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UNIQUENESS FOR THE THIN-FILM EQUATION
WITH A DIRAC MASS AS INITIAL DATA
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(Communicated by Catherine Sulem)

ABSTRACT. We show the uniqueness of strong solutions for the thin-film equa-
tion us + (Wugea )z = 0 with initial data w(0) = md, m > 0, where J is the
Dirac mass at the origin. In particular, the solution is the source type one
obtained by Smyth and Hill. The argument is based on an entropy estimate
for the equation in self-similar variables.

1. INTRODUCTION

The following one-dimensional fourth-order nonlinear degenerate parabolic equa-
tion

(1.1a) U + (UWlgae), =0 fort >0and z € {u(t,-) >0},
(1.1b) u=1uy; =0 fort > 0and z € 0{u(t,) >0},
(1.1c) u(t =0) =md(x =0),

arises as the particular case of the thin-film equation in the Hele-Shaw setting
[419L20]. It describes the pinching of thin necks in a Hele-Shaw cell. The function
u = u(t,z) > 0 represents the height of a two-dimensional viscous thin-film on a
one-dimensional flat solid as a function of time ¢ > 0 and the lateral variable x.
One can rigorously derive equation (LI)) from the the Hele-Shaw cell in the regime
of thin-films and where the dominating effects are surface tension and viscosity only
[LTL16,17].
Equation () is a particular case of the thin-film equation

(1.2) U + (u"uwm)m =0 fort>0andz€R,

where n > 0 is the mobility exponent. For n € (0, 3), the existence of the self-similar
source type solution for (IZ) has been established in [3] by ODE techniques. The
local structure of such a solution near the edge of the support is also studied there.
See also [12]. For n = 1, the authors of [3] prove the uniqueness for ([2))-(LId) in
the class of self-similar solutions. See [3| Lemma 6.3, p. 231]. In this paper, we
prove the uniqueness of source type solutions of (II)) in a larger class.

The source type self-similar solution constructed by Smyth-Hill [2I] and the
Bernis-solution concept [I] (see also [7]) will be used to define a class of functions
in which the uniqueness holds. The following definition of strong solutions contains

Received by the editors July 29, 2016, and, in revised form, August 5, 2017.

2010 Mathematics Subject Classification. Primary 74K35, 7T6A20, 35K65, 35K25, 35A02,
28D20, 35C06.

Key words and phrases. Thin-film equation, zero contact angle, uniqueness, self-similar vari-
ables, entropy estimates.

(©2018 American Mathematical Society
2623


http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/13935

2624 M. MAJDOUB, N. MASMOUDI, AND S. TAYACHI

only the requirements needed for our uniqueness argument. We will use the notation
P={(t,z) € (0,00)xR; u(t,z) >0} and P ={(t,z) € (0,00) xR; wu(t,z)>0}.

Definition 1.1. Let m>0. A nonnegative function u € C*(P)NLZ,((0, 00); H2(R))
is said to be a strong solution of the problem (LT) if
(i) u'?upy, € L?(P.) for all € > 0, where P. = {(t,z) € P; t > ¢},
(ii) there exists A > 0 such that supp (u(t)) C [=At'/>, At/ for all t > 0,
(iii) there exists C' > 0 such that |lu(t )|\L§(R) < Ct s forall t >0,
)

u(t) = md as ¢ N\, 0 in the sense of weak-* convergence of positive
measures with a fixed mass, and

/ / upy + / Uz Pr = 0
{u>0}

for all ¢ € Lip((0,00) x R) with compact support.

(iv

Remarks 1.2.
1) A sequence of Radon measures (fi,)nen is said to converge weak-* in the

sense of measures to p if

[ e@ina@) — [ e@in)

for all ¢ € Cp(R). If in addition p,(R) = m > 0 for all n € N, the
convergence holds in the sense of positive measures with a fixed mass.

2) Unlike in [IL[7] where the condition u'/?wu,,, € L?*(P) is required in the
definition of solutions of (LTal) with H'! initial data, this is not the case for
([T3) below. Fortunately, with this weaker condition (i), some properties of
the solution stated in [7] are still satisfied.

3) The assumption (ii) together with w(t) € H?(R) implies the boundary
conditions (L.1L).

4) The condition u € CY*(P) is needed to write an equivalent form of the
equation ([CTa)) in self-similar variables on the support. See (BI2) below.

5) In many previous works, see for instance [IL[7,[9], it is requested that u €
Cz%([0,00) x R), for a solution of ([I@) instead of u € CH4(P). Note
that if the initial data is in H!(R) with compact support, then a solution
u e C25([0,00) x R) of (LIa) is also in C14(P) and verifies (i). See
[9, Remark 3, p. 160].

6) The conditions (ii)-(iii) are not so restrictive. In fact, the solution of (LTal)
with a nonnegative Radon measure with finite mass as initial data con-
structed in [9, Theorm 4, iv) and vi), p. 160], satisfies (ii)-(iii).

The existence of nonnegative weak solutions to the Cauchy problem related to the
thin-film equation ([2]) was obtained first by Bernis-Friedman [2]. Some uniqueness
results are given in [2] for n > 4. Other existence results for (LI were obtained
by Bertozzi-Pugh [5]. Their class of existence includes the source type solutions
constructed in [3l2I]. For positive Radon measure with finite mass as initial data,
the existence of weak solutions was proved by Dal Passo-Garcke [9].

To the best of our knowledge, no uniqueness result is known if the initial data
is a Radon measure with finite mass, in particular for the Dirac mass. Recently, a
uniqueness result was proved by John [13] but only for weak solutions and without
considering Dirac mass as initial data.
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Here we are concerned with uniqueness for strong solutions. Our main result is
the following.

Theorem 1.3. Let m > 0 and let u be a strong solution of (L)) in the sense of
Definition [LIl. Then

1 x
(1) ulh ) = Gy Pm <<5t>1/5> ’

where

1 45 \'/°
1.4 = — (A% —p?)? A=[— .
(1.4) () = 51 ( )% 5
Remarks 1.4.

1) The constant A = A(m) verifies [, pm(n)dn = m.

2) The function u given by ([L3) is a solution of (L)) in the sense of Definition
L1

3) One can use the previous uniqueness result to study the long time asymp-
totics or the behavior near the origin for a perturbation of the equation
(CIa)). This fact was already observed and used by Kamin in [I4[15] for
the porous medium equation.

4) The asymptotic behavior for the equation ([Ia) was studied in [7] using
the entropy method.

To prove Theorem [[13] we first reformulate equation (L)) into an equivalent one
using self-similar variables. See Problem (Z2]) and Remark [24] below. This leads
to an equivalent version of Theorem [[L3] See Theorem below. The proof of
Theorem uses an entropy method performed in [7] for instance and some ideas
from [I0]. The fact that equation (2:2) has an equivalent form (see ([BI2) below)
is essential in our approach.

The rest of the text is organized as follows. In the next section, we reformulate
the equation ([LI)) in self-similar variables. Section 3 is devoted to the proof of the
main result.

2. REFORMULATION OF THE PROBLEM

In this section we reformulate the equation (II]) and state an equivalent version
of Theorem [[Z3] We consider the self-similar variables transformation

(2.1) zuﬂmzwwfﬂmu@,vzébgw%n:@%ﬁa

Then w is the solution of ((LTal)-(LIL) if and only if w is the solution of the problem

(2.2a) wr + (w(wyyy — 1)), =0 forreRandne {w(r,") >0},
(2.2b) w=w, =0 for 7 € R and n € 9{ w(r,-) > 0}.
The condition (LId) is reformulated via the following proposition.

Proposition 2.1. Let w,u 7, n, x, t be given by Z1)). Assume that
(i) There exists m > 0 such that ||w(T)| L1 ) = m for a.e. T €R,

(i) lim limsup/ w(r,n)dn = 0.

700 7o —00 Jin|>R
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Then
(2.3) u(t) =md as tN\0 in D'(R).
Moreover if w € L™ (R, L*?(R)), then Z3) holds in the sense of weak-* conver-

gence of positive measures with a fized mass.

Remark 2.2. Tt is known that (i) and (23] imply that the convergence holds in the
sense of measures. See [0, Chapter 4, p. 115]. The additional requirement on w
(which is included in the class of uniqueness) enables us to give a direct and simple
proof of this fact.

Proof. Let ¢ € D(R), the space of C*°-functions with compact support. Then for
R > 0 we have

J(r) = /Ru(t,x)gp(z)dx—mw(o)
- /RUJ(T, n) (p(e™n) — ¢(0)) dn

- / wr,m) (p(en) — @(0)) dn + / w(r,m) (p(e7n) — 9(0)) dn
[n<R

[n|>R
= J1(7)+J2(T).
By the mean value theorem, we have that
|J1(T)] < ¢ [| oo mym Re.
On the other hand
920 < 2ellemy | wlrmn
In|>R

Hence

T(7)] < m Rl | o gy + 20l e ey / v
n>

By taking the limit sup as 7 — —o0, we get

limsup [J(7)] < 2||¢]| oo (r) lim up/ w(T,n)dn.
T——00 T—— Im|>R

oo

To conclude we take the limit as R — oo, and use assumption (ii).

Now, if w € L (R, L3%(R)) we may take ¢ € Cy(R), the set of continuous
and bounded functions on R. Indeed, for such test functions ¢, we have by Holder’s
inequality

()] < ol g [9(e™) = 9O)luoqmi<ry)-
Hence, by the Lebesgue theorem, ngloo |J1(7)| = 0 and the the conclusion follows

as in the previous case. O

According to Definition [[T] the transformation (2.1 and using Proposition 211
we look for solutions w of (Z2)) in the following sense.

Definition 2.3. A nonnegative function w € C**({w > 0}) N LS, (R; H2(R)) is
said to be a strong solution of the problem (Z2]) if

(i) e 3Twl/2 Wy € L? ({(7’, n); T>a, w(r,n) > 0}) for all a € R,

(ii) there exists A > 0 such that supp (w(7)) C [=A, A] for all 7 € R,
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(iii) w e L™ (R, L¥?(R)), and

/ wp, — / nwy, —I—/ WWypnty = 0
R2 {w>0} {w>0}
for all v € Lip(R?) with compact support.

Remark 2.4. The equation (2.2)) has mass conservation. That is, ||w(7)|/z1(r) =m

for all 7 € R and for some constant m > 0. Also, the assumption (ii) implies that

lim lim sup/ w(r,n)dn = 0.
InI>R

R—o0 71—
Then it follows by Proposition [2.1] that (IId) holds.
Clearly Theorem [[.3]is equivalent to the following result.

Theorem 2.5. Let m > 0 and p,, be given by ([[L4)). Let w be a strong solution of
22 of mass m. Then
w(T) = pm  forall T€R.
3. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem We introduce the entropy
functional that is useful for the proof. Let f : R — (0,00) be a continuous function.
We define the entropy

2
(3.1) H(f) = /R (%f(n) + @f?’/w) dn.

We recall the following result due to [22].
Theorem 3.1 ([22]). Let

Fn={720 rei'®@. [ fonin=m}.
R
Then
in H(f) = H(pm)-
Join H(f) = H(pm)
Moreover, H(f) = H(pm) if and only if f = ppm.
Let f € F,,. The relative entropy between f and p,, is given by the quantity
(32) H(flpm) = H(f) - H(pm)'
We quote the following Csiszar-Kullback and Sobolev type inequalities.

Theorem 3.2 ([8]). Let f € F,,. Then the following holds:

(33) Cllf = Pl ey < H(Flom) < 51(5),
where

2 2
(3.4) 10 = [ | (% +vor=m) | an
and

con (8 f e
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The first inequality in (B3] is that of Csiszar-Kullback, see [8, Case d), p. 71].
It is used in the study of the asymptotic behavior ([7]). The second one in B3] is
the Sobolev inequality; see [8, Inequality (120), p. 78]. It is crucial in our proof.
The main ingredient for the proof of Theorem is the following.

Proposition 3.3. Let w be a strong solution of [2.2l). Let H be the entropy of w

given by
Aw(r) = | (%w<r, 0+ n>> .

Then, the function T — H(w(7)) is absolutely continuous on R and verifies

(35) L H(w(r)) = ~D(w(r)),

where D(w(T)) is given by

3 2
(3.6) D(w(r)) = /nzw dn — 2 / w% dn — \/; / w2 dn
R R R
3 1/2, 2 L /2 —-3/2, 4
+\/; /{w>0} v / o -+ g\/; /{w>0} Y / Y -
In particular,

(3.7 ) = [ (”2 (r n>+\/§w3/2<r,n>> .

To prove the previous proposition, we need the following Hardy type lemma.

Lemma 3.4. Let v € H*(R), v > 0 and supp(v) C [—1,1]. Then, for any 0 <
B < 1, we have v?~2(v')* € L* (R) and the following inequality holds:

(3.8) /R F=2(v)4dx < ﬁ/ﬂy}fa(v”f dx.

For the case v > 0 in [—1, 1], the proof of this lemma is given in [I, Lemma 9.1,
p. 363]. In the case v > 0, (B8] was stated in [I8, Lemma 3.1, p. 728] but without
proving that v#=2(v/)* € L' ((—1,1)). For completeness we give the proof.

Proof. The fact that v € H?(R) < C*(R) and supp(v) C [— ,1] implies that
v'(£1) = 0. Let € > 0 and put v. = v + . Since v > 0 and v € H? (R), vs >e>0

n [—1,1]. Then, by integrating by parts and using (v.)' =o', v (v')? = ((v’)?’)/,
we get

[ e @ @tae = 3 [ e @) a

1 1_5/ v d.

Hence, by the Cauchy-Schwarz inequality, we obtain

/_11 ()72 (WV)de = 1—5/ (ve) 7 71( )2) ((Us)év/') de

1/2

=5 ( / e (f 11 (02 ()2 ds

1/2

IN
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1 9 1
/ (115)572 (W) dx < 72/ (vg)ﬁ (v")?dz forall €>0.
-1 (1=8)2J

To conclude, we apply Fatou’s lemma and the monotone convergence theorem

/1 P72 (V) da /1 lim ((ve)?2 (v)*) da

1 _1 €0

1
e B—2 "4
< hgélf/_l (ve) (") dx
< Lliminf/l (vo)? (v")? da
- (1—6)2 e—0 _1
9 bos e
1
- 2 de .
(1_6)2/111(11) x

Remarks 3.5.
1) Inequality (B8) is true for every § > 0 with 5 # 1.

2629

2) For any 3 < 0, the function v(z) = (1 — 2?)%, a > 3/2, a(2+8) <3

satisfies v € H?(—1,1), v(£1) = v/(+1) = 0 and

1
/ 0P (V") dx = +oo.

-1

Hence the inequality (B8] is not interesting in this case.

We now give the proof of Proposition B3

Proof of Proposition B3l We use some calculations done in [7]. Taking A = % in
[, equality (3.25), p. 560] and using Lemma [34] with § = %, we get
4d 3/2 2/ 3/2 / 1/2, 2 1 —3/2, 4
——— [ w’*dn+ - [ w’*dn = w'?w dn+ — w /wdn.
3dr Jr 3 Jr {w>0} K 12 {w>0} K
This gives

d 8 4 1\/§/ 5/ 3\/§/ ol
— “wdy = Z4/2 Pdn—24/2 2w d
dT/R\/;w g 2V3 " T aVE Jag 1
1 /8 —3/2, 4
: ——\/= dn.
(3.9) 16\/;/{w>o}w w,dn

In addition, by [7, equality (3.28), p. 560], we have

d 772 2 3 2
1 — | —wdn=— dn + = dn.
(310 df/w“”’ /R"“”’ Z/Rw””

Clearly, (3.9)-@BI0) prove [B.3).

Finally, let us justify the assertion ([B.7). We have

/R (Z—Qw(ﬂ 1) + \/ng/Q(T 7 ) / —w, dn + \/—/ 2w, dn

w) + J(w).
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Using (2.2) and integrating by parts, we obtain
02
I(w) = /R o [(nw)n - (U’wnnn)n] dn

= /77 wdn + [ nwwyy,,dn

= /772wd77 /wwnndn—/Rnwnwnndn
1
2 2
—/Rn wdn+/andn— §An(wn)ndn

3
_ 2 2
= —/Rnwdn—i—ﬁ/andn.

Similarly, using (22) we have
J(w) = \/6/w1/2(77w),,d17—\/6/wl/z(wwnnn)ndn
R R
)

= Jl(w + JQ(’LU)
By integration by parts, we get

=

=

\/_

Ji(w) = 5 nw 1/2 wydn

= \/_ ( 3/2)nd77

_ \[/ w2y,

For Jy, we use integration by parts and Lemma [34] to obtain
6
Jo(w) = %/nwl/zwnwnmdn
R
6
— _é/R 1/2,, 2 L _i/ ’1/2w2wm7 .
_ _@/ 22 gy _£/ “1/2(4
2 Jr

V6 1/2, 2 —3/2, 4
= —T/Rw wnndn—z/ﬂgw w,dn.
In conclusion, using B3H), (38) we get B1). O

We now give the proof of the main theorem.

Proof of Theorem 28 Let w be a solution of (Z2]) satisfying the hypotheses of
Theorem We consider the relative entropy

h(r) = H(w(7)|pm) = H(w (7)) = H(pm),
and the partial entropy dissipation I(7) = I(w(7)) defined in ([34)). By Proposition
B3 we have
d

(3.11) W(r) = - H(w(r) = ~D(w(r)).
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Let us now write the equation (22a)) in another equivalent form. Such a form is
derived in [7]. For completeness we give the details. Recall that from ([2Z2al), we
have

wr = (nw)y = (Wwyny),,» 1 € {w > 0}.
On the one hand, since
(wwnnn)n =2 {wg/Q (wl/Q) ] )
1
we have
wr = (nw), — 2 [w3/2 (w1/2> } .
] o

On the other hand, since

2
(wS/z)m7 = [w3/2 <%)W] Tm7

we write, for some p > 0, to be chosen later,
wry = (qw),+2u (w3/2) — 24 (w3/2> -2 {w:‘/z (wl/Q) }
nm nm ] o

o), - () | e (o)

nn nn

2
= |nw+2p <w3/2) } -2 [w?’m (M% +w1/2> ]
My nm

nn
2

= [+ 3wty —2 lw% (“ 7 “”1/2) 1
) " M1

[ 2 2
= |w(L + 6,uwl/2 —2p |w?/? U + —w!/?
2 2w
L nly nm

Choose now p > 0 such that 6u = i, that is, p = %. We get that the equation

([22a]) can be written in the following form:
(3.12)

2 2 2
wy = |w T4 Vow'/? — w32 (L w2 , n € {w>0}.
2 wy V6 2 nmd

nm

Note that to derive such a form we need that w € Ct4({w > 0}).
Using the second form (B12]) of the equation (2.2al), we derive another form of the
derivative of the entropy H, where H is defined by ([BI). In fact, since £ H(w(7))
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is well defined by Proposition B3] we may write, using (3.7),

W) = (%er\/éwl/z) wedn

() o ()

(o o) o

= A(w(r)) + B(w(r)).
Since w = 0 on the boundary, then using integration by parts we get

stwte)) = - [ [ (% +veu) | iy = —Hw(o),

where I is given by (B3.4]).
To conclude, we will show that A(w(7)) < 0. We have

(3.13) (%2+\/6w1/2>[ 3/2< —I—\/_wl/Q) } =0, ned{w>0},

which follows since w = 0 on the boundary, the regularity of w and the fact that

3 6
(3.14) [ 5/2 ( + \/_w1/2> ] = 5Wnw w/? 4 \/T_wmmw
nmm-n

],
nn-nm

Hence, doing a first integration by parts, we get that

(3.15)  A(w(r) \f/( +\/_w1/2> [ 3/2< +fw1/2) } dn.

If one can do a second integration by parts we reach the desired conclusion, that
is, A(w(7)) < 0. But, unfortunately, a second integration by parts will require the
following boundary condition:

2 2
(3.16) (% + \/5w1/2) w3/? (% + \/Ewl/Q) =0, 7ne€d{w>0},
n mn

which reads
(3.17) w,‘r;’ w2 =0 ned{w>0},

and it is not clear that this last condition is satisfied under the hypotheses on the
solution w. To clarify this we replace w by w + ¢ and then take the limit as ¢ — 0F.
For € > 0, set

A (w) := A(w + ¢€)

f/( +fw+e)1/2) [(w+e)3/2(2 +\/—(w+e)1/2> ] dn.

By Definition 23] we have that w € H?, w1/2wmm € L? and the additional reg-
ularity (w1/2)n € L* (see [T, Assertion (3.7), p. 557]). This in particular implies,
using (ii) of Definition 23| that w'/? € H'. We may now apply the dominated
convergence theorem to obtain

lim A% (w) = A(w).

e—0
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So now it suffices to show that A(w) < 0. Owing to the fact that w} (we)~1/? =
0 on the boundary, we obtain after integration by parts that

A (w) = —% R(w +€)3/? [(%2 +V6(w + e)1/2)mr dn < 0.

We then conclude that A(w) < 0. Using the fact that

d

EH(’U}(T)) = A(w) + B(w) < B(w) = =I(7),

we get by (.11,

B (r)<—I(r) foral TeR.
It follows, using ([3.3), that

B'(t) < —2h(r) forall 7€R.
Hence

0<h(r) <e 20=9p(s) forall 7>s.
By (ii)-(iii) in Definition 23] there exists a positive constant K such that
0<h(s) <K, seR.
This leads to
0<h(r) < Ke2=%)  forall 7> s.

By letting s — —oo, we obtain h(7) = 0 for all 7 € R. This proves that
H(w(r)) = H(pm)-

Then, by Theorem [3.] and the fact that [[w(7)|[z1(r) = m, we get w(7) = py, for
all 7 € R which concludes the proof of the theorem. |

4. CONCLUSION

In this work, we proved the uniqueness of source type solutions for the equation
([CI) without a self-similarity assumption. In particular, this provides a larger class
for uniqueness.

In the framework of self-similar solutions, the uniqueness proof used ODE tech-
niques; see [3]. To broaden the class for uniqueness of source type solutions of (II]),
we use an entropy estimate for (II) rewritten in self-similar variables.
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