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LP ESTIMATES FOR THE BERGMAN PROJECTION
ON SOME REINHARDT DOMAINS
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(Communicated by Harold P. Boas)

ABSTRACT. We obtain LP regularity for the Bergman projection on some Rein-
hardt domains. We start with a bounded initial domain €2 with some symmetry
properties and generate successor domains in higher dimensions. We prove:
If the Bergman kernel on € satisfies appropriate estimates, then the Bergman
projection on the successor is LP bounded. For example, the Bergman projec-
tion on successors of strictly pseudoconvex initial domains is bounded on LP
for 1 < p < co. The successor domains need not have smooth boundary nor
be strictly pseudoconvex.

1. INTRODUCTION

The purpose of this paper is to establish LP regularity for the Bergman pro-
jection on certain domains. In [Huol7], the author began with an initial domain
with certain symmetry properties. From this initial domain the author constructed
various successor domains and computed (explicitly) the Bergman kernel on them
in terms of the Bergman kernel on the initial domain.

Let Q be an initial domain in C™. We consider two kinds of estimates on the
Bergman kernel Kq. A first estimate implies L? regularity of the Bergman projec-
tion on Q. If, also, a second estimate holds, then we obtain LP regularity of the
Bergman projection on the successor domain. See Theorem 1.2. We use a vari-
ant of Schur’s lemma to establish LP regularity. We state the crucial estimates in
Theorem 3.3 and give the proof in Section 4.

Let 2 C C™ be a bounded domain. The Bergman projection is the orthogonal
projection from L2(2) onto the closed subspace of square-integrable holomorphic
functions, and thus is bounded on L?. It is natural to ask when this operator is
bounded on LP for p # 2. Using known estimates for the Bergman kernel, various
authors have obtained LP regularity results for 1 < p < co in the following settings:

(1) Q is bounded, smooth, and strongly pseudoconvex. See [Fef74l[PSTT].

(2) Q C C? is a domain of finite type. See [McN89,McN94al NRSWSS)].

(3) © C C" is a convex domain of finite type. See [McN94alMcN94b|[MS94].

(4) Q C C"™ is a domain of finite type with locally diagonalizable Levi form.
See [CDOG].
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Progress has also been made on some domains with weaker assumptions on bound-
ary regularity. In some cases, the Bergman projection is LP bounded for 1 < p < co.
See [ELO8LS12]. For other domains, the projection has only a finite range of map-
ping regularity. See [Zey13,ICZ16,[EM16,[EMI7,[Chel7]. There are also smooth
bounded domains where the projection has limited L? range. See [BS12].

We start with a bounded complete Reinhardt domain €2 in C™ with a defining
function p and analyze the LP regularity of the Bergman projection on the successor
domains U*(£2) defined by

1.1) U%Q) = (2, (NS L S “n ) Q}
@) 020 = () €0 xB (e ) €

Here B is the unit ball in C¥ and o = (a1, -+, ) with each «; greater than 0.
We will often use U® to denote U“(1).

For each multi-index 3, let D? denote the differential operator (8%1)/51- . (%)5".
Given functions of several variables f and g, we use f < g to denote that f < Cyg
for a constant C. If f < g and g < f, then we say f is comparable to g and write
f~g.

Next we introduce the estimates needed for the derivatives of the Bergman kernel
on .

Definition 1.1. Let © be a domain in C™. Let h be a positive function on €.
A kernel K on € x Q is h-regular of type [ if there exists a > 0 such that for all
e € (0,a), we have

(1.2) A K (2: QIR (C)aV (¢) S h™'(2).

Now we are ready to state our main theorem:

Theorem 1.2. Let p be a defining function for @ C C™ and let UCC"* be as in
([@TI). Suppose the Bergman kernel Kq satisfies the following two properties:

(1) Kq is (—p)-regular of type 0.

(2) D8Kq(2;C) is (—p)-regular of type |B| whenever |B] < k.
Then the Bergman projection is bounded on LP(U®) for p € (1,00).

We note that assumption (1) implies that the Bergman projection on  is
bounded in LP for 1 < p < co. See Schur’s lemma in Section 3. Using estimates for
derivatives of the Bergman kernel from [McN94b,McN89INRSWSS|PS77,/[CD06],
one can show that DPKq is (—p)-regular of type || for all 3 € N™ in classes
of domains previously mentioned. In Theorem 1.2, we only require Df Kq to be
(—p)-regular of type |3| for all 5 such that |3]| < k.

In Section 2, we recall the technique in [HuolI7| relating the Bergman kernels of
initial domains to those of their successors. In Section 3, we discuss several lemmas
and state Theorem 3.3. This result is used to prove Theorem 1.2 via Schur’s lemma.
We prove Theorem 3.3 in Section 4.

2. A FORMULA FOR COMPUTING THE BERGMAN KERNEL

In this section we recall a construction from [Huol7] that produces the Bergman
kernel of various higher dimensional successors of an initial domain. We start with
an initial domain Q and construct a class of domains U%(2) by introducing new
parameters « to ).
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The technique in [Huol7] consists of the following 4 steps:

(1) Start with the kernel function Kq on the initial domain.

(2) Construct a function on U*(Q2) x U¥(Q) by evaluating Kq at a point off
the diagonal.

(3) Define a specific differential operator (depending on «).

(4) Apply the operator in step (3) to the function in step (2), obtaining Ky (q).

The points at which we evaluate in step (2) and define the operator in step (3) are
independent of the initial domain €2, but they depend on the parameters «.

We recall in the definition below the notion of “complete Reinhardt” for the
symmetry property the initial domain must satisfy.

Definition 2.1. A domain 2 C C" is called complete Reinhardt in (z1,..., z,) if
the containment (z1,...,2,) € © implies the containment

A2l s Anzn) s (A <1 for 1<j<n}CQ.
j

Let 2 € C" be a complete Reinhardt domain in (z1,...,2,). For o € R’} and
w € BF, set
zZ1 Zn
(2.1) fa(z,w)—< e a_ﬂ>
(1= [lwl]f?)=" (1= Jlwl?)™=

The successor U*(£?) is defined by
(2.2) U*(Q) = {(z,w) € C" xB* : fo(z,w) € Q,|Jw| < 1}.

For fixed w € B*, let U2(£2) denote the slice domain {2z € C" : (z,w) € U%} of U*.
We will often write U to denote UZ(€2). Since the mapping f, (-, w) : z — fo(z,w)
is a biholomorphism from Ug(2) onto 2, the kernel on U$(€2) can be obtained from
Kq.

The main result in [Huol7] relates the Bergman kernel on UZ(€2) to Ky«. To
state this result, we need a few more notational definitions. Let I denote the
identity operator. We define Dy« to be the differential operator:

k

1— 2\ | n 0
29 i I (1 e (1,2

=1 j=1

Let h(z,w,n) denote the following:

20wt = (s () (505) )

The formula for Ky« in [Huol7] can be expressed as follows:

Theorem 2.2. For (z,w;(,n) € U* x U%, let Dy« and h(z,w,n) be as in (Z3)
and Z4). Then

(25) KU“ (Z,’U};CT, 77) = DU“KUf;‘ (h(zawvn)7é) .

3. LEMMAS AND THEOREM 3.3

The proof of Theorem 1.2 uses the following variant of Schur’s lemma. See
[EM16] for its proof.
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Lemma 3.1 (Schur’s lemma). Let Q be a domain in C" and let K be a non-
negative measurable function on 2 x Q. Let KC be the integral operator with kernel
K. Suppose there exists a positive auziliary function h on Q and a number a > 0
such that for all e € (0, a) the following two inequalities hold:

(1) K(h = Jo K )7adV(C) S h™(2),
(2) K(h = Jo K )7V (2) S h “(0)-
Then K is a bounded opemtor on Lp( ), for all p € (1, 00).

We will take the function K'(z,() from Lemma 3.1 to be the absolute Bergman
kernel [Kq(2; ¢)|- Inequalities (1) and (2) in the lemma are equivalent since Kq(z;¢)
= Kq((, Z). The LP boundedness of the corresponding operator K then implies the
LP boundedness of the Bergman projection. To show that the Bergman projection
on 2 is LP bounded for p € (1,0), it suffices to find an auxiliary function h as in
Lemma 3.1 and show that K¢, is h-regular of type 0. In many cases, one can choose
h to be the distance function to the boundary.

From now on we let {2 be a smooth bounded complete Reinhardt domain in C™.
On such a domain €, a defining function with several useful symmetry properties
can be chosen.

Lemma 3.2. Let Q C C™ be a smooth complete Reinhardt domain. Then there
exists a defining function p of Q satisfying the following properties:

(a) p is smooth in a neighborhood of the boundary bSQ.
(b) If |2 = |¢;] for 1 < j < n, then p(z) = p(C).
(c) If |zj| < |Gl for 1 < j < n, then p(2) < p(().
(d) For1<j<mn, zjp,(z) >0.
)

(e) If 2 € bQ, then 3°7_, zjp.;(2) > 0.
Proof. Set p to be the function defined by the distance between z and b{2:
(2) = -dist(z,bQ) 2z €Q,
| dist(z,bQ)  z¢ Q.
Then property (a) is true for any domain  with smooth boundary. Properties
(b) and (c) also hold since 2 is complete Reinhardt. Consider polar coordinates

zj =1 ¢'% for 1 < j < n. Since p is invariant under the rotation in each coordinate,
we have

(3.1) 0= 8—9jp (tlewl,...,tnew”)
= (szzj (tlei‘gl, e ,tnei‘g’") — Zjpz; (tlewl e ,tnew")) .
The monotonicity of p in |z;| implies that
(3.2)
) , , . . , ,
0<t;— o, p(tie® . tne ) =zjp. (1€, 1) + Zips, (B e ).

Combining these two formulas yields property (d).

To prove property (e), it suffices to show that 2?21 2jpz,;(2) # 0 on bQ2. Suppose
not. Then there exists some z € b§2 such that z;p.,(z) = 0 for all j. Let A denote
the set of indices j such that z; = 0 and let B denote the complement of A in
{1,...,n}. Then p., (2) equals 0 for all j € A. Since the gradient of p does not
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vanish on b{2, there exists an index jo € B such that p.; (2) # 0. Thus 2, equals
0. The fact that z;, = 0 and property (c) then imply that z is a local min for p(z)
in the zj, direction. This contradicts p., (2) # 0. Therefore the sum 377, z;p.,(2)
does not vanish on the boundary. (Il

The crucial estimates for Theorem 1.2 arise from the following theorem:

Theorem 3.3. Let Q) C C™ be a smooth complete Reinhardt domain with a defining
function p. For a € R?, let fo and U be as in @1) and @2). If D Kq is (—p)-
reqular whenever |3| < k, then Ky is (1 — |w||?)(—po fa))-regular of type 0.

We give a proof for Theorem 3.3 in Section 4. Theorem 3.3 implies Theorem 1.2.
Indeed, the kernel Kyo being ((1 — [|w]|?)(—p o fa))-regular of type 0 implies that
the Bergman projection on U is bounded in L? for p € (1, 00).

We end this section by referencing several estimates needed in the proof of The-
orem 3.3. See for example [Zhu05].

Lemma 3.4. Let 0 denote Lebesque measure on the unit sphere S¥ C C*. For
e<1 andw € B*, let

(3.3) ae.s(w) :/Bk |1_(1<1;, L?'L?kje_édv(n),
and let

(3.4 bo(w) = || o).
Then

(1) For d >0, both a.s and bs are bounded on BE.
(2) For 6 = 0, both aes(w) and bs(w) are comparable to the function

—log(1 — [|wl|?).
(3) For 6 < 0, both acs(w) and bs(w) are comparable to the function (1 —
lw]?)°.

4. PROOF OF THEOREM 3.3

Proof of Theorem 3.3. Recall that for each multi-index 3, D? is the differential
operator (8‘971)51 e (%)B". Then Dy« in the previous section can be regarded as

a sum of DS:

1) P e B S 0200
. U Tk (1 = (w,n))+k+al = B z |

where cg are fixed constants.
The main goal in this proof is to show the following inequality:

(12) [ Vo] (o (alC.) (= )~ dv
S (o falzw)) (1= ) ™

To estimate the integral

(4.3) [ K| (= (G (1= ]?)“av.
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we use the formula in Theorem 2.2. Substituting (23] into the integral in (4.3
yields

[ Ve C] (=o (alCo) (= )~V

(44) = / )

We set

D= Ky (h(zw,0): )| (=p (Fa(¢m) (1= [n]}%) V.

_ 05(1_H77||2)‘a| B 1A
Lo = T myyremmtar® P

and
@) o= [ |1sKug (hewnsQ)| (o (GalCm) (- [al) " av

By the triangle inequality, we have

(4.6) / |Puekug bz w0, Q)| (= FaGm) = InI?) “av < Y s

1BlI<k
Therefore it suffices to prove that Jz < (—p (fa(z,w)) (1 — [lw[[?)) " for each 8.
The integral Jg equals

(4.7)
oo | o=t

7 e | (1= G, ) e
In order to use (—p)-regularity assumptions of D®Kq for estimating (@1, we need
to write DS K, ve in (D) in terms of D8 Kq and transform (&7) into an integral on
B* x Q.

Recall the mapping f,(-,n) from 2] defined by
Z1 Zn
(48) fa('an):z'_)< PR )
(1 = lInf[2)e/2 (1= [Inl[)o-/2

It is a biholomorphism from U onto €. Hence we can write the kernel function
K g in terms of K¢ using the biholomorphic transformation formula

D2 iy (1101 €) (= (o) 1 = )™ .

(4.9) Kug(2:0) = (1= Inl*) ™ Ka(fa(z.0), fa(Cn)).
Applying ([£9) to (@1 yields
(4.10)
ZPDEKq (W (z,w,m); fa(C,n) .
Js :cﬂ/U 19_(<w Ty ) (= (fa(&m) (L= [Inl*)) " av,

_ (20—l m -l
where h/(z,w,n) = ( T )0 A {wo)e )

By substituting ¢; = — for 1 < j <n in [@I0), we transform Js into

G
(A=lnlI*)*
an integral on B* x Q:

PDBKq (W (z,w,n);t)
(1 = [InlI2)e1e 1 = (w, m) [ +Htle]

(4 11 Jg =cCB

- (=p ()" dV (t)dV (n).
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For 1 < j < n, let D; denote the partial derivative %. Since
J

_om b

_ / ] / )
DJKQ (h (27w777)7£> 3zj 8h;KQ (h (2710777),5)

_ 2\ /2
(1.12) e K Ui,

applying the (—p)-regularity of D? K¢, to the inner integral in (EI1) yields

2 (—p (W (z,w,n))) 7!
(1 — [[n]2)e-Tel=aB/2[1 = (w, n) [FHr+a-+5)

dv(n).

(4.13) Js S /
BE

Here we use the notation « - 8 to denote Z?:1 a;f3; and use the notation 1 to
denote the multi-index (1,...,1) € N*. When 8 = 0, we have

(_p (h/(zawvn)))_e
4.14 Jo < av(n).
(1 o5 o [T o e 4V
Since w,n € BF, the triangle inequality and Cauchy-Schwarz inequality imply that
2 (L= [n]*)*/? ’ 2 (1= [|n]|*)*/? _ ‘ Zj .
(1= Cw,m)) [ 71— [w][2)2/2(1 = [[nf2)>s/2 [ [(1 = [Jw]2)2/2

Therefore, property (¢) in Lemma 3.2 implies that

(=p (W' (2,w,m)))""

<

o S /Bk (1 — |Inl|2)eled|1 — (w, n)|[L+E+lal V(n)
e 1— 2)—c+lal

(4.15) < (=p(falz,w))) /B |1(_ <1|1|}1,7|7|7>)1+k+|ad1/(17)

For w,n € B*, we have

(4.16) i S ] G 1

S < .
1= (w,m| — 1=[w,m| ~ 1—nl
Applying this inequality and Lemma 3.4 to (£15) yields the inequality we need for
J()Z

[ gl
Jo 5 (=olhale)) ™ [ e dV ()
(117) < (=plfalz,w)) (1wl

For the case 8 # 0, we recall the integral we need to estimate:

(18) P (—p (W (2, w,m))
' ze [ (1= [[l?)emlol=e B2 — (w, p) [HHite-(40)

After rewriting the integral in spherical coordinates n = rt with r» € [0,1] and

t € Sk, we would like to write (—p (h/(z,w,n)))*e*'ﬁ| in terms of the |5|-th order

derivative of (—p (W/(z,w,rt)))” in r. These derivatives vanish at the point = w

and hence are relatively small when compared with (—p)~¢~1#l . To deal with this
problem, we need to move the vanishing point n = w to the origin.

dv(n).
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When w = 0, we keep [{.IS) the same. When w € B¥ — {0}, we set

w — Pw(z) - Swa(Z)
1—{z,w) ’

Pu(z) =

where s, = /1 — |[w]|?, Py(z) = %w, and Qu(z) = 2z — f‘fﬂ—T}lgw Then ¢, is the
automorphism of B¥ that sends 0 to w and satisfies @, 0 @, = id. We use this @,
to send the point 77 = w to the origin. Setting 7 = ¢,,(n), we then have

(4.19) n = @u(T),
ey L w?
(4.20) L= ()=
~lwl2) (1 = (17112
(a21) 1= g = SO,
— w2 k+1
(4.22) dV(n)—(%) dV (7).

Substituting (@TI9)), (£20), @2T)), and [@22]) into the integral (IR yields
(4.23)

2 (—p (W (z,w,1))) )
g | (1— [[n][2)eTel=aB 21 = (w, m)[FHhra-Cirpy | ©7 N
2 2
\zﬁ\(%)aﬂm—eﬂﬂ /
- e - S
/Bk 1—||wl? Lk+a-(1+5) (1—|Jw]|2)—k—1 (=p (W (z,w, 0u(7)))) dv (7).
Ty M= {rau) 7D

Canceling terms in the integral gives
(4.24)

2811 = 7|2y /2ol , el

/]Bk 11— (, w>|1+k—2e+\a|(1 _ ||w||2)o,g/2+6 (=p (W (2,0, pu(7)))) dv(r),

which is consistent with (ZI8) when w = 0. Applying inequality [@I6]) to ([@24)

and using the fact that % is bounded on €2, we obtain the following
inequality:
(4.25)
[27](L — [[7|[*)>o/2 et / —e—|]
—p(h w av
L T e e e (G eu(n) ")

(1= [[7][2)Ar2 et / —e—18|
5_/];;k |1 — <T,w>|1+k_26+|0“(1 — ||wH2)6 (_p (h (Zaw7‘Pw(T)))) dV(T)

(—p (W (2,0, 9 (1))
</

~ e 1= (mw) (1 = Jw]?)e

We set 1(z,w,7) = (I1(2,w, T),...,l(z,w, 7)) where

dv(r).

, (1f|\w||2><1furn2>)“”2
ZJ( = (rw)l? _ I =)

iz w,7) = [B] (2,0, u(r))] = (kuwH?)O‘f (1= [Jw|[2)e/?

1—(1,w)
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Then Lemma 3.2 implies that p(h'(z, w, @, (7)) = p(i(z, w, 7)), and the integral in
the last line of (28] becomes

(4.26) /B (p(Uz,w, ) AV (7).

e L= (rw)HEE(L — Jwl|?)

Rewriting (@20) using spherical coordinates 7 = rt with r € [0,1) and ¢ € S¥ yields

! - z,w,rt))) " Pl
(4.27) ck/o r2k=1 /Sk |1_(<£(i£ 0, 1t))) do(t)dr,

e = Jlw]?)e

where ¢, is a constant depending on the dimension k.
By property (e) in Lemma 3.2, there exists an open neighborhood U of b2 such
that for any z € U,

n
(4.28) Z 2ip, (2) > ¢,
j=1

for some positive c. For § > 0, let Qs denote the set
(4.29) {z€C": p((140)/%2,...,(146)/22,) <0}.
Then there exists a constant g > 0 such that Q-UC Q,;O. Since Q(;O is compact
in Q, we have (—p(z))~" < C in Qs, for some constant C. Let Uy denote the set
Qs,, and let Uy denote the set @ —Uy. Then on U, inequality (L2]) still holds.
Fort € S¥ and j = 0,1, set

Ui ={re0,1] : l(z,w,rt) € U;}.

Here the U;’s are well-defined for any ¢ € SF: for fixed z and w, the value of
I(z,w,rt) only depends on r and ||t||. For each U;, we set

_ [ ek (—p (I(z,w,rt))) =17
(4.30) I}‘B = /Uj r2k /Sk 11— (rt, w)| (1 — ”wHQ)EdU(t)dr.

We claim that If S ((=p) Uz, w, 1)) (1 — |w\2))76 for each j. Then by having

(4.31) Js STy + I S ((=p) Uz, w, 1) (1 = [w]?)) ™,

~

we complete the proof.
We first consider Ig. Since (—p(l(z,w,rt)))~! < C for r € Uy, we have

1
4.32 78 < / p2h-t / do(t)dr.
(4.32) S L By eI BT p PRI TR

Applying Lemma 3.4 to the inner integral of (£32)) yields

1
(4.33) /Sk 11— (rt, w)| =<1 — [[w]]?)

cdo(t) S (1= wl*) =1 = r?[lw|*)
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Then inequality ([@33) gives the desired estimate for Ig :
i S/U P2 = w7 (1 = 2 w]?) Hdr
0

25101 Z ol =¢(1 — #2)eLdyr

5/% (1= [lwl?)=c(1 = r?)d
<(1— [lu]?)

(4‘34) 5 ((_p)(l(szvt))(l - |w‘2))

Now we turn to Ilﬁ. When r € Uy, we have I(z,w,rt) € U; and

—€

(4.35) Zl] z,w,rt)p; (I(z,w,7t)) > c.
j=1

For such an 7, & ((—p)~<"1F+1(I(z,w,rt))) is controlled from below by
(=p) = Pl(U(z, w,1t)):
(4.36)

— D (pli(e, )1

o7zl (1 = r2)s/>

(1 = [lwl[?)es />

=2(e+ 16] = 1)(=p)~ PNz w,rt) Y

=1

pey (U2, w,71))

r(=p) =Bz, w, 7)) &
) (1_%)7 TS 1wt (12w, 1)
j=1

(o)~ z, w, 1)
RS

Applying ({30), [@I6), and Lemma 3.4 to ([A30) then yields

B i o [ =1L (—p((z,w,rt))) "B+ )
I < / /S" ‘1 — Tt w>|1+k e(l — ”wH ) dO’(t)d

2k—2 (z,w Tt)))*€*|ﬁ|+1
/ /Sk |1 — rt w)[F=<(1 — ||lw||?)¢ do(t)dr

(430 5=l [ R o)

Since for fixed z and w, the point I(z,w,0) is closest to b2, we may assume that
Uy = [0, 9] where rg depends on both z and w.
When k = 1, integrating the last line of (@37 by parts yields

. 5, 0 e
— =l [ R o)

— =l [ 5 )

P22 (1w, re)))

_ 0
138 = 1= wl?) |
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Noting that k = 1 also implies that —e — || +1 > —e — k + 1 = —¢, we have

— =l [ S o)

(=p (U(z,w,0)) " + (=p ((z,w, o))

(4.39) < = w2

By its definition, the point I(z,w,rot) is in Uy. Therefore (—p (I(z, w, mzf))*e*lﬁl+1

< 1 and the desired estimate follows:

2 (—p(l(z,w,rt))) "¢
any 77— [ AT e < (o e 1 = )

When k > 1, integrating the last line of ([@37) by parts yields

(4.41) = ) [ )
=—(1—[lw|*) /OTO T2k72% (—p (I(z,w,rt))) " 1P gy
r2k—2(—p(l(z7w,7"t)))_€_|ﬁ|+1 ;0
o (1= [wl?)
Y A UCRIT)) )
A S TE T

The numerator of the term in the third line equals ra* 2 (—p(I(z, w, rot))) "¢~ 1FI+1]

which is also controlled by a constant. Thus it remains to show that

o _ 2w T —e—|Bl+1 -~
ar) [ ers R e < () (= )

Applying ([@30) to the left hand side of [@42]) gives

[l ) T e e U T
0 (= Il ~ o (1= Twl?)

This together with (£41)) implies that for k > 1,

dr.

- /TD F2k—2 o (=p (U(z,w, ) "
0 (1= Jlwl?)e
(4.43) < _ /ro ,2k—4 2(=p((z,w, rt)))c 12 .
~ 0 (]_ — ||U)||2)€
Since ([43)) holds whenever |3| < k, we have for 0 < s <k,
— /TO r2k—2 %(_P(Z(Z,w,rt))) e—stl "
0 (1 — [Jw]?)e
(4.44) < /T 24 9 (—p(i(z,w,rt)))”"F? N
| T o (1= Twl?) |
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Repeated use of inequality (£44]) then gives

_ /TO F2k—2 %( p Uz, w,rt)) |ﬁ|+1dr
0 (1 — [Jwl]?)e
o 2 (=p Uz, w,rt)))

_ 7"2k 4 Or :

: / (1~ [[w]?)e d

T0 B Q(_p (l(sz’,r,t)))fe

- 7“2k 2|B| or .

(4.45) S / AL

Noting that r2*~2l is bounded on [0, o], we have

(446) — /07”0 r2k—=2|8] %(—P (Z(Z,w,’l"t)))ié dr < — Am %(_P (KZ,U),Tt)))ie N

(1= Jlwl*)e (1= Jlwl*)e
Applying inequality (£40) to ([£48) then yields
4.47
(IB ) /TO 2k—2 %(_p (Z(Z,U)art)))ieilﬁprl dr < ( (f ( )))—6 (1 H ||2)7e
=— r r < (=p(falz,w — JJw
' 0 (1= Jlwl*)e
which completes the proof. O

Remark. As in the proof of Thereom 3.3, we can obtain an LP regularity result
for the Bergman projection on more generalized domains which are generated from
) by iterating the construction of U* from (2:2]).

Set a = (oM, ..., aW) € R% x --- x R" where each a9 is in R%. Let ky,..., K
be [ positive integers. The successor U(fQ) is defined by

(4.48) UQY) = {(z,w1,wa,...,w;) € C"xBF x---xBF : (fo(z,w1, ..., wyp)) € 2},
where
(4.49) £, (z,w1,...,w) = A1 — n
o l

T (1 = [lwy|2) [Lm (1= fJw;l?) 7
Suppose 2 C C" is a smooth complete Reinhardt domain with defining function
p and DPKq(z;() is (—p)-regular of type |3| for 0 < |B] < 22:1 kj. Then the
Bergman projection on U(2) is L? bounded for all 1 < p < co. The proof of this
statement is similar to the proof for the first successor. We omit it here.

ol

ACKNOWLEDGMENTS

I would like to acknowledge John D’Angelo, Jeff McNeal, Brett Wick, and the
referee for their suggestions and comments.

REFERENCES

[BS12] David Barrett and Sonmez Sahutoglu, Irregularity of the Bergman projection
on worm domains in C™, Michigan Math. J. 61 (2012), no. 1, 187-198, DOI
10.1307/mmj/1331222854. MR2904008

[CDO6] Philippe Charpentier and Yves Dupain, Estimates for the Bergman and Szegé projec-
tions for pseudoconvex domains of finite type with locally diagonalizable Levi form,
Publ. Mat. 50 (2006), no. 2, 413-446, DOI 10.5565/PUBLMAT _50206_08. MR2273668


http://www.ams.org/mathscinet-getitem?mr=2904008
http://www.ams.org/mathscinet-getitem?mr=2273668

[Chel7]

[CZ16]

[ELOS]

[EM16]

[EM17]
[Fef74]
[Huo17]
[LS12]
[McN89]
[McN94al
[McN94b)

[MS94]

[NRSW8S]

[PS77]

[Zey13|

[Zhu05]

L? ESTIMATES FOR THE BERGMAN PROJECTION 2553

Liwei Chen, The LP boundedness of the Bergman projection for a class of
bounded Hartogs domains, J. Math. Anal. Appl. 448 (2017), no. 1, 598-610, DOI
10.1016/j.jmaa.2016.11.024. MR3579901

Debraj Chakrabarti and Yunus E. Zeytuncu, LP mapping properties of the Bergman
projection on the Hartogs triangle, Proc. Amer. Math. Soc. 144 (2016), no. 4, 1643~
1653, DOI 10.1090/proc/12820. MR3451240

Dariush Ehsani and Ingo Lieb, LP-estimates for the Bergman projection on strictly
pseudoconver non-smooth domains, Math. Nachr. 281 (2008), no. 7, 916-929, DOI
10.1002/mana.200710649. MR2431567

L. D. Edholm and J. D. McNeal, The Bergman projection on fat Hartogs trian-
gles: LP boundedness, Proc. Amer. Math. Soc. 144 (2016), no. 5, 2185-2196, DOI
10.1090/proc/12878. MR3460177

L. D. Edholm and J. D. McNeal, Bergman subspaces and subkernels: degenerate LP
mapping and zeroes, J. Geom. Anal. 27 (2017), no. 4, 2658-2683. MR3707989
Charles Fefferman, The Bergman kernel and biholomorphic mappings of pseudoconvex
domains, Invent. Math. 26 (1974), 1-65, DOI 10.1007/BF01406845. MR0350069
Zhenghui Huo, The Bergman kernel on some Hartogs domains, J. Geom. Anal. 27
(2017), no. 1, 271-299, DOI 10.1007/s12220-016-9681-3. MR3606552

Loredana Lanzani and Elias M. Stein, The Bergman projection in LP for domains with
minimal smoothness, Illinois J. Math. 56 (2012), no. 1, 127-154 (2013). MR3117022
Jeffery D. McNeal, Boundary behavior of the Bergman kernel function in C?, Duke
Math. J. 58 (1989), no. 2, 499-512, DOI 10.1215/S0012-7094-89-05822-5. MR1016431
Jeffery D. McNeal, The Bergman projection as a singular integral operator, J. Geom.
Anal. 4 (1994), no. 1, 91-103, DOI 10.1007/BF02921594. MR1274139

Jeffery D. McNeal, Estimates on the Bergman kernels of convex domains, Adv. Math.
109 (1994), no. 1, 108-139, DOI 10.1006/aima.1994.1082. MR1302759

J. D. McNeal and E. M. Stein, Mapping properties of the Bergman projection on
conver domains of finite type, Duke Math. J. 73 (1994), no. 1, 177-199, DOI
10.1215/S0012-7094-94-07307-9. MR1257282

Alexander Nagel, Jean-Pierre Rosay, Elias M. Stein, and Stephen Wainger, FEstimates
for the Bergman and Szegd kernels in certain weakly pseudoconver domains, Bull.
Amer. Math. Soc. (N.S.) 18 (1988), no. 1, 55-59, DOI 10.1090,/S0273-0979-1988-15598-
X. MR919661

D. H. Phong and E. M. Stein, Estimates for the Bergman and Szegd projections
on strongly pseudo-conver domains, Duke Math. J. 44 (1977), no. 3, 695-704.
MR0450623

Yunus E. Zeytuncu, LP regularity of weighted Bergman projections, Trans. Amer.
Math. Soc. 365 (2013), no. 6, 29592976, DOI 10.1090/S0002-9947-2012-05686-8.
MR3034455

Kehe Zhu, Spaces of holomorphic functions in the unit ball, Graduate Texts in Math-
ematics, vol. 226, Springer-Verlag, New York, 2005. MR2115155

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY IN ST. Louis, 1 BROOKINGS DRIVE,

St. Louis,

MIissOURI 63130

Email address: huo@math.wustl.edu


http://www.ams.org/mathscinet-getitem?mr=3579901
http://www.ams.org/mathscinet-getitem?mr=3451240
http://www.ams.org/mathscinet-getitem?mr=2431567
http://www.ams.org/mathscinet-getitem?mr=3460177
http://www.ams.org/mathscinet-getitem?mr=3707989
http://www.ams.org/mathscinet-getitem?mr=0350069
http://www.ams.org/mathscinet-getitem?mr=3606552
http://www.ams.org/mathscinet-getitem?mr=3117022
http://www.ams.org/mathscinet-getitem?mr=1016431
http://www.ams.org/mathscinet-getitem?mr=1274139
http://www.ams.org/mathscinet-getitem?mr=1302759
http://www.ams.org/mathscinet-getitem?mr=1257282
http://www.ams.org/mathscinet-getitem?mr=919661
http://www.ams.org/mathscinet-getitem?mr=0450623
http://www.ams.org/mathscinet-getitem?mr=3034455
http://www.ams.org/mathscinet-getitem?mr=2115155

	1. Introduction
	2. A formula for computing the Bergman kernel
	3. Lemmas and Theorem 3.3
	4. Proof of Theorem 3.3
	Remark

	Acknowledgments
	References

