e The matrix A2 _, A, ! in the definitions of QgL) and QER) for j = 2,3 could
be replaced by A, 1A% _, since positive and negative powers (if they exist)
of commuting matrices also commute.

o If A, o = A2 A1 then p[QéL)] and p| gR)] are both equal to the
improved Cauchy radius of Theorem 8.3.1 in [§].

e The conditions A, A, = Ap_rxAn, AnAn 1o = Ap_k_oeA,, and || A 2|71
= |A,|llA; ]|~ may appear restrictive, but they are always satisfied if
A, =T and ||I]] = 1. The former can be achieved by multiplying P by
A1 which needs to be computed anyway to obtain the Cauchy radius.

e In general, the multipliers of P are different from the ones obtained by
repeatedly using Theorem 2.2 in [7], as their degrees can easily be seen to
be different.

The more zero coefficients a polynomial has, all else being the same, the smaller
its Cauchy radius will be. Although the matrix polynomials Q;L) for j =1,2,3
may have additional zero coefficients (null matrices), the ones that we have some
control over are the leading zeros immediately following the highest coefficient.
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The following lemma allows us to compare their number, thereby indicating which
multiplier might be preferable for given values of k£ and /.

Lemma 2.2. Let P, Qg-L) and Q§R) (j =1,2,3) be as in Theorem 2l Then, with
the same notation as before, the following holds:
o When ¢ < k, the leading powers of z in QgL) aren+k+/f¢andv <n-—1,
whereas for QéL) they are n +2k andn+k—£>n+1.
o When { > k, the leading powers of z in QEL) are n+k+£ and n+4—k > n+1,
whereas for QgL) they are n + 2k and v <n — 1.
o When £ = k, the leading powers of z in QgL) and QéL) are n + 2k and n,
whereas for QéL) they are n + 2k and v <n — 1.
e All of the above results also hold true for Qg-R) (1 =1,2,3).

Proof. From (22) and [23) we have that, when ¢ < k, then the leading powers
of QgL) aren+k+ /¢ and v <n—min{k — ¢,s} <n—1 (as before, when P is a
trinomial, we obtain that v < 2(n — k) = 20 < n —1). Here, n, k, ¢, s, and v are
as before. When ¢ > k, then those powers become n+k+/¢and n+{¢—k >n+1,
and when ¢ = k, they are n + 2k and n.

Similarly, we observe from ([20) and (Z7) that, when ¢ < k, the leading powers
of QéL) are n + 2k and n + k — ¢ > n + 1, whereas for £ > k, they are n + 2k and
v=n—min{k,{ — k} <n—1. When ¢ = k, those powers become n + 2k and n,
as for QgL).

When ¢ = k, equations (2.8) and (2.9) show that the highest powers of QgL) are
n+ 2k and v <n —min{k, s} <n—1 (when P is a trinomial, v <n -k <n—1).
The proof for Q§R) (j = 1,2,3) is analogous. |

The number of leading zero coefficients is now easily determined with Lemma 2.2]
from the leading powers of Q;L) for 5 = 1,2,3. They can be found on the left
in Table[for the worst case (i.e., smallest number of zeros), namely, when v = n—1,
where v is as in Lemma [2.2] while the degrees of Q;L) for 7 = 1,2,3 can be found
on the right.

TABLE 1. Number of zero coefficients (left) and degrees of Q§L)
for j =1,2,3 (right).

Q@ QY @
C<k| k+L k+L-1 - C<k|n+k+f n+2k -
>k |2k—1 2k - L>k | n+k+L n+2k -
L=k |2k—-1 2k-1 2k L=k| n+2k n+2k n+2k

Table [ shows that, when £ < k, Q(lL) has a higher number of leading zero
coeflicients than QéL), while its degree is lower. When ¢ > k, the same conclusion
holds with QgL) and QgL) trading places, and when ¢ = k, then QgL) has more such
zero coefficients than both QgL) and QgL), while they all have the same degree.
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Analogous results are obtained for Qg-R) for 7 = 1,2,3. We thus arrive at the
following choice to improve the Cauchy radius of P:

(Anz’”‘é — Ayt — An,k,g) P(z) if ¢ <k,
QWP (2) = (An2?F — Ap_y2F + A2 ALY P(2) if ¢ > Fk,

(Ap2?F — Ay _2b — Ay + A2_ LAY P(2) if L=k,
(2.10)

and we choose Q) analogously.

Remarks.

e Theorem [2.1] can be applied recursively to improve the Cauchy radius fur-
ther. One could also alternate between (L) and (R) versions, although, in
general, there does not seem to be a large difference between the two.

e The improved Cauchy radii require additional matrix multiplications, while
a real scalar polynomial equation of a degree higher than that of P needs to
be solved. The latter can be dealt with very efficiently so that, as the matrix
size increases, the cost tends to be dominated by the matrix multiplications.
It therefore depends on the application if this additional computational cost
is justified.

e The choice of Q) or Q)| which was based on the number of leading zeros,
is not guaranteed to produce better results than other choices, although the
numerical examples below seem to indicate that it performs well.

e It is, in general, difficult to predict which norm provides the best result, but
in many applications the size of the matrix coefficients limits that choice
to the 1-norm or the co-norm.

We illustrate the usefulness of Theorem 21 and our choice of Q)| defined
by (ZI0), and compare it to Theorem 2.2 from [7] (the generalization to matrix
polynomials of Theorem 8.3.1 in [§]) at the hand of the following two examples. In
the first, we generate random matrix polynomials, whereas the second one is taken
from the engineering literature.

Example 1. Here we generated 1000 matrix polynomials with complex elements,
whose real and complex parts are uniformly randomly distributed on the interval
[-10,10]. We then premultiplied each matrix polynomial by the inverse of its
leading coefficient to make its leading coefficient the identity matrix. We examined
four cases with n = 20 and 25 x 25 coefficients: k =3,/ =5, k=5, =3,k =/( =25,
and k£ = ¢ = 1, and one case with n = 4, 250 x 250 coefficients, and k = ¢ = 1.
Tables ] and [3 list the averages of the ratios of the Cauchy radii to the modulus
of the largest eigenvalue, i.e., the closer this number is to 1, the better it is. This
was done for the Cauchy radius of the given matrix polynomial with the 1-norm
and five consecutive applications of Theorem 1] labeled as level 1-5, using Q%)
defined by (ZI0) for each application. In each column, the numbers on the left
are the ratios obtained by Theorem [Z1] while the ones on the right are the ratios
from Theorem 2.2 in [7]. Clearly, significant improvements can be obtained from
Theorem 21 Moreover, the advantage of having another multiplier in addition to
the one from [7] is that it can sometimes accelerate an otherwise slowly progressing
recursion.
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TABLE 2. Comparison of Cauchy radii for Example 1.

Level | n=20,m=25|n=20,m=25|n=20,m=25
k=3,0=5 k=5(=3 k=0¢=5
Cauchy 1.991 1.482 1.492
1 1.257 | 1.404 | 1.236 | 1.264 | 1.165 | 1.231
2 1.135 | 1.198 | 1.155 | 1.235 | 1.151 | 1.145
3 1.127 | 1.190 | 1.145 | 1.217 | 1.146 | 1.358
4 1.123 | 1.186 | 1.117 | 1.152 | 1.093 | 1.130
5 1.118 | 1.184 | 1.070 | 1.145 | 1.087 | 1.126

TABLE 3. Comparison of Cauchy radii for Example 1.

Level | n=20,m=25|n=4, m=250
k=¢=1 k=¢=1
Cauchy 8.442 33.963

1 2.003 | 2.880 | 3.154 | 5.725

2 1.419 | 1.770 | 1.763 | 2.419

3 1.237 | 1.681 1.361 | 2.350

4 1.195 | 1.366 | 1.326 | 1.574

5 1.194 | 1.328 | 1.326 | 1.543

Example 2. This example is taken from [3], where a structural dynamics model
representing a reinforced concrete machine foundation is formulated as a sparse
quadratic 3627 x 3627 eigenvalue problem with & = ¢ = 1. Of the many bounds
on the eigenvalues that were examined in [4] for the 1-norm and oco-norm for this
problem (the 2-norm is too costly here), the Cauchy radius was among the best.
Theorem 2.2 in [7] improves those bounds significantly, but Theorem [ZT] improves
them even more. Tabled]shows the actual Cauchy radius and its improvements from
five successive applications of Theorem 2.2 in [7] and Theorem [2Z1] for the 1-norm
on the left and the oo-norm on the right. In each column, the numbers on the
left are obtained from Theorem 2.1] while those on the right are from Theorem 2.2
in [7]. Here too, we have used Q%) defined in (ZI0). The modulus of the largest
eigenvalue is 2.120 x 104, and in the table all bounds were divided by 10%.

TABLE 4. Comparison of Cauchy radii for Example 2 with the
1-norm (left) and the co-norm (right).

Cauchy 3.532 Cauchy 3.173

Level 1 | 2.762 | 3.349 Level 1 | 2.658 | 3.064
Level 2 | 2.427 | 2.737 Level 2 | 2.380 | 2.652
Level 3 | 2.413 | 2.722 Level 3 | 2.363 | 2.598
Level 4 | 2.272 | 2.425 Level 4 | 2.260 | 2.380
Level 5 | 2.271 | 2.419 Level 5 | 2.260 | 2.374
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3. IMPROVED CAUCHY RADIUS FOR SCALAR POLYNOMIALS

Since scalar polynomials are 1 x 1 matrix polynomials, Theorem 2] can be
applied to them as a special case. Moreover, because of their scalar nature, the
theorem can be slightly refined, as stated in the following theorem.

Theorem 3.1. Let p(z) = Z?:o a;jz? be a polynomial of degree n with complex
coefficients that is at least a trinomial, and let k and ¢ be the smallest positive
integers such that an_y and a,_p_¢ are not zero. Define

k+£

ql(Z) = (anZ - ansze - anfk*f) p(Z),

2
a,
q2(2) = <an22k — ap_p2* + n—k> p(2),

n

and, when { =k,

2
a,
a5(2) = ( i et ’“) p().

Then the following holds:

(1) For any admissible values of k and ¢, plg;] < plp] for j=1,2, and if { =k,
then plgs] < plp).

(2) If all the coefficients of p are nonzero, then the inequalities in part (1) are
strict, unless p has a zero of modulus p[p).

Proof. The first part of the theorem follows immediately from Theorem 2] as a
special case because complex numbers are 1 X 1 complex matrices. The second
part requires some elaboration. To avoid tedious repetition, we present a detailed
proof only for ¢;, and sketch the proof for ¢go and g3. Throughout, if the index of a
quantity is inadmissible, then that quantity is set equal to zero.

We now assume that all the coefficients of p are nonzero, so that k = ¢ =1, and
we begin with ¢;. The expression corresponding to S(z), defined by (Z3)) in the
proof of Theorem 2.1 is given by

n—3 n—2 n—1
— _2 n 2 P v v}
S(z) = a, 12" +anz g a;z an,lzg a;z an,gg a;z
j=1 j=0 j=0
n—1 n—1 n—1
B 5 ) ) )
= —a,_1z2 + E anaj_22’ — E p—10;—12" — E Qn—2a;2’
j=2 j=1 j=0
n—1
_ 2 n j
= —a, 1z + E ((lnaj,Q —Op-1G5-1 —an,gaj)zj
i=2

— (an—1a0 + an—2a1) z — an_2ao0,

while the expression corresponding to ® becomes

n—1
(I)(Z) = |an_1|2z" + Z |anaj_2 — ap—-105-1 — an_gaj| Zj
j=2

+ |an—1a0 + an—2a1| 2 + |an—2a0|.
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For x = p[p], the inequality corresponding to (2.3 is
n—1

(3.1) @) < lan-1’2" + Y (|ana; 2| + lan-10;1| + |an—2a;]) 27
j=2

+ (lan—1a0| + |an—2a1])  + |an—2a0].

The inequality in (31 is strict, unless

(3.2)
‘anaj72 —Qp—1Ga5-1 _an72aj‘ = |anaj72| + ‘anflajfl| + ‘an72aj‘ (j=2,...,n—1)
and

(3.3) lan—1a0 + an—2a1| = |an—1a0| + |an—2a1|.

We now define ¢; = arga; and use ¢ = 9 to indicate that ¢ and v only differ by
an integer multiple of 27, so that ¥ = ™. If ([3.2) and (B3] hold, then we have
from 32) for j =2,...,n— 1, that

(3.4) Ontpji 2= 1t@i1+mT,0r 0 2= @i 1+ 01— Ppt+T,
and

(3.5) On—1+ @j—1 = Pn_o + @y,

while from ([B3) we have

(36) Pn-1+¥0 = Pn-2 + 1.

Combining ([B3.4]) with the substitution j=j—1 in ([B.3]), we obtain for j=3,...,n—1
that

2= Qi 1t on1—Pn+T=E Qi1+ Pn_2— Pn_1,
which implies that
(37) Pn—2 = 2(;07171 — $©n + .

Substituting this in (38) shows that (B:6) is covered by (B4)). The expression
in (B) is equivalent to

(3.8) Yic1=Z @i top1—pn+m (j=1,...,n—2),

and we have obtained from [B.7) that (B3.8]) also holds for j = n — 1. From here
on, the proof follows that of Theorem 8.3.1.in [8]. As in that proof, the equations
in (B8], used recursively for j =n —1,...,1, yield

@n—ngOn—l"‘(J_l)A (jzla"'an)v
where A = ¢p,,_1 — ¢, + 7, which is equivalent to

(3.9 ;=2 n—j)A+ep—m (j=0,...,n—1).
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Using ([B.9), we now show that, under these conditions, ze’®, where x = p[p], is a
zero of p:

n n—1
Z aj (.’L‘eiA)j = Z |aj |ei<Pj xietA 4 ‘an|€w”ﬂ;‘nei"A
j=0 =0

n—1
_ e’i(@nJrnA) Z ‘aj‘ei(gajf(n*j)A*Wn)xj + |an|xn
7=0

n—1
= ¢ilentnd) Zeii”|aj|xj + |an|z" | =0,

J=0

since e ™ = —1, so that ze'® is indeed a zero of p.

For go, we obtain for S(z), defined in (21),

n—3 n—2 a2 n—1

, , . .

S(2) = anap_o2" +anz? E a;z —an_1z E a;z’ + Z E a;z’
=1 =0 "og=0

n—1 n—1 n—1 ag a
. , _La;
= apGn_22" + g anaj_o7’ — E an—1aj-12" + g ol g
a
j=2 j=1 j=0 n
n—1

n a?L—la’j 7
= AnpQp-—22 + E anQj—2 — Ap—10j—1 + —— | 2

n

2 2
a a a a,

n—1%1 n—1%0

+ (-an—lao + ) z+ >

n a’ﬂ

=2

and for g3, we obtain, as in (23],

5(:) )0

n—3 n—2 2
2 j j An—1
An 2 ;27 — Ap—1%2 ;27 — | Ap—2 —
° ° Qn
j=1 7=0 J

=0
n—1 n—1 n—1 2
. . a,_1 .
. J . J _ U . 5]
ApQj—2% Up—105;-1%2 ap—2 a2
,_ - Qp
Jj=2 Jj=1

j=0
n—1
a?_.a; .
_ n—1%) J
= ApGj—2 — Ap—10j-1 — Gp—20; + —— | 2
=2 an

aiflal a‘%fl
+ | —@pn-—100 —An—201 + — | 2+ | —@n—2+ agp.

n n

Analogously to the proof for ¢, we now obtain the same equations ([3.9) for both
q2 and g3, from which the proof follows for these polynomials as well. O
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Here too, and for the same reasons as in the matrix case, we make the following

choice to improve the Cauchy radius of p:

1

2]

(anzk‘H — ap_p2t — an,k,g) p(2) if ¢ <k,
(anz®* — ap_p2" + a2 _ a;") p(2) if £ >k,
q(z) =
2
2k k Ak .

(anz — Q2% — ap_op + >p(z) if ¢ =k.

Qn,
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