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ABSTRACT. In this paper, we investigate asymptotic behaviors of Racah poly-
nomials with fixed parameters and scaled variable as the polynomial degree
tends to infinity. We start from the difference equation satisfied by the poly-
nomials and derive an asymptotic formula in the outer region via ratio asymp-
totics. Next, we find the asymptotic formulas in the oscillatory region via a
simple matching principle. Unlike the varying parameter case considered in a
previous paper, the zeros of Racah polynomials with fixed parameters may not
always be real. For this unusual case, we also provide a standard method to
determine the oscillatory curve which attracts the zeros of Racah polynomials
when the degree becomes large.

1. INTRODUCTION

The Racah polynomials, which lie on the top level of Askey hierarchy for hyper-
geometric orthogonal polynomials, have the following 4 F3 hypergeometric function
representation [0,8]:

(1.1) R,(2) = Ru(z; 0, 8,7,0)

— (™ n+a+p5+1, —x, r+y+46+1 1
AT a+1, B+64+1, y+1 ’

where n and N are two non-negative integers with 0 <n < N, z = z(x+~v+35+1),
and one of the following three equalities is satisfied: « +1=—-Norvy+1=—-N
or B+ 8§+ 1= —N. The orthogonality relation for the Racah polynomials is [GL]

N

Zw(m)Rm(z)Rn(z)

=0

(n+a+B8+1)p(a+B8—v+1)p(a—0+1),(8+1),n!
(a+B+2)m(a+1)n(B+d+1)n(y+1)n

where z = z(x +~v+ 9+ 1),

(@a+1)(B+6+1)(v+Da(y+5+1)((v+5+3)/2)z
(—a+7+0+ 1 (=B+7+1)u((Y+0+1)/2)2(6 + 1)zl

=M

mmn»

w(z) =

Received by the editors January 17, 2017 and, in revised form, April 11, 2017.

2010 Mathematics Subject Classification. Primary 41A60; Secondary 33C45.

Key words and phrases. Asymptotics, Racah polynomials, difference equations, matching
principle.

©2017 American Mathematical Society
1083


http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/13771

1084 X.-S. WANG AND R. WONG

and

(=B)N(Y+0+2)n
(=B+y+ NG+ 1N’
(—a+ )Ny +I+2)N
(—a+v+0+ 1N+ 1)’
(a+B8+2)n(=0)N
(a=0+1)n(B+1)N’

Here, we have made use of the Pochhammer symbol

ifa+1=-—N,

M =

if B+d6+1=—N,

ify+1=—-N.

n—1

() = H (a+ k).

k=0

The Racah polynomials can also be viewed as birth and death process polynomials
in the sense that they satisfy the difference equation [4[6]:
(1.2) —2R(2) = MyRu+1(2) + pinRn—1(2) — (An + pn) R (2),
together with initial conditions Ry(z) = 1 and Ri(z) = (Ao + o — 2) /Ao, where the
birth and death rates are given by
m+a+l)(n+a+B8+1)n+8+5+1)(n+v+1)

2n+a+B+1)2n+a++2) ’
_ nntatB-9)n+ta-25n+5)
fin Cn+a+B)2n+a+B+1)

respectively. By normalizing the leading coefficients, we have the monic Racah
polynomials

Ap i = —

(1.3)

(@+Dn(B+d+1Dn(y+ 1),

mn(2) 1= (n+a+B+1), Ry (2),
which satisfy the difference equation
(1.4) Tnt1(2) = (2 — an)mn(2) — bpmn—1(2), mo(2) =1, m(2) = 2z — ay,
where
(1.5) Ay, = Ap + Lny b = Ap—1lin.

In addition to the applications in birth and death processes, the Racah polynomials
are also related to the so-called 6-j symbols in the quantum mechanical theory of
angular momentum [I1[8]. Asymptotic behaviors of Racah polynomials for large
degree n were studied by Chen, Ismail and Simeonov [2], where both the variable
and parameters were fixed. Their formulas were given in terms of 3F5 or o F} hyper-
geometric functions. Ismail and Simeonov [5] studied inequalities and asymptotics
for a terminating 4 F3 series. Their results can be applied to a special case of Racah
polynomials with « = 8 = 0 and § = —y = N + 1. Note that for this special
case, two parameters are fixed, while the other two are large and varying. In a
recent work [7], we derived explicit asymptotic formulas, in terms of elementary
functions such as logarithmic, exponential and rational functions, for Racah poly-
nomials with scaled variable and large varying parameters. A simple formula for
the fixed variable was also obtained. It remains to consider the case with scaled
variable and fixed parameters, which is the main focus of this paper. To be specific,
we will provide asymptotic analysis of the monic Racah polynomials 7, (N2%y) as
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N — oo, where n/N = p is a fixed positive number. The following three cases will
be investigated respectively: a +1=—-N,v+1=—-N,and §+§+1=—N.

2. CASE: a+1=—-N

In this section, we consider the case a +1 = —N and S, d,~ are fixed. First, we
let z = N2y and introduce the ratios
™k (2)
2.1 wg(2) =
(21) ()= ot o
for k=1,---,n. It is readily seen from (4] that wq(z) =z — ap and
by
2.2 =y —qp — —2
(22) w41(2) =z — ag (2

where aj and by, are obtained by substituting a +1 = —N in (3] and using (LH):
(k=N)(k=N+pB)(k+8+5+1)(k+7+1)

= (2k—N+pB)(2k—N+5+1)
k(k—N+B—y—1)(k—N-6—1)(k+8)
B (2k—N+5—-1)(2k— N +f) ’
bk:k:(k:—N—i—ﬁ—y—1)(k—N—5—1)(k+,6’)

2k—N+8-1)(2k—-N+p5)
(k—=N-1)k—N+8-1)(k+8+0)(k+7)
2k—N+8-2)2k—N+38-1) ’
If 3,6, ~ are positive, then for sufficiently large NV the coefficient by with 1 <k <n
is always positive as long as n/N = p < 1/2. By Favard’s theorem [3| §§1.4 & 1.5],

the zeros of 7 (2) are all real and simple. Put ¢ := k/N. Tt follows from the above
expressions for a; and by that

(2.3)
ar Fha(t) 1Y\ b F(t)2ha(t) 1
W_zf(t)_T+O<ﬁ>’ﬁf(t)2+T+O<ﬁ>’
and
2.4) BT o rine() +0 (=) B o ping) 0 [~
(2.4) v = 2 Whe®)+O0 (5 )i T =207 he() + O |
where
Bt —1)2
(2.5) f(t) = ISR
28 —y—0-2 2B8+y+5+2 4B
(2.6) ha(t) == t—1 t 2t 1’
28—y —6-4 28+y+05 48—-4
27) halt) = t—1 t T2t —1
(2.8) o)=L 2 2 ).

fi)y t—1"1t 2—1

Formula (24) can be obtained from (23] by simply taking derivative with respect
to t. When n/N = p < 1/2, the asymptotic formulas (23)-(24) are uniform in
k=0,1,---,n. Throughout this section, we shall always assume that p € (0,1/2).
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Note that if p > 1/2, then the asymptotic formulas (2.3))-(2.4) are no longer valid.
It would be a challenge to derive the asymptotic formula of 7, (N?y) in this case.

Lemma 2.1. Let n/N = p be a fived number in (0,1/2) and = = N?y. For
y € C\ [yp, 0] with y, = —4p*(p — 1)?/(2p — 1)?, we have

(2.9) wy, = wh[l + wj, + O(1/N?)]
as N — oo, where the leading term is

- —ag)2—4b
210 uf= 2t VEma)

and the first-order term is

ag+1 — A 2(bg41 — br) + (2 — ag)(ag+1 — ax)
2y/(z — ax)? — 4by 2[(z — ax)? — 4by]

The error estimate is uniform for all1 <k <mn.

(2.11) wy =

Proof. Formally, we can obtain the leading term by substituting w? for both wy1
and wy, in (2.2)) and then solving the resulting quadratic equation. To give a rigorous
argument, we need to estimate the error bound; namely, we will show that if wg
is defined as in ([2I0), then the first-order error term e} := wy/w — 1 is of order
O(1/N). Furthermore, if w; is defined as in ([ZII), then we shall prove that the
second-order error term e := wy/w) — 1 — wy is of order O(1/N?).

We substitute wy, = w(14¢4) in (2.2) and use Z.I0) to find a difference equation
for the first-order error term:

z—ap—wh,, —(z—ap—wl)(1+ep)!

1
Ekt+1 =
w2+1
For z = N%y with y € C\ [y,, 0], we shall prove by induction that e} = O(1/N)
uniformly for all K =1,--- ,n. First, we rewrite the above equation as
0 0 2 0
wy —w Ny —ap —w _

(2.12) i =~ R [ (L) .

W1 W1

As N — oo, we have from [23)), (24), (ZI0)
S%Zwl_ow? _O<

wy

0 0
Wy — Wgy1 0
w? o
k+1

).
).

N2 — ai — _y+2f<t)—m+0(1).

2= ==

and

Wi y+2f(t) + vy + 4y f() N
By the definition of f(¢) in ([2.3), we observe that 0 < f(t) < f(p) forall0 <t <p <
1/2. Moreover, y, = —4p*(p—1)?/(2p—1)? = —4f(p). Note that |u++vu? — 1| > 1
for all u bounded away from [—1,1]. If we take u = [y + 2f(t)]/[2f(¢)], then we
have for any y € C\ [-4f(p), 0],

y+2f(t) = Vy* +4yf(t)

sup <1
tefop] |y + 2 () + /y? + 4y f(t)
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Observe that the quantity inside the absolute-value signs above is (u—vu? — 1) /(u+
vuZz —1). Hence, there exist § € (0,1), L > 0 and N; > L such that |e}| < L/N
and

IN

N2 _ a0
LEe

0
Wi 1

52

A
T Z‘h

‘wg—wngl
w2+1
1—(1 -1
wp L9
|s|<L/N |s]

forall k=1,---,n and N > Ny. It is readily seen from ([2I2) that if |e}| < L/N
for some k£ > 1, then

IN

143,

L (1-0)(1+0L L
1

< — + .
ekl < N N N

By induction, we have |e}| < L/N for all k =1,--- ,n and N > Nj.

To derive the explicit formula (ZII)) for the first-order term w}, we substitute
wy, = w(l+wi+£3) into ([Z2) to obtain a difference equation for the second-order
error term:

by, _
(2.13) w1 (1+wi g +e541) :z—ak—w—2(1+w}€+5i) L

By (ZI0), we can rewrite by /w} as z — ar — w). Formally, let us for the moment
treat €7,e7_,, (w})? and wj ., — wj, as being of order O(1/N?). Equation (ZI3)
then becomes

wi [1+wy+O(1/N?)] =2 —ay — (2 —a, —wp) [1 — wy, + O(1/N?)].
Upon rearranging the terms, we obtain
(2.14) [witsy — (2 = ax —w) Jwy, = wi —wiyy +O(D),

where we have made use of the facts that

0 z—ak—\/(z—ak)z—élbk:O(Nz)

Z—ap —wy, =
2

and

Z— a1+ /(2 —agy1)? — 4bpya
Wiy = Eha P L — o).

The coefficient of wj, on the left-hand side of (Z.I4)) can be expressed as

ag — Q41 + \/(Z — apq1)? — 4bp i + \/(2 —ag)? — 4by,
5 .

It is easily seen that the first square root on the right-hand side of the last equation
is equal to

\/(Z — ak)2 — 4bk — 4(bk+1 — bk) — 2(2 — ak)(akﬂ — ak) + (ak+1 — ak)z.
Using binomial expansion, we can also show that the above quantity is equal to

2(bk+1 — br) + (2 — ap)(ap+1 — ax)
(Z — ak)z — 4bk

Wi — (2= ap —wp) =

(z—ak)z — 4b;, — —I—O(l).
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Thus

V(2 = ags1)? — 41 =/ (2 — ax)? — 4by,
~ 2(bk1 = bi) + (2 — ak)(ak+1 — ax)

+O(1).
(z — ax)? — 4by, (1)
Coupling the last two equations gives
w2+1 - (Z —Qp — wg) _ Qlog1 — G,
(Z - ak)2 — 4b,, 2 (Z _ ak)2 — 4by,
(2.15) + \/(Z —apq1)? — 4bpy1 — \/(z —ag)? — 4by,

2 (Z — ak)Q - 4bk

and
(2.16)
0 0o Z—ap+ /(2 —ap)? —4b z—ak+1+\/(z—ak+1)2—4bk+1
wk? - wk}+1 - 2 - 2
- 2(bjsr — b -
_ Ok41 — Qk " (br+1 k) + (2 —ar) +o(1).
2 2 (Z - ak)Q - 4bk
Substituting (ZI5) and (ZI6) in 2I4) yields

1 Q41 — Gk
[1 + O(l/N)}wk =5 CEEETT
2(br1 — b)) + (2 — ag) (g1 — ag)
2 [(Z — ak)2 — 4bk}
o)

\/(Z —ak)z —4bk'

By ignoring the O(1/N) term in the last equation, we have at least formally derived
the explicit formula in ([ZIT)). This formula would have been proved rigorously, if
we can show that the error term £7 is O(1/N?), which is what we will do next.

Now we return to equation ([ZI3). By adding and subtracting, the right-hand
side of equation (ZI3]) becomes

_|_

wd + 2z —ap —w) — (2 —ap —w) (1 +wp)™?
+(z—ar —wp) [(L+wy) ™" = (L wg +e5) 7.
Thus, we obtain
w2+1(1 + wli+1 + 5%4—1) zwg + (2 —ak — w%) [1 -(1- wl)il]
+ (2 —ap — wl) [(1 +wl) = (1 +wp + 5%)_1].
Solving for €7, gives

wp —wy g + (2 —ap —wy) [1 -1+ wllc)_l] — WP, Wiy

2 _
5k+1 - wo
(2.17) e s
+ I T TR (L wp) T - (L wh +ed) Y.

Wr41
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We claim that the first term on the right-hand side of 217) is O(1/N?). By adding
and subtracting, this term can be broken into three fractions

0 0 0y, 1 0,1
wy — Wy + (2 — ag — wp)wy, — wpwy

w4
(2.18) + o
(z—ap —wp) [1 —wi — (1 +wp) '] n whwy — wk+1wk+1
WRt WR i

Making use of [23)—(24) and @ZI0)—(@2II), we have the following estimates for
the last two fractions:

0,1 0 1 0 0
Wy Wy, — Wi 1 Wgq (wp — wk+1)
0 == 5 wi + (Wi — wie 1)
(219) wk+l wk+1

-o(x)o(5) +o() -o(w)

(2.20) (Z_a(’j—_w’g)[l—w,i — (1 +wp) ] :0(1)0(%> :O<%>.

W41
For the first fraction in (ZI8]), we have

wg - wg_H + (2 —ax — ng)w}e _ (z —ap — 2102) { (U’g - w2+1) n Ii]
z—ap — 2wl

0 0
(2.21) Wi 1 W41

From (ZI0) and (ZTIT)), it also follows that the quantity 1n51de the square brackets
is equal to
—V/ (2 = ar)? — b ++/ (2 — ar1)® = b1 | 2(bgr1 — bi) + (2 — ap) (ak41 — ax)
_|_
2 (Z — ak)z — 4bk 2[(2’ - ak)Q — 4bk]
Upon simplification, the last quantity becomes
(ar — ar1)? + 2(2 — ax)(ar, — ar41) +4(bk — br+1)
2\/(2 — ak)2 — 4bk [\/(Z — ak)Q — 4bk + \/(Z — ak+1)2 — 4bk+1]
2(bg41 — br) + (2 — ag)(ag41 — ax)
2 [(Z — (lk)2 — 4bk} ’

and it can be shown that it is equal to
O(L> n (z — ar)(ar — ag+1) +2(b — bi41)
N2 V(z = ar)? — 4be [\/(z — ar)? — 4b + /(2 — ax11)? — 4bgy1]
2(br41 — b) + (2 — ar)(ar41 — ak)
2[(z — ap)? — 4b]

Further calculation shows that this quantity is equal to

1 2(bk — bi) + (= — ak)(ak+1 — ax)
O<m)+ ( 2[(2 - ak)z - 4bk-j_ >
( \/z—ak 4bk+\/2—(lk+1)2—4bk+1>.

V(z— — by, + /(2 — ap11)? — 4bra
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Since each factor in the above product is O(1/N), the calculation from ([2.I7) on-
wards gives

(2.22)

I R S
0 =032 /-
(O N
A combination of (Z14)), 215), (ZI6) and ZI8) shows that the first term on the
right-hand side of 2I3) is indeed O(1/N?), thus proving our claim made earlier.

Following a similar argument as in the estimation of the first-order error term,
we can now find constants 6 € (0,1), L > 0 and Ny > L such that [¢3| < L/N? and

0

Za’of—wk <1-36,
W41

wp — Wiy + (2 —ap —wp)[1 = (14 wy) ™ —wpy iy < 9L
~ b)
w2+1 N2

1+w) =1 +wk+s)7!
N (ST R e [

|s|<L/N? |s]

forall k =1,--- ,n and N > N;. On account of [2I3), it is easily verified that if
le2| < L/N? for some k > 1, then

PL (1-6)(1+6L L

2
ekl < vt Ty
By induction, we have |¢7| < L/N? for all k = 1,---,n and N > Nj. This
completes the proof of Lemma 211 O

On account of mp = 1 in (4)), we can multiply ZI) from & = 1 to k = n and
arrive at m, = wy - - - w,. By taking logarithms on both sides of this equation and
using Lemma 2] we obtain

n n n 1
(2.23) lnwn:kz:llnwk :];lnwg—l—];ln(l—kwi)—kO (ﬁ)

n n 1
= 1 0 1 - .
E N Wy + E Wy, + 0] <N)
k=1 k=1

To find an asymptotic formula for 7,, we only need to approximate >, _; Inw}

and Y_)'_, w}, respectively. Applying ([23) and (24) to (2I0) and ([ZII) gives

w) 1\Y;
0]ty Bl (1Y,
and
1 f®ho(t)  f(t)ho(t) 1

N =="75 FAyf(t)  y+4f() o (N> ’
where
(2.24) T(y;t) =y +2f(t) + Vy* +4yf(t),
and
(2.25) Ty (yt) = F(B)ha(t) + yf(Hha(t) + Qf(t)Qho(t).

y? + 4y f(t)
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Recall that n/N = p. It is easily seen from trapezoidal’s rule that
(2 26)

o n 1. T(y;p) PTi(y;t)
kzllnwk_nln +N/ In T (y; t)dt + 5 L T(y;0)+/0 T(y,t)dt+O<N)

and

~ F(#)ho(t) (i)
(2.27) ;;wk /W / +4ftdt+0 ~ )

Finally, we have the following result.

Theorem 2.2. Let m,(z) be the monic Racah polynomials with o« +1 = —N.
Assume n/N = p is fized in (0,1/2). Denote y, = —4p*(p—1)%/(2p—1). For any
y € C\ [yp, 0], we have

(2.28) Tn(N2y) = (N;)n eN9W)+r@) {1 +0 (%ﬂ ,

as N — oo, where the main function is given by

(2.29) g(y) == /OP InT'(y; t)dt,

and the correction term is given by
(2.30)
1. T(y; Py (
r(y) ;:§1DT<y_p>+/ I / - [P0,
(1:0) ~Jo V2 +4yf o y+4f(t)

Here, the functions f(t), hi(t), ha(t), ho(t), T (y;t), T1(y; t) are defined in (2.5)-2.8)
and (224)-228), respectively.

Proof. Use a combination of (223)), [2.26) and ([2.27]). O

Next, we investigate the asymptotic behavior of 7, (N?y) for y in the oscillatory
interval (y,,0). Recall that 0 < p < 1/2. By the definition in ([21), the function
f(t) is monotonically increasing for ¢t € [0,p]. Moreover, 0 = —4f(0) and y, =
—4p*(p — 1)2/(2p — 1)?> = —4f(p). Thus, for any y € (y,,0), there exists a unique
ty € (0,p) such that y = —4f(¢,). Note that the functions T'(y,t) and T4 (y,t) in
(229)- (2:25)) have a branch cut for y € (—4f(¢),0). We introduce the one-side limit
functions for —4f(t) <y < 0 (or equivalently, t, < ¢t < p):

(2.31) T=(yt) i= lim Ty iest) =y + 2f(8) £ iv/—yly + 4/ (?)];

and

T (Oh (1) +27(0)ho(t)
—yly +4f(0)]
We remark that T'(y;t) and Ty (y;t), treated as functions in y, can be analytically

continued to the interval y, < y < —4f(t). For convenience, we still define the one-
side limit functions T=(y;t) = T(y;t) and T (y;t) = Ti(y;t) for y, <y < —4f(t)

(232) Ty (y;t) = lim Ty (y £ie;t) = f(H)ha(t) F
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(i.e.,, 0 <t <ty,). Also, we define the functions
SH(yst) = lim \/(y +ie)ly +ic + 4f (1)
e—
_ ) E/—yly + 41 @), —4f(t) <y <0,
V(=)= —4F O]y <y < —4f(1).
It can be shown from (229)-(233) that

(2.33)

(2.34) g5 (y) = lim g(y +is;t) = /Op InT* (y; t)dt,
and
rE(y) = El_l)%l r(y £ ie;t)
_ 1. T*(y;p) PTE(yst) [P fWho(t) o
(2:3) 1 Ti(y70)+/o e /0 st W
where
- f(ty)ho(ty)
(2.36) P.V. / y+4f mT(fy).

In (236), “P.V.” denotes the Cauchy principal value and f’ denotes the derivative
of f. In (Z38), the first three integrals are obtained by taking one-side limits,
while the last term Q% (y) is derived from one-side limits of Stieltjes transform and
Cauchy’s theorem. Note that the last integral of r(y) in ([Z230) has a logarithmic
singularity at ¢t =t,. We rewrite it as a Stieltjes integral

Qy) := ; 5(_'_)4;( ))dt /OP i‘(_y;? dt, y € C\ [yp,0],

where F(y;t) := f(t)ho(t)(t — t,)/[y + 4f(t)]. As a function of ¢, F(y;t) can be
continually defined at ¢ =¢,. An application of Cauchy’s theorem yields

QF(y) := lim Qy £ie) = PV/ Fly:t) —2 2 dt +im hr? F(y;t)
ty

e—0+
for y € (yp,0). By ’'H6pital’s rule,

f(t)hO( )(t —1 ) im t— ty _ f(ty)ho(ty)
tlgrt,F(y t)itllnf y+4f(t) = f(ty)ho(ty )t1—>tyy+4f() 4f'(ty)

This gives (2.30)).

Our second result is stated below. Its proof is based on the observation that
the real part of an asymptotic approximant for orthogonal polynomials in the com-
plex plane is half of the corresponding asymptotic approximant in the interval of
orthogonality on the real line.

Theorem 2.3. Let m,(z) be the monic Racah polynomials with « + 1 = —N.
Assume n/N = p is fized in (0,1/2). Fory € (y,,0) with y, = —4p*(p — 1)%/(2p —
1)2, we have

(2.37)

Tn(N2y) = (NTQ) {6N9+(y)+r+(y) {1 +0 (l)} +eN9T W+ () [1 +0 (l)] } 7
n n

as N — 0o, where g* (y) and r*(y) are defined as in B34) and (Z35), respectively.
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Proof. First, we note that the functions g% (y) and 7*(y) can be analytically con-
tinued to a small neighborhood of any compact subset of (y,,0) in the complex
plane. In such a neighborhood, we further observe that the difference

+ v [P T (st)
9 () —9 (v) /t In 7 D) dt
has positive real part if y is in the upper-half plane and negative real part if y is in
the lower-half plane. Thus, the function e’V 9" (W -9~ W) ig exponentially large on the
upper-half plane and exponentially small on the lower-half plane, which together
with (2:28]) implies that the asymptotic formula ([2.37) is valid on both upper- and
lower-half planes. By taking limits, this formula is also valid for y € (y,,0). O

Y

3. CAsE II: y+1=—-N

In this section, we consider the case v+ 1 = —N and «, 3,9 are fixed. It follows

from (3) and (LH) that
(k+a+D)(k+a+B8+1)(k+8+6+1)(k—N)

M= Qk+a+B+1)(2k+a+pB+2)
k(k+N+a+8+1)(k+a—056)(k+0)
B (2k+a+B)2k+a+8+1) ’

b _k(k+N+a+B+1)(k+a = 8)(k+8)(k+a)(k+a+ B)(k+ B +8)(k— N — 1)

Ck+a+p-1)2k+a+P)22k+a+5+1)
Put t := k/N. We obtain for 0 < ¢ < 1,

a 2 ta+28+2)— (a+B+20+2) 1
- - +0 (53 )

3.1) N2 2 AN
’ b_k_tz(tQ—l)+(a+6)t(t—1)(2t+1)—2t2+0 1
N4 16 16N N2 )’
and
ak+1 — Ak _ i . bk+1 — bk - t(2t2 — 1) l
(3.2) N = t+O(N>, TR S +0 )

It is noted that by < 0 for large k and N such that k < N. Hence, Favard’s theorem
[B, §§1.4 & 1.5] is no longer applicable and it is expected that the zeros of 7, (2)
are not necessarily all real; see Figure [Il

As in the previous section, we introduce the ratios wy(z) = m(2)/mk—1(z) for
k=1,---,n. The corresponding difference equation remains the same:

by

wk+1(z) =Z—ar — wk(z) .

Let z = N?y. By using the same argument as in the proof of Lemma 2] we have
(3.3) wi = wi[l +wy, + O(1/N?)]

as N — oo, where the leading term is given by

z—ap+ /(2 —ag)? — 4by
2

wy =
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[ ] =02

FIGURE 1. The zeros (red dots) of Racah polynomials 7, (N?%y)
with N =50, n =45, p=n/N =09, a =0.3, =08, §d =
—1.2, ¥ = =N — 1 = =51, and the branch cut I', (blue curves)
with p = 0.9 of the main function g(y) defined in ([B.8]).

and the first-order term by

Ak+1 — Ak 2(br1 — bi) + (2 — ag) (g1 — ag)
2 (Z — ak)z — 4by, 2[(Z - ak)2 - 4bk]

On account of B and (B2), we rewrite the above two equations as

0 .
%:T(y;t)_;’_w_i_O(L),

wh =

N2 N N2
and
t t(y +1/4) ( 1 )
Nuwy = — - +0(=),
o 2yt 1/4) 202+ 22y + 1/4) N
where
2 12
(3.4) T(yit) =y + 5 +\[v2 +yt> +
and
(3.5)
Tl(y? t)

2t(a+B+1) — (a+B+26+2)|T(y;t) — (a+ B)t(t — 1)(t +1/2) + 2
4/y? + yt? +t2/4 )

Recall that n/N = p. Tt is easily seen from trapezoidal’s rule that

(3.6)

" N2 P 1. T(y;p) P Ty (y;t) 1
nwl =nln=—+ N | InT(y;t)dt + =1 ’ dt+0 | =
,;nwk nhy T /0 Rttt nT(y;0)+/(J Tyt " TO\N )
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and
N y= VPP +1/4) 1 P 4Py +1/4) 1
(3.7 wy, = 20+ 1/0) 1 In 7 +0 .

k=1

Finally, we introduce the main function

(3.8) oy) == /O Ty ey,

and define the curve I';, to be the set of complex numbers y at which the real part
of gt (y) — g~ (y) vanishes, where g% (y) are the one-sided limits of g(y) on the curve
I',; see Figure [l

Theorem 3.1. Let m,(z) be the monic Racah polynomials with v = —N — 1.
Assume n/N = p is fized in (0,1). For any y € C\ T, where Ty, is the closure of
I'y in the complex plane, we have as N — oo,

(3.9) T (NQy) = N_2 ! eNow+ry) |1 410 1
n 2 N b
where the main function g(y) is given in B.8) and the correction term is given by

(310)  r(y) = ~In LWP) +/p Ti(y:t) ),
0

2 T(y;0) T(y;t)
Y=V APy +1/4) 1 4y +1/4)
2(y + 1/4) 4 12 '

Here, the functions T'(y;t) and Ty (y;t) are defined in BA) and B3, respectively.
Let v*(y) denote the one-sided limits of v(y) on I'y. For anyy € T'p, we have as
N — o0,

(3.11)

(V%) = (N;) {ezvg+(y>+r+<y> {1+O (l)} LN W) W) [1+0 <l>} }
n n

Proof. Just as in ([2:23), we have
n n n 1
Inm, = ;wk = ’;lnwg +k§;1w,£ + O (ﬁ) .

Substituting (B:6) and ([B7) in the above equation gives [B3). Formula BIT)

follows from a similar argument as that in the proof of Theorem 2.3l and from the
choice of the branch cut I';,. |

4. CAsg III: p+d6+1=—-N
In this section, we consider the case §+J + 1 = —N and «,d are fixed. There
are two subcases.

Subcase I11.1: 3 =—-N —4 — 1 and «, 6,y are fixed.
Subcase I11.2: § = —N — 3 — 1 and «, 3,y are fixed.

For the subcase II1.1, we introduce two parameters & := 8+ = —N — 1 and
8 = a —§. Note that the 4F3 hypergeometric function in the definition of Racah
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polynomials (I.T]) is symmetric with respect to the switch of parameters:

(™ n+a+p+1, —x, r+y+5+1 1
453 a+1, B+06+1, v41
—n, n+a+p+1, —x, r+y+0+1
=4F3 - p 1).
a+1, B+6+1, y+1

Thus, the subcase III.1 is the same as case I considered in Section 2

For the subcase II1.2, we introduce two parameters ¥ := 8+ 3§ = —N — 1 and
6 = v — 8. Note that the 4F3 hypergeometric function in the definition of Racah
polynomials (II]) is symmetric with respect to the switch of parameters:

™ n+aoa+p+1, —x, c+y+6+1 1
48 a+1, B+6+1, y+1
—n, n+a+p+1, —z, T+F+6+1
:4F3 ~ ~ 1 .
a+1, B4+6+1, F+1

That is, the subcase I11.2 is the same as case II considered in Section [3]
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